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Abstract

Recent transformative advances in machine and deep learning have enabled the recog-

nition of complex patterns from vast data, with or without human supervision. These

advances have catalyzed the application of machine learning techniques to a diversity of

problem settings, from healthcare to robotics. Unfortunately, sophisticated machine learn-

ing techniques can result in the construction of domain models that are challenging for

humans to understand and in which it is difficult to enforce user-specified constraints. This

lack of interpretability, as well as the inability to impose further constraints, has become

a major obstacle to human trust in machine learning models and a challenge to the broad

adoption of machine learning-based systems.

While one of the goals of artificial intelligence is, arguably, to extend its reasoning be-

yond the cognitive capabilities of humankind, such a pursuit should not disregard human-

compatibility. Interpretable machine learning aims to develop human-understandable mod-

els and to explain so-called black-box models. Constrained machine learning addresses the

problem by enforcing expert knowledge and formal requirements on solutions.

In this dissertation we introduce methods to produce machine learning models/artifacts

that are interpretable and amenable to human-specified constraints. We do so through the

exploitation of techniques for solving combinatorial optimization problems.

In particular, we propose novel formulations to learn inherently interpretable models such

as decision trees. Our work includes encoding a variety of solution formats and objectives.

We further propose frameworks and encodings for the integration of constraints during or

after training. We show that our approaches successfully produce high-quality interpretable

and constrained solutions in short runtimes, solving new problems and improving the state

of the art in others. Our collective work shows that interpretability does not necessarily

come at the expense of quality and, in fact, sometimes improves it. Utilizing constraints can
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also improve accuracy despite reducing the space of feasible solutions. Lastly, we discuss how

the work presented in this dissertation can be extended in several interesting directions and

inspire new approaches for using combinatorial optimization problems in machine learning.
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Chapter 1

Introduction

Advances in modern Machine Learning (ML) including deep learning [75], reinforcement

learning [255], and transformers [278], have been transformative and in that they have

enabled solving complex problems in a diversity of domains. Given the prospect that ML

will be integrated into much of our societal infrastructure, it is important to remain vigilant

in ensuring that ML will act in support of human interests. Fortunately, there is considerable

work on identifying the potential risks of employing ML-based solutions and the challenges

of aligning them with human values [220, 149, 199, 239].

Modern ML algorithms can train complex models with a massive number of parameters

where numerous small computations are involved in making each decision. The complexity

of the models enables recognition of patterns within large corpora of data and generalization

to new inputs with minimal intentional design [309, 127]. However, they commonly learn

models that lack human interpretability, such as deep convolutional neural networks [242]

and boosted trees [240]. It is challenging to understand the behavior of non-interpretable

models, explain the decisions they make, conduct formal reasoning and augmentation on

them, and detect their influential features and parameters [268, 308, 298].

The term black-box often describes a system where the inner workings are inaccessible,

and interaction is limited to providing inputs and receiving outputs. However, lack of inter-

pretability also makes the model a black box as it hinders our attempts at understanding

and analysis, even when there is full access to all of the structural information and pa-

rameters. Modern ML algorithms also commonly learn models with no direct support for

strictly enforcing user-specified constraints that confine their behavior. Loss functions can

incorporate constraints, but they only encourage, rather than enforce, certain behaviors.

Black-box models and those with no direct support for constraints are challenging to

rely on when safety, clarity, expert intervention, or compliance with specific requirements is

needed. This limits their applicability when tackling safety-critical tasks in which decisions

can have significant consequences. Such applications include, but are not limited to, a sig-

nificant portion of tasks in medical [260, 107], societal [306, 4], and financial [186] domains.

Moreover, not understanding a model and not being able to enforce user-specified constraints

1
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makes it inherently incompatible with any problem that is accompanied by a safety or regu-

latory requirement [277, 288, 262]. All of the aforementioned applications require solutions

that the user can trust, either by understanding them or being able to control their behavior.

Without such solutions, one can imagine a multitude of ways that could lead to unfortunate

outcomes. Examples include false negative predictions when testing for terminal illnesses,

hidden biases in sensitive features such as ethnicity or gender impacting societal decisions,

and accidents involving self-driving cars. A lack of support for formal constraints also cause

inadequacies for some problems where rigorous reasoning is required, such as combinatorial

optimization problems [31]. ML models can imitate complex reasoning without constraints,

but usually lack guarantees of soundness or completeness [92].

Interpretable and constrained ML allows us to perceive and influence models in well-

defined and compact formulations, facilitating application to sensitive tasks. We elaborate

on what we mean by interpretable and constrained below.

• Interpretable: An interpretable model enables humans to understand and machines

to reason about its decision making. Interpretable ML encompasses various methods

aimed at addressing the challenges posed by black-box models [56]. Most relevant to

our work is the approach of directly learning inherently interpretable models [134, 136]

which are sparse, simulatable, modular, and operate on interpretable features [206].

Contrarily, interpretability can also be achieved in a post-hoc manner by multiple

means such as instance-specific explanations [193, 138] or fitting interpretable models

[268, 10]. Surprisingly, interpretable models are shown to not cause significant cost to

accuracy [237, 177].

• Constrained: Imposing user-specified constraints on ML models allows controlling

their behavior to strictly adhere to clear expectations. Constraints can be exercised

to enforce satisfaction of formal specifications [170] or to integrate domain-specific

knowledge to improve accuracy [284, 28, 66]. Similar to achieving interpretability,

an attempt to constrain a model can be made during or after training. While the

goal in the former approach is to learn a model with the desired properties, the latter

approach instead aims to use the model in a framework that directs it toward desired

behavior.

Combinatorial optimization refers to a family of problems with discrete components

where the solution needs to satisfy a given set of constraints and optimize a given objective

function [163]. It includes well-studied problems in areas such as graph theory [189, 85],

resource allocation [241, 108], and routing [26]. Most combinatorial problems belong to the

NP-hard complexity class, and thus, are not known to have efficient polynomial algorithms.

Fast heuristic approaches can yield suboptimal results and naive exhaustive search grows

quickly intractable even for small problems. Any NP problem can be reduced to an NP-

complete problem and a common approach to solving combinatorial problems is to formulate

them as other combinatorial problems that are declarative and standardized. These prob-

lems, referred to in this dissertation as declarative combinatorial optimization problems, are



CHAPTER 1. INTRODUCTION 3

accompanied by well-developed and efficient search, reasoning, and optimization techniques

to solve them. Thus, the formulation approach eliminates the need for custom-made al-

gorithms for each problem and generally enables solving combinatorial problems far faster

than the exponential worst-case scenario [106, 1, 214, 44, 212].

Combinatorial optimization problems have been utilized to enable interpretable and

constrained ML in various ways. Most commonly, the problem of finding an inherently

interpretable model with an objective function based on a given dataset can be formulated

into declarative combinatorial optimization problems [19, 124, 37]. The declarative nature

enables the encoding of a wide array of interpretable and constrained ML problems, and

solving these problems to optimality has been shown to improve accuracy compared to

heuristic approaches [37, 124, 64]. Combinatorial components can also be integrated into

the inference stages of deep learning algorithms for feedback or supervision [170, 299]. The

declarative interface and the capability of complex reasoning with theoretical guarantees

provided by the combinatorial component aptly complements the immensely scalable yet

statistical models of deep learning. In this dissertation, we aim to explore the benefits of

utilizing combinatorial optimization problems towards interpretable and constrained ML in

novel and meaningful ways.

Thesis Statement. Formulating machine learning tasks as declarative combi-

natorial optimization problems enables learning a wide variety of interpretable

and constrained machine learning models, providing theoretical guarantees and

often improving solution quality.

1.1 Chapters Outline and Contributions

Throughout this dissertation, we explore and investigate different ways in which combi-

natorial optimization problems can be utilized for interpretable and constrained ML. We

propose novel formulations to learn inherently interpretable models in Chapter 3, Chapter 4,

and Chapter 5. The approaches presented in Chapter 5 and Chapter 6 support enforcing

constraints as formal specifications or semi-supervision on ML models. Chapter 6 proposes

a framework where a combinatorial component can be utilized in conjunction with deep

learning, rather than independently. In the following, we list the technical chapters of this

dissertation and briefly describe their contribution.

Chapter 3: Optimal Decision Tree Classification

In this chapter, we propose a novel SAT-based encoding for the problem of classification with

decision trees. Classification is the supervised task of learning a complete classifier function

from a set of labeled training data. Decision trees have been learned as classifiers since they

provide interpretability, while also being accurate [50, 215, 56]. Our approach is equipped

with direct encoding of non-binary features and is shown to support multiple objectives,

types of branchings, and pruning constraints. We experimentally show our encoding to
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outperform the state-of-the-art approaches in datasets with non-binary features on two

well-known objectives. We further demonstrate the capabilities of our encoding to mitigate

issues such as overfitting or imbalance in data. To summarize, the key contributions of

Chapter 3 are as follows:

1. We introduce a novel SAT-based encoding of decision trees for the problem of clas-

sification. Our approach supports direct encoding of numerical features, avoiding an

explicit binarization which can lead to a quadratic increase in instance size [19, 281].

2. We use the encoding basis to solve two well-known classification objectives: (1) min-

depth, i.e., find a tree of minimum depth that correctly classifies all of the training

data [19, 39, 209]; and (2) max-accuracy, i.e., find a tree given a fixed depth that

correctly classifies as many of the training data points as possible [281, 280, 6, 126,

37].

3. We introduce a direct encoding of categorical features. This encoding, like that of

numerical features, avoids explicit binarization of features. However, it also enables a

more expressive type of branching, referred to as the power set branching. Decision

trees employing power set branching can achieve higher quality solutions as they are

theoretically shown to be more expressive.

4. Through our experiments, we show that: 1) our decision tree approach with direct

encoding of numerical features outperforms recent state-of-the-art techniques in both

objectives on datasets with mostly numerical features; 2) our encoding produces opti-

mal solutions more quickly, provides higher-quality solutions in case of timeouts, and

consumes significantly less memory; 3) power set branching enables more expressive

trees that both better fit the training data and generalize better to test data.

The work included in this chapter first appeared in the proceedings of the Twenty-seventh

International Conference on Principles and Practice of Constraint Programming (CP 2021)

[251]. An extended version, published in the journal, Constraints [253], introduced the new

features of cost-sensitive learning and pruning constraints. The key extended contributions

are as follows:

1. We add support for cost-sensitive learning by implementing an accuracy objective

that allows different misclassification costs for different labels. Cost-sensitive learning

facilitates application to problems with imbalanced datasets or varying error costs.

2. We present encoding for two tree pruning constraints: (1) min-support, i.e., the mini-

mum number of points that must be contained within each leaf; and (2) min-margin,

i.e., the minimum number of points that must exist on either side of each branching.

Pruning constraints help reduce overfitting to the training examples and allow better

generalization to unseen data.
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3. Our extended experimental results show: 1) cost-sensitive learning can lead to sig-

nificant improvement in balanced accuracy on imbalanced datasets; 2) tree pruning

constraints can help reduce overfitting and lead to higher accuracy on unseen test

data.

Chapter 4: Compact Binary Decision Diagrams for Classification

In this chapter, we focus on classification using binary decision diagrams, the more compact

counterparts of decision trees. BDDs have historically been utilized as logical components

[52, 9, 202, 159]. However, we learn them as interpretable classifiers following recent work

[124, 160]. We introduce an encoding of BDDs in SAT, utilizing our approach to directly

model non-binary features from Chapter 3. What distinguishes BDDs from decision trees

is their compactness and higher emphasis on size optimization. We propose optimizing

compactness by initially learning BDDs as trees and modeling the size to which they will be

reduced. Alternatively, we propose multi-dimensional branchings, in line with our emphasis

that branching nodes should not be limited to simple binary division of points. Multi-

dimensional branchings enable direct learning of compact diagrams. To summarize, the key

contributions of Chapter 4 are as follows:

1. We introduce a novel SAT-based encoding of maximum accuracy BDDs for classifi-

cation with direct support for numerical features. Our approach initially models a

non-reduced BDD, which can subsequently be reduced by assigning labels to empty

terminals and merging equivalent nodes.

2. We extend our encoding by modeling the final size to which the BDD can be reduced.

The size objective can be weighted against the accuracy objective in the same stage

or be optimized in a secondary post-processing stage.

3. As an alternative to learning non-reduced BDDs and then reducing them, we present

a variant of our approach that directly models multi-dimensional BDDs, a family

of diagrams that employ multi-dimensional branching. Multi-dimensional BDDs are

more expressive than BDDs using the same number of branchings and allow for efficient

learning of higher-quality solutions in compact sizes.

4. Through our experiments, we show that our BDD encoding can improve the state of

the art in solution accuracy and runtime. Furthermore, we show that encoding and

optimizing size in the same stage or a secondary stage allows us to find significantly

more compact solutions while maintaining accuracy. Finally, we show that multi-

dimensional BDDs scale better than BDDs due to their expressiveness and ability to

utilize more features in compact sizes.

The work included in this chapter appeared in the proceedings of the Twenty-ninth

International Conference on Principles and Practice of Constraint Programming (CP 2023)

[252].
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Chapter 5: Constrained Clustering via Decision Trees

In this chapter, we propose a novel SAT-based model for learning decision trees as solutions

to clustering, the task of recognizing patterns and grouping a set of unsupervised data

into clusters. In addition to classification, decision trees have, to a lesser extent and more

recently, been used as clustering solutions in the literature [88, 203, 38, 91]. Our approach

guarantees approximation of a well-known bi-criteria objective, hence being the first exact

approach to decision tree clustering. We exercise the flexibility in SAT formulations to add

support for user-provided constraints, effectively solving the constrained clustering problem

using decision trees. Our encoding utilizes our novel non-binary encoding of features, first

proposed in Chapter 3. We also introduce a pruning algorithm that detects redundant or

infeasible clauses by integrating constraints with the encoding of the objectives. Lastly, we

propose multi-stage schemes to address the issues of infeasibility and lack of exploring the

Pareto front. To summarize, the key contributions of Chapter 5 are as follows:

1. We present a novel MaxSAT encoding with direct support for numerical features

to solve the problem of decision tree clustering. Our encoding guarantees an ϵ-

approximation of a Pareto-optimal solution in maximum diameter (MD) and minimum

split (MS) criteria. Our approach also supports user-provided constraints of must-links

and cannot-links to solve the semi-supervised task of constrained clustering.

2. To reduce the considerable number of clauses required to encode the objective and

pairwise constraints, we introduce the smart pairs pruning framework. The encoding

of MD and MS, along with must-links and cannot-links, is integrated into the smart

pairs algorithm to detect and prune redundant or infeasible clauses.

3. Our extensive experimental results show that: 1) our approach can find interpretable

solutions of high quality in short runtimes; 2) employing tree clustering, the [MD,MS]

objective, and user-provided constraints improves the solutions in evaluation metrics,

with any combination of the three leading to an even greater enhancement; 3) there is a

trade-off between solution accuracy and infeasibility in the presence of user-provided

constraints; 4) objective approximation and smart pairs pruning significantly boost

performance leading to higher quality solutions.

The work included in this chapter first appeared in the proceedings of the Thirty-Second

International Joint Conference on Artificial Intelligence (IJCAI 2023) [250]. Work on an

extended version, introducing soft constraints and Pareto front generation, is in preparation

for journal submission. The key contributions of the extension are as follows:

1. We further extend our encoding by introducing soft constraints whose satisfaction is

optimized, rather than required. Soft constraints can address the issue of infeasibility

when no tree is found to satisfy all of the hard constraints within a given depth.

We propose 1-stage, 2-stage, and 3-stage schemes, with or without linearization, as
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different approaches to maximizing the number of satisfied links before optimizing the

clustering objective.

2. We detail how our encoding can be applied in an iterative algorithm that finds ap-

proximations to all solutions that are Pareto-optimal in [MD,MS], rather than just a

single arbitrary one.

3. Our experiments show that soft constraints can address the infeasibility issue and allow

the utilization of a higher number of constraints for improved accuracy. Moreover, our

experiments reveal that exploring the whole Pareto front leads to finding higher-quality

solutions in less constrained instances.

Chapter 6: Neural Sequence Generation with Requirements

In this chapter, we solve the problem of neural sequence generation with constraints. Neural

sequence generation is a cornerstone problem in ML which has recently been utilized for

solving combinatorial optimization problems [29, 162, 282, 170]. A combinatorial optimiza-

tion application highlights the need for constrained solutions, as combinatorial problems

are often strictly required to satisfy hard constraints [163]. We propose formulating the

hard constraint aspect of a combinatorial optimization problem, i.e., a constraint satisfac-

tion problem (CSP) [49, 106, 292, 16, 181], into a declarative combinatorial optimization

problem without objectives. Doing so allows us to control a neural sequence model with the

goal of enforcing satisfaction of the given set of constraints, referred to as a requirement, a

guarantee that purely predictive decoders fail to provide [63]. Our approach augments the

beam search procedure with cuts, which are explicit feasibility checks performed on partial

solutions. Beam search with cuts (BSC) is modular and can combine any pre-trained neural

model with a CSP requirement. Even though we perform a case study on Vehicle Routing

Problems (VRPs), our implemented requirements are useful in multiple settings and our

general framework is applicable to other neural sequence models and CSP requirements. To

summarize, the key contributions of Chapter 6 are as follows:

1. We introduce beam search with cuts (BSC), a procedure to decode a pre-trained neural

sequence model with the guaranteed satisfaction of a requirement, a set of constraints

encoded as a CSP. BSC employs checks, referred to as cuts, preventing the expansion

of partial solutions that cannot satisfy the requirement. Cuts are implemented by

solving the CSP instances conditioned on a partial solution. Unlike ordinary beam

search, BSC is complete, i.e., it is guaranteed to find a feasible solution if one exists.

2. We propose bin packing and regular language acceptance encoded in IP and SAT,

respectively, as two types of requirements that find application in multiple settings.

We present how adherence to a partial solution can be enforced in each, enabling us

to implement them as cuts.
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3. We focus on vehicle routing problems as our case study. Specifically, we solve three

VRP variants by combining an existing pre-trained neural model [162] and our pro-

posed requirements within a BSC procedure.

4. Our experiments reveal that beam search with cuts can satisfy requirements in a

short runtime and without significant cost to solution quality. BSC is also shown

to satisfy incrementally tighter requirements until infeasibility is, correctly, detected.

Our experiments on comparison against ordinary beam search indicate that BSC scales

exponentially better as the length of the solution is increased or the requirement is

strengthened. Lastly, we show that an incremental solving of the CSPs significantly

lowers the time spent by the solver.

The work included in this chapter is based on a paper that appeared in the proceedings

of the Seventeenth International Symposium on Combinatorial Search (SoCS 2024) [249].

1.2 Concluding Remarks

Modern ML techniques can achieve super-human performance in various domains, leading

to numerous applications in our daily lives. Such techniques commonly employ complex

black-box models that are a risk to use in sensitive tasks such as those with safety or clarity

concerns. Interpretable ML aims to bring about the ability to understand models and

constrained ML empowers the user to clearly specify and strictly impose constraints.

In this dissertation, we propose to use declarative combinatorial optimization problems

to formulate both the problem of learning inherently interpretable models and the con-

straints that may be imposed on interpretable or non-interpretable models. In Chapter 2,

we provide the necessary background information from the literature on interpretable ML,

constrained ML, and how combinatorial optimization problems have been utilized to achieve

both, setting the stage to present our contribution in the same areas. Chapter 3, Chapter 4,

and Chapter 5 propose SAT-based models to learn inherently interpretable models in the

form of decision trees or diagrams. More specifically, Chapter 3 and Chapter 4 investigate

learning decision trees and diagrams, respectively, as classifiers, while Chapter 5 investigates

learning decision tree clustering solutions. In Chapter 6, we propose a framework that solves

a combinatorial optimization problem by formulating its constraints into a declarative com-

binatorial problem that constrains a neural sequence model generating solutions. Lastly,

we summarize our contributions and discuss interesting potential extensions of our work in

Chapter 7.



Chapter 2

Background

In this chapter, we go over the existing literature that is relevant to this dissertation, i.e.,

interpretable and constrained ML and the utilization of combinatorial optimization to that

end. Most classical approaches to AI such as heuristic search [218, 119], knowledge represen-

tation and reasoning [30], logical planning [100, 3], and exact optimization [37, 66, 291] have

an algorithmic and symbolic perspective to producing solutions. Given this perspective, the

interaction with the solution is strict and well-defined [217], paving the way for the user to

understand and influence the solution. Following the rise of ML and statistical approaches

to AI, particularly deep learning in the last two decades, the level of reliance on precise

formulations and algorithms slowly slipped away and was mostly replaced by black-box

models, which utilize large amounts of data to detect and replicate existing patterns [176,

201]. However, there is considerable work on making use of symbolic, combinatorial, and

rigorous components to facilitate trust in ML solutions. Such approaches employ alternative

interpretable models or complement the black-box models in a hybrid approach, enabling

interpretable and constrained solutions. We survey how this line of work has developed and

in which applications it has proven to be useful.

2.1 Combinatorial Optimization

Numerous interesting and useful combinatorial problems are known to belong to the NP-

complete complexity class [97]. The NP-complete class contains decision problems where

feasible solutions are demanded. The optimization variation of these problems demands

optimal solutions and belongs to the NP-hard class. Polynomial algorithms can solve ap-

proximated [279], randomized [205], parameterized [180], and relaxed [188] variations of

NP-hard optimization problems, but are yet to be shown to fully solve them to optimality.

Despite the exponential worst-case complexity, methods have been developed to solve combi-

natorial optimization problems in practical runtimes. These methods are exact in the sense

that they employ search, pruning, backtracking, propagation, and relaxation techniques to

exhaust the search space and find feasible (optimal) solutions [291, 174, 163].

9
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Rather than directly solving a combinatorial optimization problem with a hard-coded

algorithm, we can also formulate it as an intermediate declarative problem and use a unified

solving procedure. The declarative problems in the formulation approach are themselves

NP-hard. They are also able to easily encode most combinatorial constraints and objectives

in a natural way. Declarative problems without an optimization component are commonly

referred to as constraint satisfaction problems (CSP) [49]. Once a problem is formulated into

a declarative problem, efficient off-the-shelf solvers can allow the solving of relatively diffi-

cult instances that have up to millions of variables in some cases. Any-time solvers return

the best found solution in case of a timeout but are guaranteed to find an optimal solution

given enough time and resources. Formulation approaches allow solving techniques that are

independent of problems. They also allow flexibility in problem specification and modu-

larity in the components of each problem. In practice, different declarative combinatorial

optimization problems might be more suited to solving different tasks.

In Section 2.1.1 and Section 2.1.2, we present boolean satisfiability (SAT) and integer

programming (IP), respectively. SAT and IP are the two declarative problems that have

CSP and optimization variants and are used throughout this dissertation. Other well-known

declarative combinatorial optimization problems which are not used in this thesis include

constraint programming (CP) [16], satisfiability modulo theory (SMT) [27], and dynamic

programming (DP) [169].

2.1.1 Boolean Satisfiability Problem

In this section, we define the boolean satisfiability problem (SAT). SAT was the first problem

to be proven to be NP-complete and remains an integral part of studying the NP complexity

class. A reduction from a more limited SAT variation (3-SAT) is a standard way of proving

new problems to be NP-hard, and a reduction to SAT is a common way of solving NP-

complete problems by using efficient off-the-shelf SAT solvers [214, 80, 116].

A SAT instance uses propositional variables vi. A literal li is a variable vi or its logical

negation ¬vi. The negation of a variable is true if and only if the variable itself is false. A

clause is a disjunction (logical OR) of literals (l1, ..., li) and is considered to be satisfied when

at least one of its literals is true. A SAT formula is a conjunction (logical AND) of clauses

and is considered to be satisfied when all clauses are. This arrangement of the formula is

referred to as the conjunctive normal form (CNF). When presented in CNF, it is NP-hard

to decide whether there exists a truth assignment to the variables that satisfies a formula.

Disjunctive normal form (DNF) is an alternative structure where clauses are conjunctions

of literals and the formula is the disjunction of the clauses. In DNF, it is co-NP-hard to

decide whether the formula is a tautology, i.e., it is satisfied under all truth assignments.

SAT solvers mostly focus on solving the satisfiability problem for CNF formulae. To solve

an NP problem using SAT solvers we: (1) provide a valid reduction from the problem to

SAT, i.e., the answer to the original instance is yes if and only if the resulting SAT formula

is satisfiable; (2) solve the SAT formula; and (3) decode the satisfying truth assignment (if
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any exists) back to a solution for the original problem following the reduction [41, 106].

Maximum satisfiability (MaxSAT) is the optimization variation of SAT. A MaxSAT

formula has the same structure in terms of variables, literals, and clauses. However, sat-

isfiability is not the question as the satisfaction of clauses is not mandatory. Instead, the

number of satisfied clauses is the objective function to be maximized. MaxSAT is an NP-

hard optimization problem and the goal is to find the truth assignment where the number

of satisfied clauses is equal or more than any other assignment. Partial MaxSAT [89] is a

generalization of both SAT and MaxSAT. In partial MaxSAT, variables and literals are as

before, but clauses are divided into hard and soft subgroups. Satisfaction of hard clauses

is mandatory, but that of soft clauses is to be optimized. Solving partial MaxSAT has the

same complexity as standard MaxSAT and amounts to finding a truth assignment that both

satisfies the formula and a number of soft clauses that is the highest amongst all satisfying

assignments. Note that using (partial) MaxSAT to solve NP problems also requires reduc-

tion, solving, and decoding. Additionally in the reduction, the objective of the original

problem should monotonically correspond to the number of soft clauses satisfied to ensure

a valid optimization. Hereafter, the simplified term, clause, is used to refer to hard clauses,

and MaxSAT is used to refer to the partial MaxSAT problem.

Most SAT solvers are based on the DPLL algorithm [171, 213] where at each iteration: (1)

a variable is chosen and given a truth value; (2) satisfied clauses are removed and clauses

containing the falsified literal are simplified; (3) if a unit clause is detected, a satisfying

value is assigned and the iteration repeats from step 2; (4) if a variable has only one literal

representation, a satisfying value is assigned and the iteration repeats from step 2; (5) if

all variables are assigned the solution is returned; and (6) if an empty clause is reached

a variable assignment is backtracked, unless all possibilities are exhausted which leads to

a claim of infeasibility. Modern SAT solvers also employ conflict-driven clause learning

(CDCL) [195] where every time an empty clause is reached, the algorithm finds the truth

assignments leading to the conflict and learns them as a clause to avoid them without explicit

backtracking. MaxSAT instances are commonly solved through iterative translation to SAT

instances. Approaches based on linear search start from a satisfying solution and iterate

on the lower bound by finding strictly better solutions until it is no longer feasible [196].

Contrarily, core-based approaches start by considering all soft clauses as hard ones and learn

infeasible minimal sets of clauses that are iteratively relaxed to find a satisfying solution

[33, 72].

To be accommodated in SAT, some non-CNF constraints can be translated to a set

of CNF clauses using automated procedures with potentially added auxiliary variables.

Most notably, there exists a variety of algorithms with different strengths and weaknesses

to translate cardinality constraints into CNF clauses [256, 24, 194]. A cardinality clause

Σili ≤ c bounds the number of true literals in its given set. In a valid translation, a truth

assignment satisfies the cardinality clauses if and only if it satisfies the resulting set of CNF

clauses. Recent work has developed SAT solvers with direct support for cardinality clauses

without requiring CNF translation.
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Certain SAT solvers can support incremental solving when multiple similar instances are

presented to the solver in succession [80]. Incremental solving aims to carry over learned

information to future steps in order to avoid repetition and improve the overall performance

[80, 207]. The successive instances that are incrementally solved share variables and clauses.

They are purely distinguished through a subset of literals, called assumptions ai. The goal

of each step in incremental solving is to find a solution that satisfies the shared formula

alongside the particular assumptions of that step. The carry forward information can include

clauses, such as those learned in CDCL, under the assumption that they are implied by the

hard clauses alone and are not dependent on the assumptions.

2.1.2 Integer Programming

In this section, we define the problem of integer programming (IP) [292]. IP is an NP-

hard optimization problem, but comes with efficient off-the-shelf solvers [112, 150]. Due

to its expressiveness and well-developed array of solving methods, IP is considered to be a

fundamental problem with wide-ranging applications in operations research [211, 129, 313,

244].

An instance of IP consists of an array of variables x, with each individual variable

having an integer domain and represented as xi. Variables are commonly required to have

non-negative values x ≥ 0. However, the variation with support for negative values can

be translated into the standard format by representing each variable xi as the subtraction

between two standard variables x′i − x′j with x′i, x
′
j ≥ 0. Constraints in an IP instance

are linear inequalities with real-valued coefficients and constants Ax ≤ b, represented by a

matrix A and array b, respectively. The objective is the maximization of the linear expression

cTx where c is a real-valued array representing objective coefficients. A standard formal

IP instance in its entirety is presented in Eq. (2.1). To solve IP, one should find values for

variables that satisfy all linear constraints and have the highest objective value compared

to all other satisfying solutions. IP also has a decision variation by removing the objective

component, where the goal is to simply find satisfying values for variables. The decision

variation of IP is NP-complete. To solve a problem using IP we: (1) provide a reduction

that maintains a yes/no answer for a decision problem and monotonically corresponds to

the objective for an optimization problem; (2) solve the IP instance using an off-the-shelf

solver; and (3) decode the integer values (if the instance is not found to be infeasible) back

to a solution for the original problem by following the reduction in reverse.

maximize cTx (2.1)

s.t. Ax ≤ b

x ≥ 0

The problem of linear programming (LP) has the same structure as IP without the lim-
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itation to integer values for the variables. Solving LP has numerous applications and is

well-established to have very efficient polynomial algorithms [156, 154]. IP has also been ex-

tended to multiple more expressive paradigms. Mixed-integer programming (MIP) [1] allows

variables with real-valued domains to coexist with integer variables, generalizing both IP

and LP. Mixed-integer quadratic programming (MIQP) [175] further enriches the paradigm

by adding support for quadratic objective functions. The increase in expressiveness in these

variations allow more problems to be modelled but come at a cost to performance.

Transforming an IP instance into an LP one by removing the integer limitation is referred

to as relaxation and plays a crucial role in solving IP. Note that since any solution to the IP

is a solution to the relaxed instance, the relaxed optimal objective value is guaranteed to be

equal or larger than that of the IP, effectively providing an upper bound. Furthermore, the

objective value of any feasible solution is effectively a lower bound on the optimal value. The

branch-and-bound algorithm [130] utilizes these two values by maintaining a best solution

yet, and solving relaxations of current instances at each search node. The lower and upper

bounds can be used to prune search nodes that are guaranteed not to contain any solutions

better than the current best. When the solution to a relaxation is all integer, it is returned

as the optimal case in that particular node. If it is not, a branching is made on the floor

and ceiling values of a real-valued variable, adding corresponding constraints to each child

node. In a branch-and-bound approach to solving IP, the algorithm can be terminated

prematurely and still provide a potentially sub-optimal solution with a guaranteed bound

on the optimality gap.

2.2 Interpretable Machine Learning

The work on interpretable ML is focused on building solutions whose inner workings are

not, unlike black-box models, a mystery. What constitutes as interpretability is the subject

of great debate in the literature [206, 182, 17]. It is acknowledged that interpretability in

its essence is a subjective criterion and is highly dependent on user’s expectations and the

demands of a particular setting. More broadly, Lipton [182] claims that the demand for in-

terpretability arises when formal objectives fail to encompass costs of real-world deployment.

However, there have been more concrete attempts at understanding how interpretability no-

tions relate and can be quantified. We mostly rely on the definitions provided in Murdoch

et al. [206]. The authors describe the three stages in data-science life cycle, learning a

model based on data and preferences, analyzing the model, and reiterating. Interpretability

is then defined as the extraction of relevant knowledge from the relationships contained in

the data or the model. As the three main desiderata for interpretability, they argue for ac-

curacy in modeling and analysis, i.e., predictive and descriptive accuracy, respectively, and

for relevancy, i.e., providing insight for a particular audience into a chosen domain problem.

The approaches discussed in Murdoch et al. are categorized into model-based interpretability

and post-hoc interpretability, referring to using inherently interpretable models or analyzing

black-box models, respectively.
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2.2.1 Modelling Stage

Interpretability in the modelling stages is mostly reliant on inherently interpretable models.

However, learning interpretable models also has a positive impact on interpretability in the

analysis stage, greatly improving descriptive accuracy. Interpretable models are: (1) sparse,

employing a small number of parameters; (2) simulatable, having a simple structure and

low number of features to be understandable by humans in its entirety; (3) modular, being

made up of meaningful decision-making components that can be interpreted independently;

and (4) operate on interpretable features engineered based on domain-specific knowledge or

(5) by using automated techniques. A well-known family of inherently interpretable models

are rule-based models such as decision trees [230, 165, 11], decision lists [234, 307], decision

sets [172, 131], and association rules [164, 20]. Such models are compact and humans can

usually understand them by following the sequence of activated rules and corresponding

features. This simulatability can then be extended to the model as a whole, barring the

issues due to the exponential growth of some models such as decision trees. Rule-based

models are also highly modular, as the decision corresponding to each rule is independent

of the rest. Furthermore, models such as decision trees and lists employ recursive decision-

making where each node is a smaller model of the same type. Interpretability of rule-

based models is contingent upon the interpretability of their features, and their accuracy is

significantly impacted by feature engineering since new features cannot be learned within the

model, unlike more complicated models such as neural networks. Rule-based models are also

commonly learned using combinatorial optimization problems, contributing to algorithmic

transparency which is a less-known aspect of interpretability [182].

Other examples of inherently interpretable models include linear [146] and logistic [191,

151] regression, particularly their sparse variants [263, 185], which can be considered special

cases of generalized additive models [293, 312]. Moreover, models that rely on representative

points, e.g., prototype-based ones [40, 248, 305], also provide a degree of interpretability.

However, a model whose behavior is fully formulated is more interpretable as the interpreta-

tion is not dependent on a given input. Lastly, neural-symbolic approaches aim to integrate

reasoning mechanisms and knowledge representation as interpretable components into neu-

ral networks without fully replacing them [22, 92, 93]. Intuitively, the symbolic aspect of

such models represents the cognitive ability to reason about what has been learned by the

neural component in semantics such as propositional [270, 96], first-order [86, 246], and

temporal [94, 95, 46] logic. Neural-symbolic approaches also lack total interpretability due

to the neural aspect.

2.2.2 Analysis Stage

Interpretability in the analysis stage can be achieved in a post-hoc manner for black-box

models. However, it is also possible, and easier, for model-based approaches. Many attempts

at interpreting an ML model can be categorized as explanations, referred to as prediction-

level interpretation in Murdoch et al. Explainability is adjacent to interpretability and de-
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mands prediction on a given input to be accompanied by additional instance-dependent

information that explains the decision-making [297, 88]. Types of explanations include the

previously discussed representative points, in addition to abductive and contrastive expla-

nations [144, 138] which focus on why a decision is made, and why a differing decision is

not made, respectively. Inherently interpretable models enable explainability, just as they

do simulatability, because their inner workings are fully formulated and structured in a

simple way. For example, explanations can be extracted from rule-based models by retriev-

ing the set or sequence of rules that were activated [136, 134]. Explainability can also be

achieved for black-box models [109, 245, 197]. Explanation of complex models are often

local [110, 233, 226], commonly imitating the behavior in the surrounding space of a given

input. Neural-symbolic approaches can also enable explainability in the form of extracting

rules that explain part of the model in human-compatible format [14, 286].

The instance-independent variation of post-hoc analysis is to learn post-hoc models.

referred to dataset-level interpretation in Murdoch et al. It interprets the model’s behavior

as a whole and, as such, is mostly irrelevant for the model-based approach where the model

is inherently interpretable. Post-hoc models can be inherently interpretable ones with the

objective of approximating a given black-box model, rather than fitting a set of training data

[166, 10, 268]. However, recent work has demonstrated that, in most cases, there is more

utility to learning interpretable models directly compared to learning them for interpreting

black-box ones [237].

2.2.3 Combinatorial Optimization for Interpretable ML

Combinatorial Optimization problems can be utilized in model-based approaches to inter-

pretable ML. Learning inherently interpretable models are mostly NP-hard problems [173,

234]. Thus, in practice, they are either learned using heuristics that can yield suboptimal

solutions [50, 229, 32, 304, 102] or using exact combinatorial approaches that can be compu-

tationally costly. Recent work learns decision trees with search [6, 74] or by using declarative

combinatorial problems such as SAT [19, 209, 126], IP [37, 111], and CP [280, 39]. Combi-

natorial approaches to learning interpretable models for clustering have also been proposed

[7, 38], but shown to scale poorly. Problems such as SAT can also be used to learn decision

lists [136], sets [301], diagrams [123], and interpretable models based on temporal logic for

classifying sequences of observations [55]. Moreover, combinatorial optimization problems

can be used to achieve post-hoc interpretability by explaining existing interpretable models

[134, 142].

2.3 Constrained Machine Learning

Another approach to making ML solutions more human-compatible is through constraining

their behavior to well-formulated specifications. Constraints for an ML solution can embody

domain-specific knowledge, regulatory specifications, or learning conditions. Constraints can



CHAPTER 2. BACKGROUND 16

be imposed while the model is being learned, concerned with the properties of the model

or its behavior with regard to certain data distributions. Training-time constraints can

enforce safety properties [277] on the model in problems such as Bayesian optimization

[36] and reinforcement learning [300, 222, 65, 187]. Specifications on the model are not

limited to safety and can also represent societal concerns by bounding [153] related criteria

instead of optimizing [4] them. Constraints in training-time are also used to integrate user-

provided knowledge into the training to guide the solution and increase accuracy in problems

such as clustering [184, 283] and classification [82]. Lastly, constraints can be utilized to

improve the training procedure itself through pruning [280, 98]. Interpretable models can

easily accommodate enforcing and verifying additional constraints due to their well-defined

structure [208, 231]. In particular, if the learning of an inherently interpretable model is

formulated into a declarative combinatorial optimization problem, the same problem can

act as a host for encoding additional constraints [280, 37].

Constraints can also be imposed while the model is being utilized, controlling its out-

put. Inference-time constraints can enforce requirements such as adherence to a formal

syntax [219] or guaranteed inclusion of elements [13, 179]. Inference-time constraints are

independent of the size of training data and how the original model is trained, allowing

them to benefit from the scalability of non-combinatorial approaches such as deep learn-

ing. Imposing inference-time constraints is necessitated to a higher extent when the model

generates sequence solutions, since iteratively navigating a model is more challenging than

simply filtering out its unwanted one-time predictions. Note that training-time constraints

also impact inference as they shape the model that is being utilized, but the distinction is

their involvement in training. Given that constraints are well-defined symbolic components,

they can also be used to complement deep learning models in rigorous reasoning capabilities

[299]. Contrary to the approach of utilizing deep learning as a heuristic to enhance the

performance of algorithms for solving combinatorial optimization [259, 57, 157].

2.3.1 Combinatorial Optimization for Constrained ML

Combinatorial optimization problems can be used to learn ML models with guaranteed

satisfaction of training-time constraints. Declarative problems like SAT [71], CP [66, 280],

and MIP [4] or more specialized ones like Ising models [64] can be used to solve tasks such

as constrained classification or clustering. In these cases, satisfaction of the constraints is

integrated into the same formulation that learns the, potentially interpretable, model and

the problem is solved as a whole by an exact method. If constraints are inference-time

and not intertwined with training the model, they are typically formulated as CSPs, i.e.,

combinatorial problems that lack the optimization aspect but are still NP-hard. Although

less prevalent, combinatorial components can also be responsible for satisfaction of inference-

time constraints on the output of pre-trained models, particularly noticeable in the context

of neural sequential generation [170, 299].



Chapter 3

Optimal Decision Tree

Classification

3.1 Introduction

In this chapter, we present an approach that employs combinatorial optimization problems

to learn inherently interpretable models for a problem that is typically solved using black-

box models in deep learning. We focus on the problem of classification in which solutions

assign class labels to data observations. Learning classification models from a set of training

examples is a key task in supervised ML.

The interpretable models that we learn as combinatorial optimization problems are de-

cision trees. Decision trees are among the most popular classification models in ML as they

tend to have good performance in addition to providing interpretability. They satisfy the

conditions for an interpretable model as presented in Murdoch et al. [206]. They are sparse

as they employ a small number of features and parameters overall. They are simulatable as

every prediction corresponds to traversing a path from the root to a leaf, with impact from

an even smaller number of features. Lastly, they are modular as the branching within each

node is independent of what has happened before and will happen next. Decision trees are

also transparent and facilitate generation of explanations of why a data point was or was

not assigned a label. Moreover, they are easy to analyze with regard to behavioral proper-

ties. Traditionally, decision tree classifiers are constructed using greedy heuristic algorithms,

such as CART [50], ID3 [230], and C4.5 [229]. However, these algorithms do not provide

guarantees on the quality of the resultant trees, which can therefore be unnecessarily large

or potentially inaccurate [32].

Alternatively, learning a globally optimal decision-tree classifier was shown to be NP-

hard for several optimization criteria [173, 117]. Nevertheless, in recent years a variety of

exact techniques have been proposed to solve the problem of constructing optimal decision

tree classifiers. One class of techniques focuses on optimizing decision tree size (either the

17
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depth of the tree or the number of nodes in the tree) such that all training examples are

correctly classified [19, 39, 209]. Another class of techniques, instead, focuses on maximizing

the number of correctly classified training examples, while constraining the maximal depth

of the decision tree [281, 280, 6, 126, 37].

The guaranteed optimality provided by an exact approach to solving combinatorial op-

timization is not necessary in all ML applications and, often, a solution with a high enough

quality meets the demands. Therefore, the added computational cost is not always justi-

fied, despite the gap in performance becoming narrower recently [139]. Note that it is also

possible for a non-exact approach to produce optimal decision trees, but their optimality

is not proven, guaranteed, nor bounded, as is the case when using exact approaches with

sufficient resources. Optimal approaches are desirable when even a slight improvement in

accuracy takes priority over computational tractability. Optimality is particularly of signifi-

cance since we are intending decision trees as interpretable models. Generally, interpretable

modes cannot compensate for the gap in quality by simply expanding further as this will

compromise their sparsity and simulatability. This highlights the need for precise and op-

timal reasoning that considers the model as a whole to find the best possible solution in

a small and highly confined format, rather than using a stepwise heuristic approach [50].

Surprisingly, optimality does not cause decision trees to overfit training data [37], but rather

leads to a better reflection of the ground truth, improving out-of-sample accuracy [111, 19].

Optimal solutions in similar interpretable models such as decision sets and decision lists also

seem to improve generalization [139].

As discussed in Chapter 2, combinatorial optimization problems can be solved by formu-

lation in a declarative problem such as boolean satisfiability (SAT), its optimization variant

maximum satisfiability (MaxSAT), integer programming (IP), or constraint programming

(CP) and using efficient off-the-shelf solvers. Enabled by the recent advancements that make

it possible to solve challenging instances [214, 212], the formulation approach have been suc-

cessfully utilized to learn decision trees [280, 126, 39, 209]. The formulation approach enables

modularity and flexibility in learning different variants with different objectives including

minimum depth and maximum accuracy. It further allows constrained ML by enforcing the

resulting decision tree to satisfy constraints, such as those related to fairness [4] and those

preventing overfitting [165].

Many of the recent state-of-the-art approaches are designed for datasets with binary fea-

tures [19, 281, 209, 126, 280], and some are further limited to binary class labels (i.e., clas-

sification with only two classes) [209, 126]. However, in practice, most real-world datasets

contain categorical and numerical features. In order to perform classification in datasets

with categorical and numerical features, these approaches convert any non-binary feature

into a set of binary features using standard techniques (see discussions in [19, 281]). This

conversion often introduces a large number of binary features and may lead to poor perfor-

mance.

In this chapter, we present and empirically evaluate a novel approach for learning optimal

decision-tree classifiers that can directly handle non-binary features without converting them
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into binary features. Specifically, we make the following contributions:

1. In Section 3.3, we present a novel SAT encoding of decision trees that directly supports

numerical features, and use this encoding to solve two well-known optimization prob-

lems in classification tasks: (1) finding a decision tree of a given depth that maximizes

the number of correctly classified training examples; and (2) finding a minimum-depth

decision tree that correctly classifies all training examples.

2. In Section 3.4, we present an extension of our SAT encoding that directly supports

categorical features based on power set branching and show, theoretically and empir-

ically, that the new encoding is more expressive and can lead to decision trees with

better solution quality with regard to the two studied optimization problems.

3. In Section 3.5, we present an extension of our SAT encoding for cost-sensitive learning

of optimal decision trees that can be used in applications with non-uniform misclassi-

fication costs or imbalanced datasets.

4. In Section 3.6, we present SAT-based encodings for two types of tree pruning con-

straints that can help reduce overfitting to the training dataset.

5. In Section 3.8, we perform extensive experimental analysis based on the setup de-

scribed in Section 3.7 and show that: 1) Our encoding for decision trees with numerical

features significantly outperforms recent state-of-the-art techniques on datasets with

numerical features for each of the studied optimization problems and has significantly

smaller memory consumption; 2) Our extension for categorical features produces de-

cision trees that better fit the training data and often generalize better to unseen test

data; 3) Our extension for cost-sensitive learning can lead to significant improvement

in balanced accuracy on datasets that suffer from class imbalance; 4) Our tree pruning

constraints can help reduce overfitting and lead to higher accuracy on unseen test

data.

This chapter is heavily based on the work that first appeared in the proceedings of

the Twenty-seventh International Conference on Principles and Practice of Constraint Pro-

gramming [251]. An extended version was later published in The Constraints journal [253],

which added cost-sensitive learning, model enhancements through pruning constraints, new

theoretical results, and a significantly expanded experimental evaluation.

3.2 Preliminaries

In this section, we provide the formal definition of decision trees that is used throughout this

chapter and occasionally the rest of the dissertation. We define decision trees by first defining

branchings and tree structures as a basis. In Sections 3.2.1 and 3.2.2, we discuss some

characteristics of decision trees and a theoretical result on their completeness, respectively.
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Lastly, we define the classification problems that we solve with decision tree solutions in

Section 3.2.3.

Definition 1 (Branching). Given a finite set of features F , a branching is a division of

data points into two groups. A branching can either operate on a binary feature fb ∈ F or a

binarization of a numerical feature fn ∈ F through pairing with a threshold a ∈ R. For x[fn]

which represents the value of numerical feature fn for data point x, being smaller or equal

to the threshold (x[fn] ≤ a) equates to a binary value of 1 while being larger (x[fn] > a)

equates to 0.

Note that a binary feature can be seen as a special case of a numerical one. Henceforth,

we will only use numerical features to be concise, unless noted otherwise. Furthermore, we

will only use the more general representation of a branching, which is a feature paired with

a threshold.

Definition 2 (Tree Structure). A tree structure T is a rooted directed tree. Nodes of T are

divided into leaf nodes TL and non-leaf nodes that are referred to as branching nodes TB and

contain the root node δ ∈ TB. Each branching node has exactly two children orienting away

from the root represented by the left and right children function l, r : TB → (TB ∪ TL). The

parent function p : (TB ∪ TL − {δ}) → TB represents the edges in reverse ∀tp, tc : p(tc) =

tp ⇔ (l(tp) = tc ∨ r(tp) = tc).

Definition 3 (Decision Tree). Given a set of features F and integer labels [1..k], a decision

tree is a tuple D = (T , β, α, θ) where T = (TB , TL, δ, p, l, r) is a tree structure, β : TB → F is

the feature selection function, α : TB → R is the threshold selection function, and θ : TL →

[1..k] is the leaf labelling function.

Next, we describe how decision trees assign labels to data points. This process involves

entering the data point at the root and iteratively delivering it to the left or right child

based on its values until it reaches a leaf node with a label.

Definition 4 (Decision Tree Label Assignment). Given a set of features F , integer labels

[1..k], a data point x ∈ R
|F | (an evaluation of F ), and a decision tree D = (T , β, α, θ),

the value of the function ΘD(δ, x) represents the label that D assigns to x. The function

ΘD ∈ (TB ∪ TL) × R
|F | → [1..k] is recursively defined as follows:

Θ(t, x) =





θ(t) if t ∈ TL

Θ(l(t), x) else if x[β(t)] ≤ α(t)

Θ(r(t), x) otherwise

Every step of the recursion corresponds to a branching. A value of 1 (0) for the branching

leads the point to be directed to the left (right) child. Every node t invoked with a point x

is said to contain that point. A leaf node assigns its label to all of the data points that it

contains.
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Figure 3.1: A decision tree example. Solid (dotted) lines correspond to the left (right) chil-
dren. Branching nodes are labeled with with (β(t), α(t)) values. Leaf nodes are highlighted
with the data point that they contain.

We use the simplified notation ΘD(x) to denote ΘD(δ, x). When the decision tree D

is intended as the solution to a classification problem, ΘD(x) is interpreted as assigning

classification labels. The example in Figure 3.1 depicts a decision tree operating on features

(f1, f2, f3) assigning labels to x1 = (4, 7, 3), x2 = (9, 5, 2), and x3 = (6, 1, 8).

3.2.1 Decision Tree Properties

In this section, we discuss some properties of decision trees. We first define the depth of a

decision tree and the property of being fully balanced.

Definition 5 (Decision Tree Depth). Given a decision tree D = (T , β, α, θ), we recursively

define the depth of each node t ∈ TB ∪ TL as depth(t) = depth(p(t)) + 1 with depth(δ) = 0.

The depth of D is then defined to be the maximum depth among its leaf nodes depth(D) =

maxt∈TL depth(t).

Definition 6 (Fully Balanced Decision Tree). A decision tree D = (T , β, α, θ) is said to

be fully balanced if all of its leaf nodes have the same depth, i.e., ∀t1, t2 ∈ TL : depth(t1) =

depth(t2).

Next, we define the support of nodes and the decision tree as a whole.

Definition 7 (Decision Tree Support). Given a set of features F , a dataset X ⊂ R
|F |, and

a decision tree D = (T , β, α, θ), the support of a node t ∈ TB ∪ TL with regard to dataset X

is the subset of X that t contains. It can be recursively defined as follows:

Ψ(δ) = X (3.1)

Ψ(l(t)) = {x | x ∈ Ψ(t),Θ←(t, x)} ∀t ∈ TB ∪ TL (3.2)

Ψ(r(t)) = {x | x ∈ Ψ(t),¬Θ←(t, x)} ∀t ∈ TB ∪ TL (3.3)

where Ψ(t) represents the support of t and Θ←(t, x) indicates that x is directed to the left

child at node t, namely x[β(t)] ≤ α(t). The support of a decision tree is then defined to be

the minimum cardinality support amongst all of its leaf nodes.
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3.2.2 Decision Tree Completeness

In this section, we state that decision trees are complete in the sense that they can represent

any consistent labeling present in a given dataset.

Definition 8 (Consistent Labelling). Given a set of features F , integer labels [1..k], and a

set of data points xi ∈ X, a labeling γ : X → [1..k] of dataset X is consistent if and only if

there are no two identical points that are assigned different labels, i.e.,

¬∃x1, x2 ∈ X : (∀f ∈ F : x1[f ] = x2[f ]) ∧ γ(x1) ̸= γ(x2). (3.4)

Theorem 1. Given a set of features F and integer labels [1..k], a set of data points xi ∈ X,

and a labelling γ : X → [1..k] such that γ is a consistent labelling of X, there always exists

a fully balanced tree D with sufficiently large depth(D) that completely matches the given

labelling ∀x ∈ X : ΘD(x) = γ(x).

Proof. We provide a constructive proof for the theorem. Our proof starts with a single root

node δ and iteratively deepens the tree until the labels of the points contained in each leaf

node are homogeneous. Finally, each leaf node is labeled with the homogeneous label of the

points in its support. The procedure is formally described below.

1. Initiate the tree structure with a single root node δ as a leaf and the decision tree with

empty α and β functions.1

2. If there is no leaf node t such that ∃x1, x2 ∈ Ψ(t) : γ(x1) ̸= γ(x2), go to (7).

3. For every leaf node t, replace t with a branching node tp and two leaf nodes tl and tr

as its left and right children. If ∃x1, x2 ∈ Ψ(t) : γ(x1) ̸= γ(x2), go to (4). If not, go to

(5).

4. Due to consistent labeling, we know there exists feature f such that x1[f ] ̸= x2[f ].

Set β(tp) = f and α(tp) = min(x1[f ], x2[f ]). Go to (6).

5. Set β(tp) and α(tp) to any arbitrary valid value.

6. Go to (2).

7. For each leaf node t, set θ(t) = γ(x) where x ∈ Ψ(t). In case the support is empty,

label the leaf arbitrarily.

8. Output the constructed decision tree.

This procedure is guaranteed to halt since the number of pairs of data points that are in

the same support but have different labels is strictly decreasing at each iteration. Moreover,

given how the leaves are labeled, the resulting tree is guaranteed to assign γ(x) to every

data point x.
1 Note that the root is by definition a branching node (Definition 2). However, in this procedure, we

treat it as a leaf node at the start. Since for any non-trivial dataset this procedure is guaranteed to at
least iterate once, we are guaranteed to replace the leaf root node with a branching root node.
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3.2.3 Decision Tree Classifiers

To define the problem of classification, we first define the notion of accuracy for a classifier,

such as a decision tree, with regard to a labeled dataset, i.e., a dataset in which the correct

class label for each data point is provided.

Definition 9 (Classifier Accuracy). Given a set of features F , integer labels [1..k], a set of

training data points X ⊂ R
|F |, and a labelling γ : X → [1..k], the accuracy of a decision

tree D on X is the fraction of data points in X that are correctly classified with respect to

the labelling γ and is defined as follows:

∑
xi∈X

1[ΘD(xi) = γ(xi)]

|X|
, (3.5)

where the 1 function outputs 1 if the given condition is true and 0 otherwise.

The goal for learning decision tree classifiers is to achieve high accuracy in the training

data which in most cases translates to high accuracy in the testing data as well. Due to the

emphasis on interpretability, objectives related to the compactness of the solution are also

of importance.

We consider two problems representing two different objectives for optimal decision trees.

Problem 1 consists of finding a decision tree that maximizes the number of correctly classified

data points subject to a constraint on the tree depth. This problem is consistent with the

problems considered in a variety of recent works, e.g., in [126, 280, 6].

Problem 1 (Max-Accuracy Decision Tree). Given a set of features F , integer labels [1..k],

a set of training data points X ⊂ R
|F |, a labelling γ : X → [1..k], and a chosen depth d,

output a fully balanced decision tree D of the chosen depth, depth(D) = d, with maximum

accuracy (Definition 9).

Problem 2 consists of finding a decision tree with minimum depth that correctly classifies

all data points. This problem is consistent with recent work on decision tree classifiers [19].

Problem 2 (Min-Depth Decision Tree). Given set of features F , integer labels [1..k], a set of

training data points X ⊂ R
|F |, and a labelling γ : X → [1..k], output a fully balanced decision

tree D with minimum depth that correctly classifies all data points ΘD(xi) = γ(xi) ∀xi ∈ X,

i.e., has an accuracy of 1.

Unlike the max-accuracy decision tree problem (Problem 1), each feasible solution to

the min-depth decision tree problem (Problem 2) must perfectly classify all examples in the

training dataset. Theorem 1 shows that for datasets with consistent labeling (Definition 8),

there always exists such a decision tree.

3.3 SAT-based Encoding of Decision Tree Classifiers

In this section, we present our SAT-based approach for optimal decision trees. Our encoding

can be used to find solutions for both decision tree classification problems. Specifically, it
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can be used as the basis for a partial MaxSAT encoding to find a max-accuracy decision

tree (Problem 1) or it can be used in searching for increasingly deeper decision trees that

can correctly classify all training examples to find a min-depth decision tree (Problem 2).

We propose a SAT encoding of a decision tree, D = (T , β, α, θ). Similar to previous

works (e.g., [19, 280]), our encoding assumes a tree structure T (typically a fully balanced

tree of some depth d), and decides on the values of β, α, and θ. The depth of the tree is

given in advance when learning a max-accuracy decision tree. When learning a min-depth

decision tree, we solve a sequence of instances for trees of increasing depth until a solution

is found.

In Section 3.3.1, we present the variables that are used to encode a decision tree. In Sec-

tion 3.3.2, we present the hard clauses that form the basis of decision trees in our encoding.

In Section 3.3.3, we show how a satisfying boolean assignment to the SAT instance can be

decoded into a decision tree. Lastly, in Section 3.3.4 and Section 3.3.5 we describe how the

basis of our encoding can be used to solve Problem 1 and Problem 2.

3.3.1 Variables

The following binary variables are used to represent the different aspects of a decision tree,

namely the values of β, α, and θ functions for each possible input:

• {at,j | t ∈ TB , j ∈ F}: Represents whether feature j is chosen at branching node t. It

is equivalent to β(t) = j.

• {si,t | xi ∈ X, t ∈ TB}: Represents whether point xi is directed towards the left child,

if it passes through branching node t. It is equivalent to xi[β(t)] ≤ α(t).

• {zi,t | xi ∈ X, t ∈ TL}: Represents whether point xi ends up at leaf node t.

• {gt,c | t ∈ TL, 1 ≤ c ≤ k}: Represents whether label c is assigned to leaf node t. It is

equivalent to θ(t) = c.

Note that the number of at,j variables is in O(|F ||TB |), si,t in O(|X||TB |), zi,t in

O(|X||TL|), and gt,c in O(k|TL|), making the total number of variables to be in O(|X||TL|)

given that |X| ≥ |F |.

3.3.2 Clauses

The following set of hard clauses in CNF guarantee the validity of the recursion in the

modelled decision tree, and can consequently be used as the encoding basis for both of the

optimization problems we consider. The operator
∨

is used as a shorthand for the inclusion

of a set of literals in the disjunctive clause.
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The clauses in Eq. (3.6) and Eq. (3.7) guarantee that exactly one feature is chosen at

each branching node t ∈ TB .

(¬at,j ,¬at,j′) t ∈ TB , j ̸= j′ ∈ F (3.6)

(
∨

j∈F

at,j) t ∈ TB (3.7)

For each branching node t ∈ TB , we need to make sure that all the data points xi for

which the corresponding feature value xi[β(t)] is less than or equal to the threshold α(t) are

directed left and all the data points for which the feature value is greater than the threshold

are directed right. We use #i
j to denote the index of the i’th data point in X when sorted

by feature j in ascending order, assuming ties are broken arbitrarily, and define Oj to be

the set of all consecutive pairs in this ordering, i.e., Oj = {(#i
j ,#

i+1
j ) | 1 ≤ i ≤ |X|−1}.

Then, the clauses in Eq. (3.8) guarantee that there are no two points with different feature

values where the one with the higher value is directed left while the one with the lower value

is directed right. The clauses in Eq. (3.9), together with the clauses in Eq. (3.8), guarantee

that points with equal values are directed in a similar manner. The two sets of constraints

together guarantee the existence of a valid threshold value α(t), despite the lack of directly

including it in the encoding.

(¬at,j , si,t,¬si′,t) t ∈ TB , j ∈ F, (i, i′) ∈ Oj(X) (3.8)

(¬at,j ,¬si,t, si′,t) t ∈ TB , j ∈ F, (i, i′) ∈ Oj(X), xi[j] = xi′ [j] (3.9)

For each data point xi, we need to guarantee the validity of its path in the decision tree.

We use Al(t) (respectively Ar(t)) to denote all the ancestors of a leaf node t ∈ TL such

that t is a descendant of their left (respectively right) branch. The clauses in Eq. (3.10)

and Eq. (3.11) guarantee that each data point that ends up at a leaf node follows the

corresponding path. In contrast, the clauses in Eq. (3.12) guarantee that each data point

that does not end up in leaf node t ∈ TL has at least one deviation from the corresponding

path

(¬zi,t, si,t′) t ∈ TL, xi ∈ X, t′ ∈ Al(t) (3.10)

(¬zi,t,¬si,t′) t ∈ TL, xi ∈ X, t′ ∈ Ar(t) (3.11)

(zi,t,
∨

t′∈Al(t)

¬si,t′ ,
∨

t′∈Ar(t)

si,t′) t ∈ TL, xi ∈ X (3.12)

The clauses in Eq. (3.13) guarantee that each leaf node is assigned at most one label.

Note that we do not include constraints that prevent leaves with no label. The optimiza-

tion criteria in Problems 1 and 2 guarantee that in optimal solutions, all leaves that have

corresponding training examples will be assigned a label.

(¬gt,c,¬gt,c′) t ∈ TL, c ̸= c′ ∈ [1..k] (3.13)
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Finally, we add redundant constraints that help prune the search space. For each branch-

ing node, the clauses in Eq. (3.14) guarantee that the data point with the lowest feature

value is directed left and the clauses in Eq. (3.15) guarantee that the data point with the

highest feature value is directed right.

(¬at,j , s#1
j
,t) t ∈ TB , j ∈ F (3.14)

(¬at,j ,¬s#|X|
j

,t
) t ∈ TB , j ∈ F (3.15)

Note that the number of clauses introduced in Eq. (3.6) and Eq. (3.7) is in O(|F |2|TB |),

in Eq. (3.8) and Eq. (3.9) is in O(|F ||X||TB |), in Eq. (3.10) to Eq. (3.12) is in O(d|X||TL|),

in Eq. (3.13) is in O(k2|TL|), and in Eq. (3.14) and Eq. (3.15) is in O(|F ||TB |), respectively.

In total, the number of clauses is in O(|X||TL|) if |X| ≥ |F |+d+k. Contrarily, if we employ

explicit binarization of features, we can end up with as many as |F ||X| features, requiring

O(|X|2|F |2|TB |) clauses to guarantee the validity of feature selection. This blowup in size

is common with SAT-based approaches from the literature.

3.3.3 Decoding

Assuming a solution to the SAT encoding, i.e., an assignment to the variables in Section 3.3.1

that satisfy the clauses in Section 3.3.2, we now describe how to extract the feature selection,

threshold selection, and leaf labelling functions to make up the decision tree D = (T , β, α, θ)

alongside the assumed structure.

Decoding β is done by setting β(t) = j if the variable at,j is true. Similarly, decoding θ

is done by setting θ(t) = c if the variable gt,c is true. Note that these procedures are valid

since it is guaranteed that at most one at,j and gt,c variable is set to true for each node,

specifically, ∀t ∈ TB :
∑

j∈F at,j = 1 and ∀t ∈ TL :
∑

c∈[1..k] gt,c ≤ 1. A leaf node t̂ that is

assigned no labels, i.e., ∀c : gt̂,c = 0, will be given an arbitrary label ĉ by setting θ(t̂) = ĉ in

order to maintain a valid decision tree. Note that the arbitrary assignment does not impact

the objective as the unassigned leaf cannot contain any training data points.

Since our SAT encoding does not explicitly compute the threshold for each node, to

decode α we have to choose a threshold based on the direction of the data points in each

branching node. For a branching node t ∈ TB with β(t) = j, we set α(t) = xi[j] where

(i, i′) ∈ Oj(X) are consecutive data points according to the ordering of feature j such that

si,t is true and si′,t is false. This pair of points always exists because of the pruning clauses

in Eq. (3.14) and Eq. (3.15). Specifically for the binary features, it means that the points

with value 0 (1) are always directed left (right). Intuitively, we are using the largest value

in the entire dataset directed left as the feature threshold for the node t. Note that the

choice is not unique as we can select any value starting from that of the last point directed

left to the first point directed right. The selected threshold can impact testing accuracy

while maintaining training accuracy. Alternatively, we can only consider the subset of data

contained in the branching node, which can be determined in the decoding stage. Doing so
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would require a more thorough strategy to select the threshold as the gap between the last

value directed to left and the first value directed right is larger.

3.3.4 Max-Accuracy Objective

To find a decision tree of a given depth that maximizes the number of correctly classified

training examples, we introduce the following variables to keep track of training examples

that are correctly classified:

• {pi | xi ∈ X}: Represents whether point xi ends up in a leaf node with the same label,

i.e., is correctly classified. It is equivalent to Θ(xi) = γ(xi).

We use a partial MaxSAT model that includes both hard and soft clauses. We use all

the clauses from the basis of our decision tree encoding in Section 3.3.2 as hard clauses. We

also add the hard clauses in Eq. (3.16) that guarantee pi is set to true only when xi ends

up in a leaf node whose label is consistent with the training label.

(¬pi,¬zi,t, gt,γ(xi)) t ∈ TL, xi ∈ X (3.16)

In order to maximize the number of correctly classified training examples, we add the

soft clauses in Eq. (3.17), so that each correctly classified data point contributes a value of

1 to the objective value.

(pi) xi ∈ X (3.17)

Therefore, the optimal solution for this partial MaxSAT model is a decision tree that max-

imizes the number of correctly classified training examples. The number of added variables

and clauses (Eq. (3.16) and Eq. (3.17)) for the max-accuracy objective is in O(|X|) and

O(|TL||X|), respectively.

3.3.5 Min-Depth Objective

To find a minimum-depth decision tree such that all training examples are correctly classi-

fied, we add the following hard clauses to the basis of our decision tree encoding described

in Section 3.3.2:

(¬zi,t, gt,γ(xi)) t ∈ TL, xi ∈ X (3.18)

The clauses in Eq. (3.18) guarantee that the class labels assigned to leaf nodes are

consistent with the training set labels of the corresponding data points. If a data point xi

ends in leaf node t ∈ TL then the assigned label of t must match the training label γ(xi).

The number of added clauses (Eq. (3.18)) for the min-depth objective is in O(|TL||X|).
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In order to guarantee that we find the minimum depth decision tree, we follow the

technique prevalent in the literature [19]. We start by solving the SAT formula for a tree

structure T of depth 1 and in each iteration increase the depth by 1 until a solution is found.

This guarantees that when the SAT solver finds a solution, the obtained decision tree has

a minimum depth subject to the constraint that all training examples must be classified

correctly.

3.4 Extending Decision Trees to Categorical Features

Categorical features are features that take their value from a set of values representing

different categories that do not induce a natural ordering.2 For example, in a dataset of

financial transactions we can have a feature that describes the type of transaction from a set

of known transaction types. In order to deal with a categorical feature with K categories,

one can convert the feature to K binary features representing a one-hot encoding of the

original categorical feature. However, this can lead to unnecessarily deep decision trees as

splits may be required for many categories.

In this section, we show that we can easily extend our approach to generate decision trees

that support branching on categorical features directly. We employ power set branching in

which a selected subset of the categories is assigned to the left branch while the subset that

contains the rest of the categories is assigned to the right branch.

Definition 10 (Power Set Branching). Given a finite set of categorical features FC , a power

set branching is a division of data points into two groups. A power set branching operates

on a categorical feature fc ∈ FC and a subset of its corresponding categories a ⊆ dom(fc).

For x[fc] which represents the value of categorical feature fc for data point x, belonging to

the dividing subset (x[fc] ∈ a) equates to a binary value of 1 while not belonging (x[fc] /∈ a)

equates to 0.

We show how decision trees can be extended to support categorical features and power

set branching. We assume a set of features F that includes categorical features FC and

numerical features FN such that F = FC ∪ FN . In order to support power set branching,

we augment the decision tree with a category subset selector αC , DC = (T , β, α, αC , θ). We

note that the set of branching nodes are divided into those associated with numerical features

β(t) ∈ FN and those associated with categorical features β(t) ∈ FC . The first and second sets

are the domains of functions α and αC , respectively. A well-formed αC function respects the

categories of the corresponding feature, i.e., ∀t ∈ TB : (β(t) ∈ FC) → (αC(t) ⊆ dom(β(t))).

Next, we show how power set branching can be integrated into the recursive label as-

signment function. The new function, ΘC , operates recursively as follows:

2 Some categorical features induce a natural ordering and can therefore be represented as numerical fea-
tures. For example, a categorical feature with the categories {Low, Medium, High} can be transformed
to a numerical feature with the values {1, 2, 3}.
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ΘC(t, xi) =





θ(t) if t ∈ TL

ΘC(l(t), xi) else if (β(t) ∈ FN ∧ xi[β(t)] ≤ α(t)) ∨

(β(t) ∈ FC ∧ xi[β(t)] ∈ αC(t))

ΘC(r(t), xi) otherwise

(3.19)

3.4.1 Compactness of Power Set Branching

For the min-depth optimal decision tree problem, augmentation with power set branching

can lead to decision trees of smaller depth that can potentially be found earlier. For the

max-accuracy optimal decision tree problem, such augmentation can allow more flexible trees

that achieve higher accuracy for the same depth. In the following example, we demonstrate

how a decision tree employing power set branching can be arbitrarily more compact than

an equivalent tree that uses one-hot encoding for categorical features.

Example 1. To demonstrate the potential benefit of power set branching, consider a sim-

plified dataset of transactions that can either be approved or denied. Each transaction has

one categorical feature describing the transaction type with the categories {A,B,C,D,E, F}.

Transaction with types A, D, and F are approved, while transactions with types B, C, and

E are denied. Figure 3.2a shows a standard decision tree where the categorical feature

was converted to six binary features representing a one-hot encoding of the original feature.

Figure 3.2b shows the extended variant of decision trees where we can branch directly on

categorical features by assigning a subset of the categories to each branch. Feature f is the

transaction type feature and fA, fD, and fF are one-hot encodings corresponding to val-

ues A, D, and F . The standard decision tree requires branching, in sequence, on multiple

different categories leading to a tree with a minimum depth of 3. In contrast, the extended

decision tree that supports branching on categorical features has a depth of 1. Similar ex-

amples can be synthesized where there are 2n categories in total and half of them lead to

approval. Such examples can show a depth disparity of 1 to n.

3.4.2 Encoding of Power Set Branching

Interestingly, the proposed extension involves only minor changes to the decision tree encod-

ing in Section 3.3. Eq. (3.20-3.30) show the modified encoding with the changes highlighted

in blue. The clauses in Eq. (3.22) guarantee that data points where the feature value is

less or equal to the feature threshold are directed left and vice versa. As this does not

apply to categorical features, we restrict Eq. (3.22) to numerical features. Instead, we add

Eq. (3.24) that, together with the existing Eq. (3.23), guarantees that data points with

the same category are directed in the same direction. Finally, for numerical features we

used redundant constraints that guarantee the lowest feature value is directed left and the

highest feature value is directed right. For categorical features we do not have such ordering
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(a) One-hot encoding. Branching nodes are labelled with
(β(t), α(t)) values.

(b) Power set branching. Branch-
ing nodes are labelled with
(β(t), αC(t)) values.

Figure 3.2: Example equivalent decision trees with and without power set branching for
categorical features. Solid (dotted) lines correspond to the left (right) child.

over categories and instead we simply use the clauses in Eq. (3.29) to make sure that some

arbitrary category is chosen to be directed left (in categorical features, #j represents an

arbitrary ordering over the category values of feature j) and we modify Eq. (3.30) such that

no value for a categorical feature is forced to go right.3 Note that unlike previous work that

focused on categorical features [111], our approach directly encodes optimal decision trees

with both numerical and categorical features.

(¬at,j ,¬at,j′) t ∈ TB , j ̸= j′ ∈ F (3.20)

(
∨

j∈F

at,j) t ∈ TB (3.21)

(¬at,j , si,t,¬si′,t) t ∈ TB , j ∈ FN , (i, i′) ∈ Oj(X) (3.22)

(¬at,j ,¬si,t, si′,t) t ∈ TB , j ∈ F, (i, i′) ∈ Oj(X), xi[j] = xi′ [j] (3.23)

(¬at,j , si,t,¬si′,t) t ∈ TB , j ∈ FC , (i, i
′) ∈ Oj(X), xi[j] = xi′ [j] (3.24)

(¬zi,t, si,t′) t ∈ TL, xi ∈ X, t′ ∈ Al(t) (3.25)

(¬zi,t,¬si,t′) t ∈ TL, xi ∈ X, t′ ∈ Ar(t) (3.26)

(zi,t,
∨

t′∈Al(t)

¬si,t′ ,
∨

t′∈Ar(t)

si,t′) t ∈ TL, xi ∈ X (3.27)

(¬gt,c,¬gt,c′) t ∈ TL, c ̸= c′ ∈ [1..k] (3.28)

(¬at,j , s#1
j
,t) t ∈ TB , j ∈ F (3.29)

(¬at,j ,¬s#|X|
j

,t
) t ∈ TB , j ∈ FN (3.30)

3 Note that we could add clauses that guarantee that at least one category will go to the right, however
it does not provide significant pruning and we therefore opted not to add them.
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Decoding of Power Set Branching

Decoding a decision tree extended with power set branching follows the same procedure

as described in Section 3.3.3, with one key difference. For nodes that are associated with

categorical branching, we need to decode αC , the category subset selector that indicates

the subset of categories directed towards the left child. For a categorical branching node

β(t) = j ∈ FC , we define αC(t) to be the set of categories in feature j for which there are

data points in X that are directed left,

αC(t) = {c | ∃xi ∈ X : xi[β(t)] = c ∧ si,t = 1}. (3.31)

Note that unlike our encoding for purely numerical decision trees, our encoding for power

set branching allows degenerate nodes for which all categories are directed left with none

of the categories directed right. An optimal solution may have degenerate nodes, however

we can easily convert such solutions to optimal solutions without degenerate nodes. As a

post-optimization step, we arbitrarily select a subset of categories from the left branch and

move them to the right branch. Then, we copy all the subtree of the left branch to the

right branch, leading to identical predictions on the training examples and maintaining the

optimality of the original solution.4

3.4.3 Expressiveness of Power Set Branching

Decision trees with power set branching are more expressive than decision trees that use a

binarized one-hot encoding of categorical features. Specifically, each decision tree that uses

binary branching for categorical features can be transformed into a decision tree with power

set branching with identical predictions.

Proposition 1. Given a decision tree D = (T , β, α, θ) operating on a set of features

bin(F ), there exists a decision tree with power set branching on the same structure D′C =

(T , β′, α, α′C , θ) operating on the set of features F such that

∀xi : ΘC(xi) = Θ(bin(xi)) (3.32)

where bin(F ) is F with its categorical features encoded using binary features in one-hot style

and bin(xi) is xi with its values encoded according to the binarized feature set bin(F ).

Proof. Proposition 1 holds since each branching node in the decision tree D associated with

a binary feature that corresponds to one category c in a categorical feature j ∈ F can be

replaced in D′ with a node that branches directly on the feature j and directs the subset of

categories dom(j) − {c} to the left and, as a result, {c} to the right.

Note that Proposition 1 does not hold in the opposite direction. Specifically, transform-

ing a decision tree with power set branching into one using binarized features is possible but

4 Note that we can similarly replace any degenerate node with its left child, however the resultant tree
will not be a fully balanced tree (Definition 6).
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it may (and often will) require a deeper tree (see Example 1). Furthermore, Proposition 1

implies the following corollaries on the quality guarantees of solutions employing power set

branching with regard to each of the optimization problems.

Corollary 1. Given an instance of Problem 2, the minimum depth found for a decision

tree with power set branching is always equal to or less than that of a decision tree with

branching based on binarized encoding of categorical features.

Corollary 2. Given an instance of Problem 1, the maximum accuracy found for a decision

tree with power set branching is always equal to or more than that of a decision tree with

branching based on binarized encoding of categorical features.

Due to brevity, we will continue to work with the standard decision tree definition

without power set branching throughout this dissertation. Unless noted otherwise, all of

the extensions and applications of decision trees (and binary decision diagrams) in the

upcoming sections and chapters are compatible with power set branching in a straight-

forward manner.

3.5 Cost-sensitive Learning

In many practical applications, the cost of misclassification may not be uniform across

classes. For example, in medical diagnosis, the cost of erroneously diagnosing a patient to

be healthy may be much higher than that of mistakenly diagnosing a healthy person as

being sick [311]. Furthermore, in datasets with imbalanced class distribution in the training

set, a uniform misclassification cost will lead to increased emphasis on correctly predicting

the dominant class [192]. However, in many classification tasks (e.g., fraud detection and

medical diagnosis), the rare classes are those of primary interest.

Cost-sensitive learning allows us to assign different misclassification costs across data

points or classes. In particular, it has been used to mitigate the problem of imbalanced

datasets by exploiting the fact that the value of correctly identifying the rare classes out-

weighs the value of correctly identifying the common class [289]. For example, in two-class

problems this can be done by associating a greater cost with false negatives than with false

positives [289].

In this section, we define cost-sensitive optimal decision trees (Problem 3) and present

an extension of our SAT-based approach for learning cost-sensitive optimal decision trees.

Problem 3 (Cost-Sensitive Optimal Decision Tree). Given a set of features F , integer labels

[1..k], a set of training data points xi ∈ X, a labelling γ : X → [1..k], a chosen depth d, and

a valid 5 cost matrix C ∈ R
k×k
≥0 such that C[c1, c2] is the cost of assigning the label c2 to a data

point xi with training label γ(xi) = c1, output a fully balanced decision tree D = (T , β, α, θ)

of the depth that is given depth(T ) = d, such that D minimizes the classification cost defined

by the cost matrix C, i.e.,
∑

xi∈X
C[γ(xi),Θ(xi)].

5 A cost matrix C is valid if ∀c : C[c, c] = 0 and ∀c1 ̸= c2 : C[c1, c2] > 0
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Proposition 2 shows that max-accuracy optimal decision trees (Problem 1) are a special

case of cost-sensitive optimal decision trees (Problem 3).

Proposition 2. Given a set of features F , integer labels [1..k], a set of training data points

xi ∈ X, a labelling γ : X → [1..k], a chosen depth d, and the uniform misclassification cost

matrix CU such that

∀c1, c2 ∈ [1..k] : CU [c1, c2] =





1 if c1 ̸= c2

0 if c1 = c2,

we have that decision tree D is an optimal solution to Problem 1 ⇐⇒ D is an optimal

solution to Problem 3.

Proof. Proposition 2 is correct since the objective of Problem 3 with cost matrix CU , that is
∑

xi∈X
CU [γ(xi),Θ(xi)], is equal to the number of misclassified data points,

∑
xi∈X

1[γ(xi) ̸=

Θ(xi)]. Thus, the cost-sensitive objective is equivalent to maximizing the number of cor-

rectly classified data points and the two problems have identical optimal solutions.

We note that costs cannot be incorporated into min-depth optimal decision trees (Prob-

lem 2). Since min-depth optimal decision trees perfectly classify all data points, we have that

Θ(xi) = γ(xi) ∀xi∈X and the cost of all feasible solutions is the same (
∑

xi∈X
C[γ(xi), γ(xi)])

and is equal to zero.

3.5.1 Encoding of Cost-Sensitive Objectives

To find a decision tree of a given depth that minimizes the classification cost according to

a cost matrix
∑

xi∈X
C[γ(xi),Θ(xi)], we introduce the following variables to keep track of

the label assigned to each data point.

• {p̂i,c | xi ∈ X, 1 ≤ c ≤ k}: Represents whether label c is assigned to point xi. It is

equivalent to γ(xi) = c.

In contrast to our encoding of max-accuracy optimal decision tree, we use a weighted

partial MaxSAT model where each soft clause is associated with a weight. We use all the

clauses from the basis of our decision tree encoding in Section 3.3.2 as hard clauses. We

add the hard clauses in Eq. (3.33) that guarantee the p̂i,c variables correctly represent the

labels assigned to each point.

(¬p̂i,c,¬zi,t, gt,c) t ∈ TL, xi ∈ X, c ∈ [1..k] (3.33)

We also add the hard clauses in Eq. (3.34) that guarantee at least one label to be assigned

to each point.

(
∨

c∈[1..k]

p̂i,c) xi ∈ X (3.34)
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To learn cost-sensitive decision-tree classifiers, we add the soft clauses in Eq. (3.35). Each

clause corresponding to data point xi and label c is satisfied when c is not assigned to xi.

We set the weight of each clause (in angle brackets) to be the cost associated with classifying

point xi with label c according to the cost matrix, i.e., C[γ(xi), c]. By maximizing the cost

associated with all the classes that we do not assign xi to, we are effectively minimizing the

weighted misclassification cost in Problem 3.

⟨C[γ(xi), c]⟩ (¬p̂i,c) ∀xi ∈ X, c ∈ [1..k] (3.35)

3.6 Tree Pruning Constraints

Previous works on both heuristic and optimal decision trees have considered different tree

pruning constraints, such as maximum depth and minimum support constraints, in order

to produce trees that are less prone to overfitting and tend to generalize better to unseen

datasets [165, 37, 111, 280, 6].

Our approach for max-accuracy optimal decision trees inherently includes a constraint

on the maximum depth of decision trees based on the provided structure T . In this section,

we further present two types of pruning constraints and show how they can be incorporated

into our SAT-based encoding for optimal decision trees.

We note that while these constraints can be used in conjunction with both max-accuracy

and min-depth decision trees, we only consider them in the context of max-accuracy decision

trees. As these constraints prune the space of feasible decision trees they may render min-

depth decision trees, that are designed to perfectly fit the training data, infeasible. For

max-accuracy decision trees, these constraints may increase the cost of optimal solutions,

however the obtained trees are expected to generalize better to unseen data.

3.6.1 Minimum Support Constraints

The support of a decision tree is the smallest number of points that are contained amongst

any of its leaf nodes (Definition 7). Minimum support constraints guarantee the support to

be larger or equal to a minimum [280, 6, 37]. We show how minimum support constraints

are incorporated into our SAT encoding for optimal decision trees.

To impose a minimum support of S for a training dataset X, we use the sequential

counter cardinality encoding [256] on the number of points that are contained at each leaf.

Namely, we enforce, via a set of new clauses and auxiliary variables, that the set of variables

{zi,t|xi ∈ X} for each leaf node t, should have at least S variables set to true:

∀t ∈ TL : Ψ(t) =
∑

i

#zi,t ≥ S (3.36)

where #zi,t represents the numerical interpretation of the Boolean variable zi,t. The clauses
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produced as the result of the sequential counter encoding will then be added to the set of

hard clauses in our SAT encoding.

3.6.2 Minimum Margin Constraints

The margin of a branching (Definition 1) with regard to a dataset X is the smaller number of

data points that it assigns a value of 0 or 1. Minimum margin constraints guarantee that the

margins for all branchings employed in a decision tree satisfy a lower bound. In other words,

for each branching node and assuming that all of X is contained in that node, a minimum

number of data points are directed to both left and right children. We formally define the

notion of margin and then show how minimum margin constraints are incorporated into our

SAT encoding of optimal decision trees.

Definition 11 (Branching Node Margin). Given a dataset X, the margin of a branching

on feature f and threshold a is defined as the size of the smaller half in the division of the

points min(
∑

xi∈X
1[xi[f ] ≤ a],

∑
xi∈X

1[xi[f ] > a]). The margin of a branching node Λ(t)

is defined as the margin of the branching that it employs and the margin of a decision tree

Λ(D) is the smallest margin amongst its branching nodes.

Note that in practice not all data points will arrive at each branching node. Therefore,

we consider margin as a less precise notion than support. It is a weaker constraint in most

cases and a more strict one when only a few points with marginal values are contained in the

node. However, it is simpler to implement and involves no additional variables or clauses

(see discussion in Section 3.10).

To impose a minimum margin of M on our encoding, note that our Eq. (3.14) and

Eq. (3.15) set of clauses are enforcing at least one data point to be directed towards left

and one towards right. Equivalently, they are imposing a margin of 1. Thus, we can impose

larger margins by simply strengthening these clauses.

(¬at,j , s#M
j

,t) t ∈ TB , j ∈ F (3.37)

(¬at,j ,¬s#|X|−M+1

j
,t

) t ∈ TB , j ∈ F (3.38)

The clauses in Eq. (3.37) guarantee at least M points to be directed towards left and

the clauses in Eq. (3.38) guarantee at least M to be directed towards right, under the

assumption that all of X is contained in branching node t. We note that this approach is

not compatible with categorical branching due to the fact that the category values are not

ordered.

3.6.3 Relation Between Support and Margin

In Proposition 3, we establish a theoretical connection between the support and margin of

a decision tree.
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Proposition 3. Given a dataset X and a decision tree D, the support is smaller or equal

to the margin Ψ(D) ≤ Λ(D).

Proof. In order to prove by contradiction, we assume Ψ(D) > Λ(D).

Let tB ∈ TB be the branching node that achieves the minimum margin, namely Λ(D) =

Λ(tB). We can state, without loss of generality, that tB guides Λ(tB) points to its right

child tr. Thus, |Ψ(tr)| ≤ Λ(tB).

Finally, assume tl to be any of the leaves that have tr as their ancestor (possibly tr itself).

By definition we have |Ψ(tl)| ≤ |Ψ(tr)|. Which results in the following contradiction.

|Ψ(tl)| ≤ |Ψ(tr)|

|Ψ(tl)| ≤ Λ(tB)

|Ψ(tl)| ≤ Λ(D)

|Ψ(tl)| < Ψ(D)

which is impossible since Ψ(D) is defined as the minimum support amongst all leaves. Thus,

the support of a decision tree is always smaller or equal to its margin.

3.7 Experimental Setup

In this section, we describe the setup for running our experiments in terms of tools, data,

and similar approach that we intend to use as baselines to compare against.

3.7.1 Implementation

Our encoding for the max-accuracy optimal decision tree problem is implemented in Java

and solved using the MaxSAT solver Loandra [34]. Our algorithm for the min-depth optimal

decision tree problem is implemented in C++ based on SAT solver MiniSAT [81]. The

experiments were run on two 12-core Intel E5-2697v2 CPUs and 128G of RAM.

3.7.2 Baselines

For the max-accuracy optimal decision tree problem (Problem 1), we compare our approach

to the following recent state-of-the-art baselines that optimize the accuracy of the obtained

tree over a set of training data points for a given tree depth:

• Hu et al.’s [126] MaxSAT encoding for optimal decision trees based on the SAT en-

coding in Narodytska et al. [209].6 Similar to our approach, their MaxSAT encoding

is solved by the Loandra solver [34].

6 Code obtained from https://gepgitlab.laas.fr/hhu/maxsat-decision-trees.

https://gepgitlab.laas.fr/hhu/maxsat-decision-trees
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• Aglin, Nijssen, and Schaus’s [6] DL8.5, an approach for optimal decision trees based

on itemset mining.7 They use specialized branch-and-bound algorithm that makes use

of a novel caching technique.

For the min-depth optimal decision tree problem (Problem 2), we compare our approach

to the recent Avellaneda’s SAT-based approach [19], that, similar to our approach solves

SAT encodings for increasingly deep decision trees until a tree that perfectly classifies all

instances is found. Similar to our implementation for the min-depth problem, Avellaneda

uses the MiniSAT solver [81].8

Note that other approaches, such as OCT [37], BinOCT [281], DL8 [216], Narodytska

et al.’s SAT model [209], and Bessiere, Hebrard, and O’Sullivan’s SAT model [39], have been

previously compared to one or more of the above baselines in their original publications [126,

19, 280, 6, 19].

All of the selected baselines, and more generally most of the recent state-of-the-art

approaches for optimal decision trees, are designed for datasets that contain only binary

features. This is particularly true when SAT is used for learning decision trees, as it is a

boolean-based paradigm in nature. In order to learn decision-tree classifiers for datasets

that have numerical or categorical features, most approaches must first convert any non-

binary feature into a set of binary features in a pre-processing step prior to optimization.

Following Avellaneda [19], each non-binary feature that can take v different categorical

values is converted to v binary features (one-hot encoding [228]), one for each possible

value. Furthermore, if the feature is ordered, e.g., numerical features or ordinal features,

then it will be converted to v− 1 binary features that represent the operator ≤ as described

in the following example based on Avellaneda [19]:

Example 2. Consider a set of training examples where each example has a single integer

feature f , {(1), (3), (4), (5)}. Then, we can transform f into three binary features f̃0, f̃1, f̃2.

If the feature f̃0 is true it means that the value of f in the data point is greater than 1. If

the feature f̃1 is true it means that the value of f in the example is greater than 3, etc.

Therefore, the transformed dataset will be {(0,0,0), (1,0,0), (1,1,0), (1,1,1)}.

Note that this conversion to binary features is compatible with the binarization procedure

of numerical features in a branching (Definition 1). Specifically, selecting a numerical feature

and threshold for a branching is equivalent to selecting the corresponding binary feature from

the result of the conversion.

3.7.3 Real Datasets

We run experiments on 15 real datasets with different characteristics from the UCI repository

[77]. Table 3.1 reports the statistics for each dataset, including the number of data points

|X|, the number of class labels k, the number of numerical features |FN |, the number of

7 Code obtained from https://github.com/aglingael/dl8.5.
8 Code obtained from https://github.com/FlorentAvellaneda/InferDT.

https://github.com/aglingael/dl8.5
https://github.com/FlorentAvellaneda/InferDT
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binary features9 |FB |, and the number of categorical features |FC |. It also reports the

number of binary features in the dataset used by the baselines f̃ , i.e., after all the numerical

and categorical features have been converted into binary features.

Type Name |X| |FN | |FB | |FC | f̃ k

N

Banknote 1372 4 0 0 5016 2
Breast Cancer 116 9 0 0 891 2
Cryotherapy 90 5 1 0 93 2

Immunotherapy 91 6 1 0 166 2
Ionosphere 351 32 2 0 8114 2

Iris 150 4 0 0 119 3
User Knowledge 258 5 0 0 431 4

Vertebral Column 310 6 0 0 1741 2
Wine 178 13 0 0 1263 3

C

Credit Approval† 653 6 4 5 1130 2
Promoter 106 0 0 57 228 2

Soybean Large† 266 5 16 14 76 15
Protease Cleavage 746 0 0 8 160 2

Protease Cleavage(/4) 186 0 0 8 156 2

B
Car‡ 1728 6 0 0 15 2

Monk2 169 4 2 0 11 2

Table 3.1: Description of the datasets used in our experiments. Records with missing values
were removed, indicated with †. Classes were merged following Avellaneda [19], indicated
with ‡.

Consistent with our focus on non-binary features, we selected datasets with mostly nu-

merical features (type N) or categorical features (type C). Our decision on whether to

consider a feature as categorical was made based on the feature description and the type

of values (e.g. string or integer). We also included the datasets Monk2 and Car that we

consider binary (type B) since they have either binary features or numerical features that

only take a small number of different values, i.e., can be converted to a small number of

binary features.

The datasets Credit Approval, Promoter, Soybean Large, and Protease Cleavage include

a significant number of categorical features and will be used to evaluate our extension for

optimal decision trees with categorical features. We also created a smaller version of Protease

Cleavage that includes only 25% of the records (by selecting each fourth row).

Feature Interpretability

As discussed in Chapter 2, interpretability of a ML model is highly reliant on the inter-

pretability of the features that it utilizes. For example, a decision tree with a single branching

on the output of a complex black-box model has a simple structure, but is not interpretable

9 In our encoding binary features also include numerical features that take one of two possible values,
however we list them separately in Table 3.1 as they are supported by the baseline methods without
transformation.
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in any way. To maintain interpretability, we should limit feature utilization to those that

are direct aspects of the entities at hand, or those that are carefully engineered based on

domain-specific knowledge or an automated approach [206]. The features from the UCI

repository datasets have been studied in terms of being informative and their impact on

accuracy [12, 8]. Particularly, our selected group mostly focuses on cases where there are a

sparse number of features each meaningful in their own domain (e.g., Breast Cancer [223],

Iris [273], Wine [2], and Car [45]), yielding interpretable models as a result.

3.7.4 Synthetic Datasets

In addition to real datasets, we generated random numerical datasets following the ap-

proach described in Guyon [114] and implemented in the library scikit-learn [224]. The

parameters of the dataset generator include the number of data points |X|, the number of

informative features |F i|, the number of redundant features |F d|, the number of repeated

features |F r|, the noise level η, and the number of classes k. Each class is composed of

two Gaussian clusters representing the informative features. Redundant features are linear

combinations of informative features, and repeated features are randomly duplicated from

the informative and redundant features. The noise is introduced by randomly assigning the

class label for a small fraction (η) of the data points.

We created 13 synthetic datasets with different characteristics as described in Table 3.2.

Synth1 is generated using a base configuration that includes 400 data points in two classes,

ten informative features, zero redundant, zero repeated features, and a noise level of 0.01.

The datasets Synth2-13 were then generated by varying different parameters in the base

configurations.

Variation Name |X| |F i| |F d| |F r| η k

Base Synth1 400 10 0 0 0.01 2

|F |
Synth2 400 5 0 0 0.01 2
Synth3 400 20 0 0 0.01 2

|X|
Synth4 200 10 0 0 0.01 2
Synth5 1000 10 0 0 0.01 2
Synth6 2000 10 0 0 0.01 2

|F i|, |F d|, |F r|
Synth7 400 7 3 0 0.01 2
Synth8 400 7 0 3 0.01 2
Synth9 400 4 3 3 0.01 2

Noise
Synth10 400 10 0 0 0 2
Synth11 400 10 0 0 0.05 2

|C|
Synth12 400 10 0 0 0.01 4
Synth13 400 10 0 0 0.01 8

Table 3.2: Description of the synthetic datasets used in our experiments.
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3.8 Experimental Results

In this section, we present the experimental results to evaluate our SAT-based encoding for

learning optimal decision tree classifiers. In Section 3.8.1 we present experimental results

for binary and numerical datasets and in Section 3.8.2 we present experimental results for

the categorical datasets. Next, in Section 3.8.3 and Section 3.8.4 we present experimental

results for cost-sensitive learning and tree pruning constraints, respectively.

3.8.1 Results on Binary and numerical Datasets

In this section, we perform an extensive experimental evaluation of the optimization perfor-

mance of our SAT-based approach for optimal decision trees on datasets with binary and

numerical features. For each of the two optimization criteria, we compare our approach

to state-of-the-art combinatorial approaches to learning decision trees that have the same

criterion and sets of feasible and optimal solutions. We therefore focus our comparison on

the optimization performance, namely the runtime and the objective value (corresponding

to the training accuracy). We opt against reporting prediction quality on unseen datasets

and comparing the two optimization criteria in this aspect.

Previous work on each of the two criteria has already evaluated the quality of decision

trees that are optimal with respect to a training dataset on external test datasets [126, 19, 6,

281]. Note that the two criteria are likely to lead to different testing accuracy, and one may

be better than the other, depending on the dataset [126, 19]. Min-depth optimal decision

trees, and more broadly trees that perfectly fit the training data, require consistent datasets

and may lead to overfitting. However, they were found to work well for some datasets [19].

In contrast, max-accuracy optimal trees are likely to be more robust to noise on unseen data,

but these decision tree could be seen as less explainable as they do not perfectly account for

the patterns in the training data.

Contrarily, in Section 3.8.2, Section 3.8.3, and Section 3.8.4, when we study extensions

that augment the set of feasible and optimal solutions (due to different objective or ad-

ditional constraints), we also analyze the quality of the obtained decision trees based on

external test datasets.

Max-Accuracy Objective

We compare our encoding for max-accuracy optimal decision trees to Hu et al.’s MaxSAT

encoding [126], Verhaeghe et al.’s CP encoding [280], and Aglin, Nijssen, and Schaus’s DL8.5

[6] on the binary and numerical real datasets. Following Hu et al., we set the time limit to

15 minutes and run experiments for three different depth values, {2, 3, 4}. Table 3.3 shows

the time required to find an optimal solution for each approach or timeout (“T/O”) if an

optimal solution was not found in the time limit. While the time limit of 15 minutes was set

for the solvers, we report the total runtime (including, for example, model construction). In

our approach, as well as Verhaeghe et al., the total time was found to be very close to the
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Figure 3.3: A maximum accuracy decision tree classifier of depth 2 for the Iris dataset.

solver running time (the worst observed case was a difference of approximately 40 seconds

in Verhaeghe et al., but typically the difference was much shorter). However, in Hu et al. we

found that model construction can take significantly longer time periods and in the worst

case could take up to approximately 32 minutes for the real datasets and 52 minutes for the

synthetic datasets due to the large number of binarized features. We therefore note that for

Hu et al., a “T/O” may indicate, in some cases, a much longer total runtime than the 15

minutes allocated to the solver. We also note that Aglin, Nijssen, and Schaus does not use

a general-purpose solver and the time limit was set for the custom branch-and-bound tree

search.

Table 3.3 also reports the cost of the solutions, i.e., the number of training examples

that are not correctly classified, for each approach. If an optimal solution was found and

proved, then the cost indicates the optimal cost. Otherwise, we report the cost of the best

found solution by each approach. If no feasible solution was found in the time limit, we

report UNK. Note that the datasets Iris, User Knowledge, and Wine could only be solved

by our approach and DL8.5, as the other two baselines only support classification problems

with two class labels.

In numerical datasets, our approach finds solutions that are at least equal, and in many

cases significantly better than the baselines. Furthermore, in all configurations for numerical

datasets our approach finds optimal solutions faster than Hu et al. and Verhaeghe et al.

When comparing our approach to to DL8.5, we find that DL8.5 tends to find optimal

solutions faster for very easy problems (e.g., problems where both approaches find optimal

solutions in less than five seconds). However, our approach is able to find optimal solutions

much faster for harder instances, e.g., in Banknote, Breast Cancer, User Knowledge and

Wine where DL8.5 requires much longer runtimes and in many cases times out. As expected,

for binary datasets (Car and Monk2), our approach underperforms relative to the baselines

and timed out for depths 3 and 4. Still, it finds the optimal solution for all depths in Car and

for depth 2 and 3 in Monk2. In the three datasets with more than two classes, that could

not be solved by the MaxSAT and CP baselines, our approach found optimal solutions in

seconds and outperformed DL8.5. In Wine, a tree of depth 3 correctly classifies all training

examples so we did not run experiments for depth 4. The maximum accuracy decision tree

of depth 2 found for Iris is depicted in Figure 3.3. We see that the solution is utilizing the

petal length and width features, commonly known as the more meaningful features of Iris

for classification [79, 275].
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Dataset d
Solution Cost Time (s)

Ours SAT [126] CP [280] DL [6] Ours SAT [126] CP [280] DL [6]

Banknote
2 100 176 100 100 16.83 T/O 512.21 116.32
3 23 550 100 100 105.79 T/O T/O T/O
4 0 88 100 100 18.98 T/O T/O T/O

Breast
Cancer

2 19 24 19 19 5.07 T/O 22.19 2.05

3 9 25 12 9 242.16 T/O T/O T/O
4 0 18 11 9 20.79 T/O T/O T/O

Cryotherapy
2 5 5 5 5 0.57 3.68 4.21 0.02

3 1 1 1 1 0.73 17.57 27.39 0.69

4 0 0 0 0 0.75 24.14 7.61 0.09

Immunotherapy
2 8 8 8 8 0.99 10.53 5.22 0.06

3 4 4 4 4 3.81 T/O 146.45 6.96
4 0 1 0 0 1.27 T/O 18.53 0.67

Ionosphere
2 29 41 29 29 155.06 T/O T/O 299.19
3 21 186 29 29 T/O T/O T/O T/O
4 10 76 28 28 T/O T/O T/O T/O

Iris
2 6 - - 6 0.6 - - 0.03

3 1 - - 1 0.77 - - 1.49
4 0 - - 0 0.82 - - 13.82

User
Knowledge

2 35 - - 35 1.94 - - 0.60

3 10 - - 10 3.29 - - 168.63
4 1 - - 8 3.86 - - T/O

Vertebral
Column

2 45 46 45 45 15.79 T/O 67.91 8.71

3 32 44 42 32 T/O T/O T/O T/O
4 15 39 42 32 T/O T/O T/O T/O

Wine
2 6 - - 6 1.25 - - 3.35
3 0 - - 1 1.62 - - T/O

Car
2 250 250 250 250 12.67 9.2 2.16 0.00
3 182 182 182 182 T/O T/O 5.99 0.01

4 122 122 122 122 T/O T/O 14.09 0.09

Monk2
2 57 57 57 57 2.74 4.38 1.38 0.00
3 42 42 42 42 T/O 826.31 3.6 0.00

4 32 31 31 31 T/O T/O 8.12 0.02

Table 3.3: Results for max-accuracy optimal decision tree problem on real datasets.

Next, we compare our approach for max-accuracy optimal decision trees to Hu et al.’s

MaxSAT encoding [126], Verhaeghe et al.’s CP encoding [280], and Aglin, Nijssen, and

Schaus’s DL8.5 [6] on the synthetic datasets described in Section 3.7.4. Similar to our

experiments with real datasets, we set the time limit to 15 minutes and run experiments for

three different depth values, {2, 3, 4}. The results are reported in Table 3.4. We can see that,

in general, the synthetic datasets are harder to solve to optimality and optimal solutions

were only obtained for decision trees of depth 2. The results show that for the shallowest
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trees (depth 2) DL8.5 clearly outperforms our approach in terms of runtime, however our

approach still finds the optimal solution in all but two instances. When it comes to deeper

trees (depths 3 and 4) all of the approaches are unable to obtain optimal solutions, however

our approach finds significantly lower cost solutions compared to the baselines in all cases

except for one (Synth5 with depth 3).

Min-Depth Objective

We compare our encoding for min-depth optimal decision trees to Avellaneda’s SAT en-

coding [19] on the binary and numerical datasets. Following Avellaneda’s analysis, we set

the time limit to 30 minutes. Table 3.5 shows the time to optimal solution for each of the

approaches, as well as the tree depth of the optimal solution. As both approaches follow the

procedure of solving SAT formulae for increasingly deeper trees until a solution is found,

the first solution found is guaranteed to be optimal, i.e., of minimum depth. In case an

approach does not find an optimal solution in the time limit, we report “T/O [d]” where d

indicates the tree depth of the SAT formula being solved at the moment of timeout. We

highlight in bold results for which the alternative approach required at least twice as much

run time or timed out.

The results in Table 3.5 show that our approach performs at least as well, and in most

cases significantly better on datasets with numerical features. In particular, it finds optimal

solutions for Banknote, Breast Cancer and Vertebral Column, for which the baseline timed

out. In Ionosphere we find that both methods timed out, however our approach has managed

to prove that a solution does not exist for a depth of 3, while the baseline only proved that

a solution does not exist for a depth of 2. As expected, in the two binary datasets (Car and

Monk2), we find that the baseline outperforms our method. In particular, it manages to

find an optimal solution to Car, while our approach timed out.

Next, we compare our approach for min-depth optimal decision trees to Avellaneda’s

[19] on synthetic datasets. The results are reported in Table 3.6. Again, we find that the

synthetic datasets are significantly harder to solve, and both approaches timed out on most

instances. Still, our approach shows significant improvement over the baseline as it was able

to solve three instances to optimality (compared to zero by the baseline) and in all cases

that it was timed out, it manages to prove that a solution does not exist for deeper trees

compared to the baseline.

Memory Consumption

To compare the memory consumption of the different approaches, we recorded the peak

memory consumption of each approach for each of the datasets. Table 3.7 reports the mean

and maximum values for the different approaches for each optimization problem on both

real and synthetic datasets. Overall, we observe that our approach has the lowest mean and

maximum values in both optimization problems and dataset types.

On real datasets, our maximum memory consumption was approximately 1.3GB. In
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Dataset d
Solution Cost Time (s)

Ours SAT [126] CP [280] DL [6] Ours SAT [126] CP [280] DL [6]

Synth1
2 99 107 99 99 662.07 T/O 322.36 67.37

3 69 134 99 95 T/O T/O T/O T/O
4 43 111 99 94 T/O T/O T/O T/O

Synth2
2 84 86 84 84 33.4 T/O 85.6 12.81

3 48 82 82 67 T/O T/O T/O T/O
4 21 53 82 66 T/O T/O T/O T/O

Synth3
2 100 159 100 95 T/O T/O T/O 329.48

3 78 131 95 95 T/O T/O T/O T/O
4 48 151 95 95 T/O T/O T/O T/O

Synth4
2 44 55 44 44 92.69 T/O 79.72 12.15

3 29 66 42 35 T/O T/O T/O T/O
4 13 49 42 35 T/O T/O T/O T/O

Synth5
2 264 448 282 264 T/O T/O T/O 675.82

3 292 383 282 264 T/O T/O T/O T/O
4 201 417 281 264 T/O T/O T/O T/O

Synth6
2 759 949 707 707 T/O T/O T/O T/O
3 507 UNK 707 707 T/O T/O T/O T/O
4 491 UNK 706 706 T/O T/O T/O T/O

Synth7
2 104 125 104 104 T/O T/O 336.59 67.25

3 86 125 102 99 T/O T/O T/O T/O
4 44 126 101 98 T/O T/O T/O T/O

Synth8
2 104 119 104 104 534.53 T/O 315.07 66.86

3 86 108 104 103 T/O T/O T/O T/O
4 48 125 104 102 T/O T/O T/O T/O

Synth9
2 71 77 71 71 117.3 T/O 300.57 55.50

3 51 86 71 70 T/O T/O T/O T/O
4 15 99 71 70 T/O T/O T/O T/O

Synth10
2 97 113 97 97 585.06 T/O 316.8 65.55

3 82 135 97 92 T/O T/O T/O T/O
4 46 137 97 92 T/O T/O T/O T/O

Synth11
2 99 117 99 99 571.01 T/O 347.62 69.78

3 73 113 99 96 T/O T/O T/O T/O
4 43 140 99 96 T/O T/O T/O T/O

Synth12
2 198 - - 198 T/O - - 75.48

3 164 - - 193 T/O - - T/O
4 132 - - 192 T/O - - T/O

Synth13
2 271 - - 271 T/O - - 89.02

3 248 - - 267 T/O - - T/O
4 227 - - 267 T/O - - T/O

Table 3.4: Results for max-accuracy optimal decision tree problem in synthetic datasets.
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Dataset Min Depth
Time (s)

Ours SAT [19]

Banknote 4 5.82 T/O [4]

Breast Cancer 4 6.59 T/O [4]

Cryotherapy 4 0.08 0.24

Immunotherapy 4 0.18 1.3

Ionosphere ? T/O [4] T/O [3]

Iris 4 0.04 0.17

User Knowledge 5 1.31 59.44

Vertebral Column 5 87.35 T/O [5]

Wine 3 0.11 14.75

Car 8 T/O [8] 89.1

Monk2 6 2.73 0.28

Table 3.5: Results for min-depth optimal decision tree problem in real datasets.

Dataset Min Depth
Time (s)

Ours SAT [19]

Synth1 ? T/O [5] T/O [4]

Synth2 6 112.56 T/O [4]

Synth3 ? T/O [4] T/O [3]

Synth4 5 398.09 T/O [4]

Synth5 ? T/O [5] T/O [3]

Synth6 ? T/O [5] T/O [3]

Synth7 ? T/O [5] T/O [4]

Synth8 ? T/O [5] T/O [4]

Synth9 5 960.22 T/O [4]

Synth10 ? T/O [5] T/O [3]

Synth11 ? T/O [5] T/O [4]

Synth12 ? T/O [5] T/O [4]

Synth13 ? T/O [6] T/O [3]

Table 3.6: Results for min-depth optimal decision tree problem in synthetic datasets.

comparison, Aglin, Nijssen, and Schaus required approximately 49.7GB in the worst case,

making it too big to fit in the memory of many popular workstations or servers. Avellaneda

and Hu et al. required more than 10GB in the worst case, almost an order of magnitude

higher compared to our worst case. For Verhaeghe et al., we find that the maximum values

are approximately within a factor of two from ours, however the mean values are still

significantly higher than ours.

On synthetic datasets, all approaches except for ours have significantly higher memory re-

quirements. While in the worst case our approach still requires approximately 1.3GB, Aglin,

Nijssen, and Schaus used approximately 50.9GB, Avellaneda used approximately 45.9GB,
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and Hu et al. used approximately 37.5GB. While Verhaeghe et al.’s memory requirements

were also higher compared to the real datasets, in the worst case it used approximately

5.8GB, within a factor of five from ours.

Min-Depth Max-Accuracy

Ours [19] Ours [126] [280] [6]

Real
Mean 142.02 4,527.80 236.34 1,646.73 1,176.36 12,627.04

Max 1,003.86 16,684.36 1,299.09 10,994.48 2,381.50 49,723.48

Synth
Mean 425.11 15,486.00 273.78 4,983.97 2,343.20 27,740.05

Max 813.52 45,927.05 1,307.59 37,509.36 5,779.00 50,917.67

Table 3.7: Analysis of peak memory consumption (MB) for the different approaches.

3.8.2 Results on Categorical Datasets

In this section, we present results on datasets with categorical features. We compare our

power set branching for categorical features (Ours-PS) against our encoding without power

set branching (Ours) and the baselines. As the optimal solution for the different approaches

may be different, we do not highlight in bold the lowest run time. For example, our power

set branching can fail to find an optimal solution in the time limit, while still obtaining

a lower-cost solution compared to an optimal solution that operates on converted binary

features.

Max-Accuracy Objective

Table 3.8 and Table 3.9 show the results (solution cost and runtime, respectively) for the

max-accuracy optimal decision tree problem. We find that in all of the cases, our power set

approach obtains the lowest cost solution and that in almost all cases, these solutions are

strictly lower compared to all other approaches. Note that we encountered an error when

running the code for Verhaeghe et al. approach on the Credit Approval dataset with a depth

of 4. Maximum accuracy classifiers of depth 2 for the Protease Cleavage(/4) dataset with

and without power set branching are depicted in Figure 3.4. The Protease Cleavage dataset

consists of sequences of amino acids, with each cell taking up to 20 possible categorical

values. We see that power set branching enables much more meaningful branchings leading

to a significantly lower misclassification cost.

Min-Depth Objective

Table 3.10 reports the results for the min-depth optimal decision tree problem. Note that

we report the min depth for each of the approaches as the power set approach can have a

lower optimal solution. We find that most categorical datasets could not be solved by any

of the methods in the time limit. However, in Protease Cleavage(/4), our encoding that
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(a) With power set branching, a misclassification
cost of 13 (93% accuracy).

(b) Without power set branching, a misclassifi-
cation cost of 49 (74% accuracy).

Figure 3.4: Maximum accuracy classifiers of depth 2 for Protease Cleavage(/4) with and
without power set branching. AA[N] represents the N-th amino acid and capital letters
represent its potential values.

Dataset d
Cost

Ours-PS Ours [126] [280] [6]

Credit
Approval

2 84 84 84 84 84

3 76 76 82 81 77

4 60 65 74 [E] 89

Protease
Cleavage

2 98 186 186 186 186

3 101 133 149 133 133

4 39 98 136 100 93

Protease
Cleavage(/4)

2 13 49 49 49 49

3 1 29 29 29 29

4 0 37 40 17 17

Promoter

2 12 13 13 13 13

3 3 3 4 3 3

4 0 0 0 0 0

Soybean
Large

2 152 159 - - 159

3 104 112 - - 106

4 35 45 - - 45

Table 3.8: Solution cost for max-accuracy decision trees on datasets with categorical fea-
tures.

is based on power set branching (Ours-PS) is able to find a solution decision tree of depth

4, while binary branching fails to find a solution after proving that no solution exists for a

depth of 6. This demonstrates the expressiveness of our power set branching for categorical

features.

Memory Consumption

We also compared the memory consumption of the different approaches on categorical

datasets and recorded the peak memory consumption. Table 3.11 reports the mean and

maximum values for the different approaches for each optimization problem. On categorical

datasets, we observe that our power set encoding has the lowest mean and maximum values,

and that our base encoding has the second lowest values. In the worst case, our power set
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Dataset d
Time (s)

Ours-PS Ours [126] [280] [6]

Credit
Approval

2 106.26 151.45 T/O 33.06 4.24

3 T/O T/O T/O T/O T/O

4 T/O T/O T/O [E] T/O

Protease
Cleavage

2 T/O 325.35 56.11 4.82 0.04

3 T/O T/O T/O 29.68 3.44

4 T/O T/O T/O T/O 188.72

Protease
Cleavage(/4)

2 18.91 28.58 16.5 4.36 0.04

3 7.37 575.93 T/O 22.7 2.14

4 1.27 T/O T/O T/O 115.07

Promoter

2 316.71 44.53 316.02 4.35 0.07

3 T/O 324.77 T/O 63.22 7.20

4 7.83 57.72 81.08 129.15 24.21

Soybean
Large

2 16.22 99.93 - - 0.02

3 T/O T/O - - 1.18

4 T/O T/O - - 32.54

Table 3.9: Runtime for max-accuracy decision trees on datasets with categorical features.

Dataset
Min Depth Time (s)

Ours-PS Ours SAT [19] Ours-PS Ours SAT [19]

Credit Approval ? ? ? T/O [6] T/O [5] T/O [5]

Protease Cleavage ? ? ? T/O [5] T/O [7] T/O [6]

Protease Cleavage(/4) 4 ? ? 0.69 T/O [7] T/O [6]

Promoter 4 4 4 224.22 498.3 87.69

Soybean Large ? ? ? T/O [6] T/O [6] T/O [6]

Table 3.10: Results for min-depth decision trees on datasets with categorical features.

encoding required approximately 0.7GB of memory and our base encoding approximately

1.9GB. In comparison, the maximum memory consumption for Aghaei, Azizi, and Vayanos

is approximately 42.6GB and for Avellaneda approximately 7.6GB. For Hu et al. and Ver-

haeghe et al. the maximum values are lower, 3.8GB and 2.2GB, respectively, but are still

higher compared to our approaches.

Min-Depth Max-Accuracy

Ours Ours-PS [19] Ours Ours-PS [126] [280] [6]

Mean 904.73 382.05 2,588.05 412.67 222.61 728.83 1,332.50 6,228.43

Max 1,865.21 734.91 7,580.45 1,451.05 705.93 3,838.78 2,180.96 42,610.77

Table 3.11: Analysis of peak memory consumption (MB) on categorical datasets.
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Generalization to Unseen Data

In our experiments on numerical datasets (Section 3.8.1), we only compared approaches

that have the same sets of feasible and optimal solutions and therefore focused only on the

optimization performance (time to find optimal solution or the lowest-cost solution found

in case of timeout). In contrast, our new approach for power set branching for categorical

features leads to different sets of feasible and optimal solutions. While it does manage to

find lower-cost solutions, i.e., solutions that better fit the training data, it could potentially

be more prone to overfitting to the training data that would hurt the prediction quality on

unseen test data.

In this section, we compare the performance of power set branching encoding vs. our

base encoding on unseen test data. To do so, we compute the testing accuracy using the

same method as in Definition 9 with the set of training data points substituted with testing

ones. We use 5-fold cross validation [120] and report the results in Table 3.12. We also report

the total runtime of the five runs (recall that each run has a time limit of 15 minutes). We

restrict our analysis to max-accuracy decision trees as the majority of categorical datasets

could not be solved by the min-depth encodings (see Table 3.10). For trees of depth of 2,

the power set encoding has at least equal, and in most cases significantly higher, testing

accuracy compared to the base encoding. For deeper trees, we observe similar performance

for Credit Approval and the two variants of Protease Cleavage. On the Soybean dataset,

we observe a significant improvement in performance, while in Promoter, we observe a

significant degradation in performance. As we discuss in Section 3.8.4, the degradation in

Promoter is likely due to overfitting, and using tree pruning constraints can help mitigate

the problem. Finally, we note that for all datasets, the highest testing accuracy (across all

configurations) is obtained by the power set encoding (in Credit Approval both encodings

obtain the highest testing accuracy).

3.8.3 Cost-Sensitive Learning

In this section, we present experimental results on the cost-sensitive learning approach

presented in Section 3.5. To demonstrate the impact of cost-sensitive learning, we choose

three datasets that have significant class imbalance and demonstrate how cost-sensitive

learning can help mitigate the negative impact of class imbalance:

• Immunotherapy is a binary classification dataset with the larger class accounting

for approximately 79% of the data points. For this dataset, we assign a higher cost

for misclassification of data points in the minority class.

• Vertebral Column is a binary classification dataset with the larger class accounting

for approximately 68% of the data points. For this dataset, we also assign a higher

cost for misclassification of data points in the minority class.

• Car is a classification dataset with four classes representing the quality of cars (unac-

ceptable, acceptable, good, very good). The higher-quality classes (good, very good)
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Dataset d
Average Testing Accuracy Total Time (s)

Ours-PS Ours Ours-PS Ours

Credit Approval

2 0.85 0.85 288.00 314.31

3 0.84 0.83 4506.12 4510.08

4 0.83 0.84 4510.57 4512.42

Protease Cleavage

2 0.81 0.75 4505.16 1334.82

3 0.81 0.81 4506.07 4517.60

4 0.82 0.81 4508.65 4525.03

Protease Cleavage(/4)

2 0.82 0.66 40.68 77.76

3 0.78 0.81 2.54 1741.67

4 0.73 0.72 2.52 2968.64

Promoter

2 0.78 0.74 564.22 90.07

3 0.69 0.77 2014.41 627.15

4 0.57 0.74 13.52 97.39

Soybean Large

2 0.38 0.32 67.01 184.31

3 0.60 0.47 4505.94 4507.76

4 0.79 0.72 4509.17 4510.41

Table 3.12: Results for 5-fold cross-validation on datasets with categorical features.

are significantly smaller and each of them accounts for less than 4% of the points. In

all our experiments except for the cost-sensitive experiments in this section, we merge

these two classes into the acceptable class following Avellaneda for consistency with

previous work. However, in this section we intentionally keep the original class distri-

bution to study the impact of cost-sensitive learning in a highly imbalanced dataset.

For this dataset, we assign a higher cost for mistakenly classifying a data point from

a higher quality class in a lower quality class.

To analyze the impact of cost-sensitive learning, we analyze the confusion matrix of the

obtained classifiers. A confusion matrix M for a classifier is defined as a matrix where

each Mi,j cell represents the number of data points with true label i that were classified

into class j. Table 3.13 and Table 3.14 show the confusion matrix for the training datasets

Immunotherapy and Vertebral Column, respectively. We marked the cost of mistake in red

using the notation “/e” that represents a cost of e. In each table we present the results for

a base configuration where all mistakes have a uniform cost, and a weighted configuration

where the cost of misclassification of points from the minority class is doubled. In both

datasets, we see that increasing the cost of mistakes in points from the minority class leads

to fewer mistakes in minority class and a larger number of mistakes in the majority class.

These results demonstrate the ability of cost-sensitive learning to balance the performance

across classes.

Table 3.15 shows the confusion matrix for the dataset Car. We can see that in the base

configuration (uniform misclassification costs), the smaller classes that represent higher-



CHAPTER 3. OPTIMAL DECISION TREE CLASSIFICATION 51

True Class
Predicted Class

No Yes

No 15 4/1

Yes 0/1 71

No 17 2/2

Yes 2/1 69

Table 3.13: Confusion Matrix for cost-sensitive learning on Immunotherapy (d = 3).

True Class
Predicted Class

Negative Positive

Negative 85 15 /1

Positive 13/1 197

Negative 98 2/2

Positive 34/1 176

Table 3.14: Confusion Matrix for cost-sensitive learning on Vertebral Column (d = 3).

quality cars (good and very good) are never predicted. However, as we double the cost of

mistakenly classifying a data point from a higher quality class in a lower quality class, we

observe that some data points are indeed predicted in the very good class.

True Class
Predicted Class

unacc acc good vgood

unacc 1054 156/1 0/1 0/1

acc 26/1 358 0/1 0/1

good 0/1 69/1 0 0/1

vgood 0/1 65/1 0/1 0

unacc 960 242/1 0/1 8/1

acc 0/2 295 0/1 89/1

good 0/2 39/2 0 30/1

vgood 0/2 0/2 0/2 65

Table 3.15: Confusion Matrix for the weighted classification of Car (4 classes).

To evaluate the performance of cost-sensitive learning, we use the Balanced Accuracy

metric [115, 204] (also called Average Class Accuracy [155]) which is the average of class-wise

accuracy (on balanced datasets, balanced accuracy is equal to accuracy). Given a confusion

matrix M , the balanced accuracy is defined as follows.

Balanced Accuracy =
1

k

∑

c∈[1..k]

Mc,c∑
Mc,·

(3.39)



CHAPTER 3. OPTIMAL DECISION TREE CLASSIFICATION 52

where
∑

Mc,· represents the total number of data points whose true label is c.

To evaluate the performance of our cost-sensitive learning approach on unseen test data,

Table 3.16 shows the balanced testing accuracy, computed using 5-fold cross validation,

for the three datasets for a range of cost ratio values (the ratio between the lower-cost

classes and the higher-cost classes). We see that we can obtain significantly higher balanced

accuracy with cost-sensitive learning by assigning higher cost for mistakes in the smaller

classes. Notably, we observe an impressive increase in testing accuracy from 0.44 to 0.64 in

Car, a dataset with severe class imbalance.

Cost Balanced Testing Accuracy Total Time (s)

Ratio Immunotherapy Vertebral Car Immunotherapy Vertebral Car

1:1 0.70 0.79 0.44 4.51 4503.55 4510.29

1:2 0.73 0.83 0.64 8.53 4503.33 4513.36

1:3 0.70 0.82 0.64 7.40 4503.27 4514.44

1:4 0.69 0.84 0.59 10.93 4503.20 4514.19

1:5 0.74 0.84 - 8.41 4305.82 -

1:6 0.73 0.83 - 7.03 4128.68 -

1:7 0.69 0.85 - 7.25 3696.10 -

Table 3.16: 5-fold cross-validation results for cost-sensitive learning (d = 3).

3.8.4 Tree Pruning Constraints

In this section we present experimental results on the tree pruning constraints in Section 3.6.

As we propose these constraints to improve generalization to unseen test datasets, we eval-

uate the performance using 5-fold cross validation and report the average testing accuracy

as well as the total run time for the five iterations. Note that in case one or more of the

iterations returned infeasible, we report INF. In case one or more of the iterations timed

out without finding a feasible solution, we report UNK.

Minimum Support

Table 3.17 reports the 5-fold cross validation testing accuracy on the numerical and binary

datasets for different depth values and different minimum support values (S = 0 indicates

no minimum support). Table 3.18 reports the results for a similar analysis on categorical

datasets based on our power set encoding. We can see that for the shallowest trees (depth

2) adding minimum support constraints does not lead to improvement in most cases, and

can even lead to lower accuracy. In contrast, for tree of depth 4, we can see that the testing

accuracy for minimum support constraints tends to be equal or higher. For example, using

a minimum support S = 2 with trees of depth 4 has led to higher testing accuracy in 9

datasets compared to 4 datasets where it resulted in lower accuracy (across all datasets).

As we noted in Section 3.8.2, the dataset Promoter with S = 0 exhibits degraded testing
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accuracy for deeper trees, indicating overfitting to the training data. However, we observe

that problem is significantly reduced when introducing constraints for minimum support of

S = 2.

Table 3.17 and Table 3.18 also report the total runtime (over all five iterations) for each

of the configurations. The results show that minimum support constraints with S = 2 have

comparable run times. As the value of S increases, we observe an increase in run time.

The longer runtime may be due to the smaller set of feasible solutions satisfying minimum

support constraints with higher S (in some cases there are no feasible solutions at all).

It may be due to the larger number of variables and clauses required for the encoding of

cardinality constraints with higher S.

Minimum Margin

Table 3.19 report the 5-fold cross validation testing accuracy on the numerical and binary

datasets for different depth values and different minimum margin values (recall that min-

imum margin is not implemented for categorical branching). As with minimum support

constraints, it is shown that minimum margin constraints often lead to higher accuracy, but

can also lead to lower accuracy. For trees of depth 4, using a minimum margin of M = 4 has

led to higher testing accuracy in 7 datasets compared to 2 datasets where it resulted in lower

testing accuracy. While higher values of minimum margin often lead to faster runtimes, the

differences tend to be small.

Discussion

We have shown that the two types of tree pruning constraints presented in Section 3.6 can

help improve the accuracy on unseen data. Despite the theoretical connection between the

two types (Proposition 3), there are some differences between the approaches. As noted

in Section 3.6.2, we consider minimum margin a weaker notion than minimum support

as it does not enforce a minimum number of data points to actually go through the node.

However, minimum margin constraints require no additional variables or clauses as we simply

change the clauses in Eq. (3.14) and Eq. (3.15) to the clauses in Eq. (3.37) and Eq. (3.38).

Minimum support represents a stronger notion as it enforces that a given number of data

points arrive at a given leaf node. However, each minimum support constraint requires

O(|X| × S) auxiliary variables and O(|X| × S) additional clauses to be implemented. Note

that these values are multiplied by the number of leaves since we have that many minimum

support constraints. These differences could potentially account for the longer runtimes

observed for minimum support constraints with high values for threshold S.

3.9 Related Work

Related to this work are different approaches for finding optimal decision-tree classifiers.

Nijssen and Fromont [215] proposed DL8, one of the earliest approaches for building opti-
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Dataset d
Average Testing Accuracy Total Time (s)

S=0 S=2 S=5 S=10 S=0 S=2 S=5 S=10

Banknote

2 0.91 0.91 0.91 0.91 71.58 68.23 87.46 118.32

3 0.97 0.97 0.98 0.97 267.32 305.24 467.74 406.72

4 0.98 0.98 0.98 0.99 44.61 167.80 354.03 702.23

Breast
Cancer

2 0.74 0.75 0.75 0.73 14.53 19.36 15.91 24.17

3 0.77 0.71 0.71 0.73 372.49 319.32 824.56 3039.64

4 0.62 0.56 0.65 INF 18.99 53.97 4511.27 203.83

Cryotherapy

2 0.94 0.92 0.79 0.79 1.05 2.33 3.26 4.41

3 0.90 0.89 0.84 INF 1.79 4.83 8.90 1.68

4 0.86 0.89 INF INF 1.60 6.78 5.37 2.50

Immunotherapy

2 0.80 0.84 0.81 0.86 1.83 2.95 3.81 4.50

3 0.78 0.78 0.82 INF 5.21 12.28 39.65 2.22

4 0.77 0.81 INF INF 1.92 10.71 15.81 4.66

Ionosphere

2 0.91 0.90 0.90 0.90 471.31 363.29 453.62 461.56

3 0.87 0.85 0.87 0.87 4507.61 4511.08 4513.78 4519.00

4 0.83 0.83 0.83 0.81 2902.37 2358.73 2073.45 4543.40

Iris

2 0.93 0.92 0.91 0.95 1.13 2.88 3.83 5.24

3 0.93 0.95 0.92 0.95 1.45 4.94 7.65 12.88

4 0.93 0.95 0.92 INF 1.76 9.39 26.93 4.07

User
Knowledge

2 0.86 0.84 0.85 0.84 4.52 6.63 8.89 10.30

3 0.90 0.92 0.91 0.93 10.99 16.00 24.56 38.57

4 0.90 0.91 0.91 0.91 9.16 35.82 292.84 4527.73

Vertebral
Column

2 0.76 0.78 0.77 0.76 42.63 48.41 50.41 55.94

3 0.80 0.78 0.85 0.83 4504.69 4508.95 4511.17 4517.05

4 0.79 0.78 0.80 0.81 4505.64 4511.64 4516.80 4533.51

Wine

2 0.93 0.93 0.94 0.93 2.29 3.85 5.35 7.13

3 0.92 0.93 0.93 0.90 2.93 6.94 9.84 39.93

Car

2 0.86 0.86 0.86 0.86 46.00 53.75 79.91 107.76

3 0.87 0.87 0.87 0.87 4509.90 4523.90 4555.57 4640.73

4 0.91 0.93 0.92 0.92 4514.49 4562.40 4677.54 5001.34

Monk2

2 0.60 0.57 0.57 0.60 8.53 9.58 10.04 12.57

3 0.68 0.66 0.66 0.64 2815.43 2333.87 2280.73 417.40

4 0.53 0.63 0.62 INF 4505.03 4510.99 4277.60 3.75

Table 3.17: Results for 5-fold cross-validation with minimum support constraints.

mal decision trees based on itemset mining. Later, Bessiere, Hebrard, and O’Sullivan [39]

presented the first approach for computing optimal decision trees using discrete optimiza-

tion. They proposed a SAT encoding and a constraint programming (CP) encoding for

computing minimal-size decision trees that perfectly classify all the training examples.
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Dataset d
Average Testing Accuracy Total Time (s)

S=0 S=2 S=5 S=10 S=0 S=2 S=5 S=10

Credit
Approval

2 0.85 0.85 0.83 0.82 252.35 283.77 269.46 335.64

3 0.84 0.84 0.84 0.84 4506.59 4513.07 4519.98 4538.83

4 0.83 0.81 0.82 0.83 4509.98 4522.63 4549.80 4598.51

Protease
Cleavage

2 0.81 0.84 0.87 0.84 4505.30 4509.31 4509.31 4515.39

3 0.81 0.83 0.81 0.83 4504.65 4510.53 4516.34 4536.92

4 0.82 0.83 0.82 0.83 4506.41 4517.20 4543.89 4602.82

Protease
Cleavage

(/4)

2 0.82 0.83 0.81 0.82 40.91 42.61 43.20 49.14

3 0.78 0.77 0.76 0.76 2.41 5.12 8.01 18.98

4 0.73 0.69 0.74 UNK 2.22 8.60 10.52 902.86

Promoter

2 0.78 0.75 0.71 0.76 550.07 539.41 581.26 527.34

3 0.69 0.73 0.72 0.69 2008.56 1843.48 1922.11 4508.18

4 0.57 0.67 0.63 UNK 12.81 18.23 2502.12 902.93

Soybean
Large

2 0.38 0.38 0.37 0.37 68.60 70.65 69.89 79.73

3 0.60 0.56 0.59 0.57 4505.87 4510.83 4512.36 4515.91

4 0.79 0.79 0.73 0.53 4507.17 4514.74 4520.88 4534.60

Table 3.18: Results for 5-fold cross-validation with minimum support constraints on datasets
with categorical features.

Bertsimas and Dunn [37] proposed OCT, a Mixed Integer Programming (MIP) approach

for computing decision trees that minimizes the misclassifications of training examples for

a given tree depth. The resulting trees were found to be more accurate on unseen test data

than those created by heuristic methods. Verwer and Zhang [281] proposed BinOCT, a MIP

approach that is based on binary decisions, and was able to compute solutions faster than

OCT. Recently, Aghaei, Azizi, and Vayanos [4] presented a new MIP formulation of decision

trees that offers a trade-off between accuracy and fairness.

Narodytska et al. [209] proposed a SAT encoding for optimal decision trees that perfectly

classify all training examples and that improved over Bessiere, Hebrard, and O’Sullivan’s

[39]. More recent works on optimal trees that perfectly fit the training data include Janota

and Morgado’s [147] alternative SAT encoding that is based on explicit paths in the tree

and Avellaneda’s [19] SAT encoding that fixes the tree structure and encodes the behavior

of each data point. Hu et al. [126] proposed a MaxSAT extension of Narodytska et al.’s SAT

encoding that minimizes the misclassification of training examples for a given tree depth.

Verhaeghe et al. [280] recently presented a CP approach for optimal decision trees that

minimizes the misclassification of training examples for a given tree depth. Their approach

combined global constraints for itemset mining, an AND/OR tree search, and the use of

caching. Their approach was able to compute optimal decision trees faster than BinOCT

[281] and DL8 [215]. Aglin, Nijssen, and Schaus [6] proposed DL8.5 that improved over the

CP approach by using a custom branch-and-bound caching tree search.
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Dataset d
Average Testing Accuracy Total Time (s)

M=1 M=4 M=10 M=20 M=1 M=4 M=10 M=20

Banknote

2 0.91 0.91 0.91 0.91 71.80 62.90 64.09 62.68

3 0.97 0.97 0.97 0.97 274.42 264.88 191.61 209.57

4 0.98 0.98 0.98 0.98 45.15 44.69 40.65 44.04

Breast
Cancer

2 0.74 0.75 0.75 0.72 15.27 14.58 8.80 7.91

3 0.77 0.73 0.73 0.70 372.61 317.35 276.37 319.79

4 0.62 0.66 0.65 0.60 19.34 16.87 10.40 7.34

Cryotherapy

2 0.94 0.94 0.82 0.86 1.07 1.03 1.12 1.12

3 0.90 0.89 0.91 0.86 1.55 1.63 1.58 1.61

4 0.86 0.78 0.84 0.86 1.70 1.80 1.84 1.76

Immunotherapy

2 0.80 0.82 0.83 0.78 1.97 1.77 1.68 1.78

3 0.78 0.77 0.82 0.78 5.28 6.71 6.01 8.52

4 0.77 0.86 0.82 0.76 1.88 2.15 2.13 2.51

Ionosphere

2 0.91 0.90 0.89 0.90 472.04 451.11 501.34 422.28

3 0.87 0.86 0.87 0.84 4507.32 4507.30 4507.12 4506.99

4 0.83 0.85 0.85 0.85 2877.72 2180.39 933.64 1031.55

Iris

2 0.93 0.92 0.90 0.93 1.09 1.06 1.03 1.16

3 0.93 0.95 0.94 0.95 1.46 1.48 1.38 1.40

4 0.93 0.93 0.93 0.93 1.93 1.95 1.83 1.88

User
Knowledge

2 0.86 0.85 0.85 0.85 4.91 4.97 4.69 3.54

3 0.90 0.91 0.92 0.93 10.63 10.40 8.78 9.58

4 0.90 0.91 0.92 0.92 9.19 10.83 7.84 11.57

Vertebral
Column

2 0.76 0.76 0.77 0.77 41.06 36.58 36.81 31.10

3 0.80 0.85 0.81 0.83 4504.80 4504.41 4504.23 4504.48

4 0.79 0.78 0.82 0.80 4505.03 4505.69 4505.67 4505.48

Wine

2 0.93 0.91 0.94 0.92 2.27 2.00 2.21 2.28

3 0.92 0.89 0.89 0.91 2.95 2.90 2.52 2.66

Car

2 0.86 0.86 0.86 0.86 46.38 40.94 43.23 39.13

3 0.87 0.87 0.87 0.87 4509.56 4509.33 4509.28 4509.37

4 0.91 0.92 0.92 0.92 4513.45 4512.34 4515.24 4511.78

Monk2

2 0.60 0.60 0.60 0.61 8.35 8.52 7.73 7.58

3 0.68 0.68 0.67 0.67 2814.88 3017.89 3250.32 2796.44

4 0.53 0.61 0.59 0.64 4504.52 4504.76 4504.49 4504.62

Table 3.19: Results for 5-fold cross-validation with minimum margin constraints.

Günlük et al. [111] recently presented a MIP formulation of optimal decision trees for

categorical data. Unlike previous approaches that converted categorical features to a set of

binary features, the new MIP formulation directly handles categorical features. However,

this approach is restricted to categorical features and cannot directly handle numerical
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features.10

Previous works have also considered other optimal classification models, including deci-

sion lists [238, 15, 303, 302], decision sets [136, 301, 302, 137], and binary decision diagrams

[53]. We refer the reader to Ignatiev et al. [139] for an extended survey.

3.10 Conclusion and Future Work

In this chapter, we present our approach that falls in the category of model-based inter-

pretable ML using combinatorial optimization problems. Namely, we introduce and study

a novel SAT-based encoding for optimal decision tree classifiers. Using the declarative ex-

pressiveness afforded by the formulation approach, our approach supports direct encoding

of non-binary (numerical and categorical) features and is used to optimize two popular

optimization criteria. We further extend our model with cost-sensitive learning and tree

pruning constraints that can help mitigate the negative impact of imbalanced datasets and

overfitting to training examples.

The experimental results show that the direct handling of numerical and categorical fea-

tures leads to better performance compared to state-of-the-art approaches that are designed

for binary datasets.11 The improvement is seen on two different optimization criteria and

shows that our approach is preferable regardless of the choice of which objective is more

suitable to a given dataset, a decision that can be tuned as a hyper-parameter on unseen

data using cross validation. The results support our hypothesis that converting numeric

features to a large number of binary features can have significant negative impact on per-

formance, however a more thorough solver-based analysis may lead to deeper insight into

the impact of the binarization on performance. Enhanced optimization of the min-depth

objective also contributes to interpretability as it yields more sparse and simulatable solu-

tions. Furthermore, our experimental results show that our categorical encoding can lead to

decision trees that better fit the training data and often have better performance on unseen

test data. The more expressive branching due to the direct encoding of categorical features

can also contribute to sparsity and simulatability. Surprisingly, it also enhances modularity

as one powerset branching can represent multiple one-hot branchings, leading to meaningful

individual nodes that can be understood independent of the surrounding context. Next,

we experimentally show the benefits of cost-sensitive learning towards maximizing balanced

accuracy in classification tasks that are unbalanced in data or cost. Cost-sensitive learning,

as a way to customize the objective function based on an expert’s input, allows a greater

level of control on the solution. Lastly, our experimental results show that tree pruning con-

straints are successful in improving generalization to unseen data, proving the importance

of constrained ML which combinatorial optimization problems enable.

10 The paper suggests converting numerical features to categorical features with limited number of cat-
egories via thresholding [111], however this conversion does not preserve the optimality of solutions
w.r.t. the original numerical values.

11 Note that all approaches explore the same space of (feasible and) optimal decision-tree solutions.
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We believe that the work in this chapter can be extended in a number of ways. Investigat-

ing ways to extend our formulation to support different notions of fairness in classification is

an interesting direction for future work. Such extensions can range from forbidding or ana-

lyzing the appearance of sensitive features in the decision chain of a tree to using cardinality

constraints to enforce an equitable treatment of different sensitive groups in training data.

Analyzing the impact of different tree structures and the use of our approach as part of an

ensemble method are also interesting research directions. We only utilized our encoding to

find fully-balanced decision trees. However, there is no theoretical barrier to considering

unbalanced trees with a heuristic-based structure. Moreover, our current approach for the

min-depth problem consists of iteratively solving our encoding for increasing depths starting

from one, to entail the optimality of the first solution. However, alternative approaches such

as using a binary search over tree depths can potentially allow us to obtain feasible solutions

early while refining our bounds toward an optimal solution. Such directions to extend our

work can be helpful in addressing the cases where a solution is not found in the time limit.

Finally, we are interested in investigating the applicability of a similar approach based on

combinatorial optimization problems for dealing with non-binary features in other classifi-

cation models such as decision sets [301, 302] and decision lists [303, 302]. Both formats are

compact and interpretable ML solutions that can also benefit from the declarative nature

of the formulation (into SAT) approach.



Chapter 4

Compact Binary Decision

Diagrams for Classification

4.1 Introduction

In this chapter, we focus on binary decision diagrams (BDD) as inherently interpretable

models to solve the problem of classification. BDDs, like decision trees, are interpretable

yet accurate classifiers, but they are more compact at the cost of being less expressive.

Similar to our approach for learning decision tree classifiers (Chapter 3), we learn BDDs

directly by formulating the problem into the declarative combinatorial optimization problem

of SAT.

Classifiers are complete functions for assigning labels to data points, and are learned

from a limited set of supervised training data. A classifier is trained to focus on informative

aspects of the input and extract patterns from the data to make decisions. As a result,

the size of a classifier has a crucial impact on its accuracy and also its interpretability. In

complex black-box classifiers such as deep and convolutional neural networks, it is often

challenging to understand the influential features of the data and the inner-workings of the

decision-making [268, 308]. In contrast, interpretable classifiers such as decision trees [6,

178] are sparse, simulatable, and modular [206, 56], with surprisingly small cost to accuracy

in many applications [237, 177]. Decision diagrams are interpretable models that are even

more concise than decision trees [124, 160]. The properties of interpretable solutions make

them the perfect candidates for when we need to formally analyze or explain the classifier’s

behavior [193, 134, 136].

Binary decision diagrams (BDD) are graph representations of functions with binary

inputs and are widely used in logical synthesis and formal verification methods [52, 9, 202,

159]. While equivalent to truth tables in purpose, BDDs are more compact since redundant

sub-tables can be eliminated and merged [159]. A multi-terminal BDD (MTBDD) is a BDD

variant that supports multiple outputs [59].

59
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Decision trees are the most common form of interpretable classifiers (e.g., [50, 230, 229,

19, 280, 126, 37]). However, the number of branchings double at each level of a decision tree,

making it challenging to interpret the solution due to the lack of sparsity as depth increases

[111]. The large number of branchings in decision trees can hinder the learning performance

given that the search space grows exponentially with each level. Further, deep branchings

that only affect a small number of data points can cause data fragmentation and overfitting

[254, 140, 84]. Lastly, the exponential number of branchings in decision trees restricts their

applicability to memory-constrained hardware [254].

We have experimentally observed the issue of exponential growth in decision trees in

Chapter 3, Section 3.8.1. Specifically, it has been shown that it is challenging to find perfect

classifiers since solving the encoding for deep solutions takes a significant amount of time.

The effect is most noticeable for synthetic instances with a large number of informative

features, highlighting the relation between sparse classifiers and recognition of informative

patterns in data.

In this chapter, we choose BDDs as our interpretable classifiers in order to emphasize

sparsity to an even greater degree compared to interpretable approaches based on decision

trees (e.g., Chapter 3). The sequential nature of decision-making in BDDs resembles that

of decision trees, but unlike decision trees, the same branching is used across a level. This

leads to a number of branchings that is linear in depth, and allows BDDs to address the

issues of exponential branchings, with a potential cost to expressiveness and accuracy. A

BDD is not necessarily a tree as using the same feature across a level allows the merging

of branching nodes that are equivalent. The transition from trees to diagrams enhances

sparsity but does not hurt the simulatability and modularity of the model as one can still

follow the path of activated branchings from the root to a leaf and understand the decisions

made at each step independently.

Traditionally, efforts to learn BDDs are focused on optimizing compactness [160]. Learn-

ing BDDs is shown to be an NP-hard problem in multiple contexts, including finding a

variable ordering that results in the smallest BDD [265]. For the problem of classification,

combinatorial optimization problems have been proposed to learn BDDs with the primary

objective of maximum accuracy [124]. Nevertheless, the possibility of size optimization as

a secondary consideration is maintained. As discussed in Chapter 3, the computation cost

of optimality is not always justified, but optimal solutions have been shown to enhance

generalization and are of significance when interpretability is demanded. This observation

is extended to when BDDs are learned in an exact way [124] rather than heuristically [160,

161]. Furthermore, combinatorial approaches are also shown to be significant when opti-

mizing the size of BBDs rather than their accuracy [54], directly contributing to solution

interpretability through sparsity.

Our SAT-based encoding for learning BDDs reuses our direct encoding of branchings

over numerical features (Chapter 3) instead of explicitly binarizing them. A straight-forward

repurposing of this component and its combination with BDD-specific aspects is a testament

to the flexibility provided by the formulation approach. We introduce size optimization that
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can be added as a secondary component to the objective or solved separately. We also expand

the notion of learning branchings to multiple dimensions in order to learn solutions from a

limited but distinctively interpretable family of diagrams.

The main contributions of this chapter are as follows:

1. We present a novel MaxSAT encoding of maximum accuracy BDD classifiers for nu-

merical datasets. Our model represents a non-reduced BDD which can be reduced

according to its sequence of terminals.

2. We extend our encoding by modelling the size of the final reduced BDD. The size

encoding can be used as a secondary weighted objective, or it can be optimized in a

second stage.

3. We present a variant of our encoding which supports direct learning of diagrams

through multi-dimensional branchings. Multi-dimensional BDDs enable learning more

efficiently as they provide more expressive solutions within the same size.

4. In our experiments, we demonstrate that our base encoding outperforms the state

of the art in runtime and accuracy. Additionally, we show that explicitly optimizing

size leads to significantly more compact solutions while maintaining high accuracy.

Finally, we show that multi-dimensional BDDs scale better than BDDs due to their

expressiveness in compact size.

The content of this chapter mirrors that of the work that first appeared in the proceed-

ings of the Twenty-ninth International Conference on Principles and Practice of Constraint

Programming [252]. We have revised the notation and terminology to maintain consistency

with the rest of the dissertation. Furthermore, certain theoretical contributions and points

of discussion are elaborated upon and extended.

4.2 Preliminaries

In this section, we formally define binary decision diagrams (BDDs) as classifiers. Following

an approach similar to that used for decision trees (Section 3.2), we first define the underlying

structure of BDDs and then proceed to describe how they operate. Next, we define the

notions of reduction and equivalency for BDDs in Section 4.2.1. Lastly, we define the max-

accuracy classification problem with BDDs as the solutions in Section 4.2.2.

Definition 12 (Binary Diagram Structure). A binary diagram structure N is a rooted,

directed, and acyclic graph. Nodes of N are divided into terminals NT and non-terminal

nodes that are referred to as branching nodes NB and contain the root node δ ∈ NB. Each

branching node has two outgoing edges leading to its left and right children, corresponding

to values 0 and 1, respectively. The left and right children are represented by functions

l, r : NB → (NB ∪ NT ). The parent function p : (NB ∪ NT − {δ}) → NB represents the

edges in reverse ∀tp, tc : p(tc) = tp ⇔ (l(tp) = tc ∨ r(tp) = tc).
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Definition 13 (Binary Decision Diagram). Given a set of features F and integer labels

[1..k], a binary decision diagram is a tuple D = (N , β, α, θ) where N is a binary diagram

structure, β : NB → F is the feature selection function, α : NB → R is the threshold

selection function, and θ : NT → [1..k] is the terminal labelling function. The size of a

BDD is the number of branching nodes in its structure.

Note that in conventional terminology, BDDs are defined as representations of boolean

functions with boolean inputs. We adopt standard BDD terminology, with minor exceptions

to facilitate discussion of BDDs in a classification context. One difference in our definition

is the support for the terminals to have more than two labels (namely, 0 and 1), a variation

that is referred to as a multi-terminal BDD in the literature.

We also borrow from the decision tree literature to view the outgoing edges as parent-

child relationships. Moreover, we allow the inner nodes in a BDD to perform branchings

(Definition 1), which are more general than the boolean features standard BDDs operate

on.

We define how BDDs assign labels to data points, akin to how decision trees do so.

Namely, the data point is entered from the root and directed based on its values in branchings

until a labeling terminal is met.

Definition 14 (BDD Label Assignment). Given a set of features F , integer labels [1..k],

an evaluation of F as a data point x ∈ R
|F |, and a BDD D = (N , β, α, θ), the value of the

function ΘD(δ, x) represents the label that D assigns to x. The function ΘD ∈ (NB ∪NT )×

R
|F | → [1..k] is recursively defined as follows:

Θ(t, x) =





θ(t) if t ∈ NT

Θ(l(t), x) elseif x[β(t)] ≤ α(t)

Θ(r(t), x) else

The data point is directed along the outgoing edge corresponding to its branching value at

each step. Once a data point reaches a terminal, it is assigned the label of the terminal.

Every node t invoked with a point x is said to contain that point,

Similar to decision trees, we use the shorter notation ΘD(x) to denote ΘD(δ, x) for

BDDs. Additionally, ΘD(x) is interpreted as assigning classification labels when the BDD

is intended as a classifier.

4.2.1 Reduced BDDs

The same function, in our case a classifier, can be represented by multiple BDDs. To

uniquely represent a function, we define the BDD properties of being ordered and reduced.

The ordered property enforces the same sequence of branchings along each path, effectively

making BDDs equivalent to Oblivious Read-Once Decision Graphs (OODGs). The reduced

property requires all equivalent parts of the BDD to be merged and all of the redundant
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(a) Ordered and reduced. (b) Non-ordered and non-reduced.

Figure 4.1: Equivalent diagram and tree BDDs. Branching nodes are labeled with
(β(t), α(t)) values. Solid (dotted) lines correspond to the value 1 (0).

parts to be removed. Given a function and an ordering of splits, there exists only one

ordered and reduced BDD representing the function.

Definition 15 (Ordered BDD and Split Sequence). A BDD is said to be ordered if the

branchings observed along every path from the root to a terminal respect a singular to-

tal ordering, called its branching sequence. All branching nodes corresponding to the s-th

branching in the sequence are said to be at level s.

Definition 16 (Node Equivalency and Redundancy). Consider an ordered binary decision

diagram D. Two of its terminals t1, t2 ∈ NT are equivalent if θ(t1) = θ(t2). Moreover,

two of its branching nodes t1, t2 ∈ NB are equivalent if β(t1) = β(t2), α(t1) = α(t2), l(t1)

and l(t2) are equivalent, and r(t1) and r(t2) are equivalent. Furthermore, a branching node

t ∈ NB is redundant if its left and right children are equivalent.

Definition 17 (Reduced BDD). A BDD is said to be reduced if all of its equivalent nodes

are merged and all of its redundant nodes are replaced with their children.

We assume a BDD to be ordered and reduced unless noted otherwise. Figure 4.1 depicts

two BDDs representing the same function, one ordered and reduced and the other one not.

It has been shown in the literature that independent of the merging and elimination process,

the final result of reducing a BDD is always the same. We formally state the uniqueness

of reduced BDDs in Theorem 2 and refer the reader to the BDD literature for more details

[159].1

Theorem 2. Given a function and a corresponding set of branchings in total order, there

is exactly one ordered and reduced BDD presentation up to renaming.

4.2.2 BDD Classifiers

In this section, we define the problem of learning BDD classifiers. The accuracy of a BDD

classifier is defined similar to that of a decision tree classifier (Section 9). We introduce the

1 Note that when employing standard BDD terminology, redundant and equivalent nodes are defined
through binary sequences called beads. Beads correspond to nodes of the uniquely reduced BDD
described in Theorem 2.
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problem of learning a BDD classifier with maximum accuracy, aligning with recent research

on classification via BDDs [124].

Problem 4 (Max-Accuracy Binary Decision Diagram). Given a set of features F , integer

labels [1..k], a set of training data points X ⊂ R
|F |, a labeling γ : X → [1..k], and a

maximum number of branchings d, output an ordered binary decision diagram D with a

branching sequence of length d and maximum accuracy (Definition 9).

Note that the size (number of branching nodes) in a BDD solution can also be optimized

as a secondary objective. When optimizing the size, we need to consider the reduced version

as it can be significantly smaller than the non-reduced equivalent BDD.

4.3 SAT-based Encoding of BDD Classifiers

In this section, we solve Problem 4 by proposing a MaxSAT encoding to find a BDD classifier

with maximum accuracy. Similar to previous work of Hu, Huguet, and Siala [124], we learn

an ordered yet non-reduced (tree) BDD first. We then focus on merging and replacing

nodes towards a reduced BDD. Inspired by the numerical branching in Chapter 3, we encode

branchings (Definition 1) without the need for prior binarization of data which was shown

to lead to significant performance degradation in decision trees. We instead directly encode

how each branching directs each point, while making sure the order of values is respected

given a selected feature.

In Section 4.3.1, we present the variables that are used to encode a BDD. In Section 4.3.2,

we present the hard clauses that guarantee the validity of our BDD encoding alongside the

soft clauses that model our maximum accuracy objective. Finally in Section 4.3.3, we show

how a satisfying boolean assignment to our SAT encoding can be decoded into an unreduced

BDD first, and then to a reduced equivalent.

4.3.1 Variables and Structure

Given that we are learning an ordered but non-reduced BDD, it suffices to find a branching

sequence of length d and 2d terminal labels. Specifically, we need to encode the value of β

and α functions for a sequence of branchings and the value of θ for each terminal. We use

β(s) and α(s), respectively, as shorthands for the feature and threshold selected in level s

of the branching sequence, i.e., for all branching nodes at level s.

We use a unary encoding to represent feature selection at each branching. Namely, a

variable sequence of length |F |−1 is used for each branching s, with the number of variables

set to true representing the index of the chosen feature. In order for the unary encoding

to be well-formed, the values assigned to the sequence of variables should not include the

sequence 01 at any point.

The following set of binary variables represents different aspects of modeling the branch-

ings and the terminal, namely the values of β, α for a sequence of length d and θ for 2d

terminals:
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• {as,j | 0 ≤ s < d, j ∈ F}: Represents whether the feature chosen at branching s is or

comes before j. It is equivalent to β(s) ≤ j.

• {ds,i | 0 ≤ s < d, xi ∈ X}: Represents whether point xi is directed to the left child at

branching s. It is equivalent to xi[β(s)] ≤ α(s).

• {ct,l | 1 ≤ l ≤ k, t ∈ NT }: Represents whether output label l is assigned to terminal

node t. It is equivalent to θ(t) = l.

• {oi | xi ∈ X}: Represents whether point xi ends up in a terminal with the same label,

i.e., is correctly classified. It is equivalent to Θ(xi) = γ(xi).

Note that the number of as,j variables is in O(d|F |), ds,i in O(d|X|), ct,l in O(k|NT |), oi

in O(|X|), resulting in the total number of variables to be in O(d|X|) if d|X| ≥ k|NT | and

|X| ≥ |F |.

4.3.2 Clauses

We propose the following sets of Conjunctive Normal Form (CNF) clauses for modelling a

non-reduced ordered BDD. The clauses in Eq. (4.1) and Eq. (4.2) guarantee that one feature

is selected at each branching by enforcing the ordered encoding of as,j variables. The clauses

in Eq. (4.3) and Eq. (4.4) guarantee that for each branching and chosen feature, the points

directed to the left (respectively, right) have a lesser or equal (respectively, greater) value

compared to a threshold. The clauses in Eq. (4.5) guarantee that each branching directs at

least one point to the left. Note that unlike the encoding in Section 3.3, we are not also

adding clauses to guarantee at least one point to be directed to the right. We opt against

doing so, as forcing a non-trivial branching can interfere with the reduction of a BDD and

its potential size optimization. The clauses in Eq. (4.6) and Eq. (4.7) guarantee that one

output label is chosen for each terminal node. The clauses in Eq. (4.8) guarantee that a

point can only be considered classified if it ends up in a terminal node with the same label as

its ground truth. We use Oj(X) to denote the set of all consecutive pairs when the members

of X are sorted based on their j values, O=
j (X) to denote the subset of consecutive pairs

with equal j values, i.e., Oj(X) ∩ {(i1, i2) |xi1 [j] = xi2 [j]}, and #1
j to denote the index of

the point with the smallest j value. Furthermore, we assume as,j+1 for j = max(F ) to be

the false constant and define AR(t) (AL(t)) as the set of right (left) ancestors of terminal t.
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(as,j ,¬as,j+1) s < d, j ∈ F (4.1)

(as,0) s < d (4.2)

(¬as,j , as,j+1, ds,i1 ,¬ds,i2) s < d, j ∈ F, (i1, i2) ∈ Oj(X) (4.3)

(¬as,j , as,j+1,¬ds,i1 , ds,i2) s < d, j ∈ F, (i1, i2) ∈ O=
j (X) (4.4)

(¬as,j , as,j+1, ds,#1
j
) s < d, j ∈ F (4.5)

(¬ct,l1 ,¬ct,l2) t ∈ NT , l1, l2 ∈ [1..k] (4.6)

(
∨

l∈L

ct,l) t ∈ NT (4.7)

(
∨

s∈AL(t)

¬ds,i,
∨

s∈AR(t)

ds,i, ct,yi
,¬oi) t ∈ NT , xi ∈ X (4.8)

In order to model the objective, we include the soft clauses in Eq. (4.9) with unit weights,

which represent correctly classifying as many training points as possible.

(oi) xi ∈ X (4.9)

The number of clauses in Eq. (4.1) to Eq. (4.5) is in O(d|X||F |), in Eq. (4.6) and Eq. (4.7)

in O(k2|NT |), in Eq. (4.8) in O(|NT ||X|), and in Eq. (4.9) in O(|X|), resulting in the total

number of clauses to be in O(|X|(d|F | + NT )) if |X| ≥ k2.

4.3.3 Decoding

An assignment to the variables in Section 4.3.1 which is satisfying with regard to the hard

clauses in Section 4.3.2 is decoded into a reduced BDD in two steps.

In the first step, the assignment is decoded into a non-reduced BDD. We start by extract-

ing the values for the feature selection and threshold selection functions for the branching

sequence of length d, and the label selection function for the 2d terminals. Specifically, for

each branching s along the sequence, we set β(s) to the number of as,j variables that are

true. With the feature β(s) chosen, we set α(s) = xi[j] where (i, i′) ∈ Oj(X) are consecutive

data points according to the ordering of feature j such that si,s is true and si′,s is false.

If no such pair exists, we simply set α(s) to the maximum value of feature β(s). For each

terminal node t, we set θ(t) = l if the variable ct,l is true. Note that this assignment is valid

since Eq. (4.6) enforces that for each t, no two ct,l variables can be true at the same time.

Lastly, the sequence of branchings is expanded into a non-reduced (tree) BDD. Namely, we

learn a BDD D = (N , β, α, θ) where N is a tree of depth d, β(t) = β(s) and α(t) = α(s) for

each branching node t ∈ NB in level s, and θ(t) for each t ∈ NT is directly decoded from

the assignment.

In the second step, the resulting BDD is reduced by merging equivalent nodes and
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eliminating redundant nodes. Specifically, we transform D = (N , β, α, θ) by iteratively:

1) combining two terminal nodes t1, t2 ∈ NT that have the same label θ(t1) = θ(t2); 2)

combining two branching nodes t1, t2 ∈ NB that employ the same branching (β(t1), α(t1)) =

(β(t2), α(t2)); 3) replacing a parent node t ∈ NB with its child when its left and right children

are the same l(t) = r(t). Note that the reductions are valid since all combined nodes have

the same value for β, α, and θ functions and a replaced node has only one child.

4.4 BDD Size Optimization

In the encoding presented in Section 4.3, not all terminals of a solution are guaranteed to

contain training points. Thus, we may end up with empty terminals, which we can relabel

without affecting the training accuracy. However, the labels of such terminals can affect

the prediction on unseen datapoints as well as the size of the final reduced BDD. In Hu,

Huguet, and Siala [124], the labels of empty terminals are decided arbitrarily by the solver

and they investigate the impact of two post-processing relabelling heuristics on the testing

accuracy (i.e., accuracy on unseen data). The first heuristic assigns the majority label of

the terminal’s first non-empty ancestor. The second heuristic finds and merges equivalent

nodes in a greedy top-down search. Hu, Huguet, and Siala’s experiments showed that the

heuristics do not have significant impact on the testing accuracy. However, we demonstrate

how these heuristics can lead to sub-optimal size in Example 3.

Example 3. In this example, we provide two BDDs and highlight their empty terminals with

different options. In Figure 4.2, the BDD is reduced by assigning labels to terminals using

the non-empty ancestor heuristic. Reduction by an alternative labelling is then presented

to show that the heuristic is not guaranteed to optimize compactness. In Figure 4.3, the

BDD is reduced by assigning labels to terminals using the greedy top-down search. Similarly,

reduction by an alternative labelling is presented to show that the greedy approach is not

guaranteed to result in the lowest size.

(a) Non-reduced. Black (singular) labels corre-
spond to non-empty terminals, red (left) labels
correspond to the heuristic, green (right) labels
correspond to the alternative labelling.

(b) Reduced via the non-
empty ancestor heuristic la-
belling.

(c) Reduced via
the alternative la-
belling.

Figure 4.2: A non-reduced BDD, its heuristic-based reduction, and an alternative reduction.
Branching nodes are labelled with their level and solid (dotted) lines correspond to the left
(right) child. Terminal labels are not combined in the reduction for clarity.
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(a) Non-reduced. Black labels correspond to
non-empty terminals, red labels correspond to
the heuristic, green labels correspond to the
alternative labelling.

(b) Reduced via greedy top-
down labelling.

(c) Reduced via
the alternative
labelling.

Figure 4.3: A non-reduced BDD, its greedy-based reduction, and an alternative reduction.
Branching nodes are labelled with their level and solid (dotted) lines correspond to the left
(right) child. Terminal labels are not combined in the reduction for clarity.

In this section, we propose to use a combinatorial optimization problem for solving the

same problem as in Section 4.3, with additional compactness considerations via deciding

the labels of empty terminals. Specifically, we aim to model the size of the BDD after the

merging of its equivalent nodes and the removal of its redundant nodes. The variables and

clauses introduced in this section can be added to the encoding in Section 4.3 for the size

to be optimized as a secondary objective (i.e., 1-stage approach). Alternatively, to optimize

the size as a post-processing stage (i.e., 2-stage approach), we can use ct,l variables and

the clauses in Eq. (4.6) and Eq. (4.7) and disregard the rest of the encoding. In the post-

processing stage, we only model the assignment of labels to terminals. For the non-empty

terminals, we fix their assignment to the labels that have been decoded for them in the first

stage. Consequently, the post-processing stage focuses on optimizing the size of the solution

while maintaining its accuracy on the training data. In Section 4.4.1, we introduce variables

to represent the size of the reduced BDD. In Section 4.4.2, we present clauses to guarantee

the validity of size optimization. In Section 4.4.3, we prove that our size optimization is

optimal and show how it affects decoding the solution.

4.4.1 Variables and Structure

To optimize the size of a BDD, we need to model the reduction process. Since it is challenging

to model an iterative process in SAT, we equivalently model whether each branching node

will be eliminated at some point in the reduction process or not. Note that since the BDD

is ordered and the reduction is subject to a branching sequence, that is learned in the same

or a prior stage, the equivalency and redundancy of branching nodes are solely dependent

on the sequence of terminal labels. A descendent sequence of labels corresponding to a

branching node is naturally constructed as the order of appearance in the depth-first search

of that node with the left outgoing edges prioritized. The sequence label of the BDD is the

descendent sequence of the root. If the descendent labels of a branching node consists of

two equal substrings, the node is redundant and can be replaced with one of its children.

Moreover, if the descendent labels of two branching nodes are equal, they are equivalent and
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can be merged. We explicitly define variables to model the redundancy and equivalency of

branching nodes. Note that redundancy results in being eliminated in reduction. With a set

of equivalent nodes however, all but one are eliminated in the reduction. Thus, we impose

an order in our modelling of equivalency so that the first equivalent node is not considered

to be eliminated.

We define two sets to help with the structure of the encoding. We first define a set that

intuitively contains all pairs of terminals where comparing their labels impacts whether two

branching nodes are equivalent. The set E contains all tuples (t̂1, t̂2, t1, t2, t1, t2, s) with

branching nodes {t̂1, t̂2}, terminal nodes {t1, t2, t1, t2}, and 1 ≤ s < d such that t̂1 (t̂2) is a

branching node at level d − s with t1 (t2) as the first terminal in its descendent sequence

and t1 and t2 appear in the same position of the two descendent sequences corresponding

to t̂1 and t̂2. Members of E are limited to cases where t2 appears after t1 in the terminal

sequence.2

E = {(t̂1, t̂2, t1, t2, t1, t2, s) | ∃ 0 ≤ w < 2s : t1 = ls(t̂1), t1 = t+w
1 , t2 = ls(t̂2), t2 = t+w

2 , t1 < t2}

Next, we define a set that intuitively contains all pairs of terminals where comparing

their labels impacts whether a branching node is redundant. The set R contains all tuples

(t̂, t1, t2, t, s) with branching node t̂, terminal nodes {t1, t2, t}, and 1 ≤ s < d such that t̂

is at level d − s − 1, t1 and t2 appear in the same position of two descendent sequences

corresponding to the two children of t̂, and t appears at the beginning of the descendent

sequence of t̂ itself:

R = {(t̂, t1, t2, t, s) | ∃ 0 ≤ w < 2s : t1 = ls+1(t̂)+w, t2 = ls(r(t̂))+w, t = ls+1(t̂)}

The following set of binary variables represents redundancy and equivalency of branching

nodes by modelling repetition in terminal labels and their sequences:

• {σt1,t2 | (t̂1, t̂2, t1, t2, t1, t2, s) ∈ E}: Represents whether terminals t1 and t2 have been

assigned different labels. It is equivalent to θ(t1) ̸= θ(t2).

• {bt,∆ | (t̂, t1, t2, t, s) ∈ R,∆ = 2s+1}: Represents whether the sequence of ∆ la-

bels starting from terminal node t (inclusive) cannot be divided into two equal sub-

sequences. It is equivalent to t̂ not being redundant.

• {rt
1
,t

2
,∆ | (t̂1, t̂2, t1, t2, t1, t2, s) ∈ E,∆ = 2s}: Represents whether the sequence of ∆

labels starting from terminal node t1 is equal to the sequence of ∆ labels starting from

terminal node t2 (both inclusive). It is equivalent to t̂1 and t̂2 being equivalent.

2 The notation ls(.) stands for applying the l(.) function s times. Furthermore, t+w stands for starting
from terminal t and moving across the terminal sequence of the BDD by w steps. Lastly, t1 < t2 stands
for t2 appearing to the right of t1 in the terminal sequence.
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Note that there is redundancy in using R and E to define bt,∆ and rt
1
,t

2
,∆ variables,

respectively. Namely, multiple members of the two sets with different t1 and t2 values

correspond to the definition of one variable. Furthermore, note that variables σt1,t2 , bt,∆,

and rt
1
,t

2
,∆ are not defined for all possible index combinations. Specifically, ∆ always

refers to the length of a branching node’s descendent sequence of terminals (a power of 2),

and alongside a terminal node as the starting point, has a one-to-one correspondence to a

branching node. Consequently, bt,∆ is used to represent that the corresponding branching

node at level d − log2(∆) is not redundant. Moreover, rt
1
,t

2
,∆ is used to represent that

the two corresponding branching nodes at level d − log2(∆) are equivalent. Lastly, σt1,t2

is used when there are two branching nodes whose descendent sequences contain t1 and t2,

respectively, in the same position. Note that the number of σt1,t2 variables is in O(|NT |
2),

bt,∆ in O(|NT |), and rt
1
,t

2
,∆ in O(|NT |

2), resulting in the total number of variables to be in

O(|NT |
2).

4.4.2 Clauses

We propose the following sets of CNF clauses for modelling the size of a reduced BDD given

its terminal labels. The clauses in Eq. (4.10), Eq. (4.11), Eq. (4.12) guarantee that σt1,t2

variables correctly represent the difference in labels. The clauses in Eq. (4.13) guarantee

that each branching node can only be redundant if all of the corresponding terminal pairs in

the descendent sequences of its two children have the same label. The clauses in Eq. (4.14)

and Eq. (4.15) guarantee that a pair of branching nodes can only be equivalent if their

corresponding descendent terminals have the same label sequences.

(¬ct1,l,¬ct2,l,¬σt1,t2) (t̂, t1, t2, t, s) ∈ R, l ∈ [1..k] (4.10)

(¬ct1,l, ct2,l, σt1,t2) (t̂, t1, t2, t, s) ∈ R, l ∈ [1..k] (4.11)

(ct1,l,¬ct2,l, σt1,t2) (t̂, t1, t2, t, s) ∈ R, l ∈ [1..k] (4.12)

(bt,2s+1 ,¬σt1,t2) (t̂, t1, t2, t, s) ∈ R (4.13)

(¬rt
1
,t

2
,2s ,¬ct1,l, ct2,l) (t̂1, t̂2, t1, t2, t1, t2, s) ∈ E, l ∈ [1..k] (4.14)

(¬rt
1
,t

2
,2s , ct1,l,¬ct2,l) (t̂1, t̂2, t1, t2, t1, t2, s) ∈ E, l ∈ [1..k] (4.15)

To model our objective, we include the soft clauses in Eq. (4.16) where each clause

represents the corresponding branching node t̂1 to be either redundant, or equivalent to

another node appearing before it in the indexing order. Maximizing the number of redundant

or equivalent branching nodes will consequently minimize the size of our reduced BDD as

those are the nodes that will be eliminated in the reduction. Note that if size is being

considered as a secondary objective to accuracy, the clauses in Eq. (4.16) can be weighted

against the clauses in Eq. (4.9) proportionately. Otherwise, if size is our second-stage
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objective, we can use the clauses in Eq. (4.16) with unit weights.

(
∨

t
2
∈E(t̂1)

rt
2
,t

1
,∆,¬bt

1
,∆) t̂1 ∈ NB (4.16)

where t1 and ∆ are uniquely determined by finding a member (t̂1, ., ., t1, s) in R with ∆ =

2s+1, and E(t̂1) represents the set of all t2 where a member (t̂1, ., ., ., ., t2, .) can be found

in E and t2 appears before t1 in the terminal sequence. Intuitively, t1 represents the start

of the descendent sequence corresponding to t̂1 and each t2 represents the same for each

branching node of the same level that appears before t̂1.

The number of clauses in Eq. (4.10) to Eq. (4.15) is in O(|NT |
2) and in Eq. (4.16) in

O(|NB |), respectively. Thus, the total number of added clauses due to size optimization is

in O(|NT |
2).

4.4.3 Soundness and Decoding

We first show that our size optimization is sound, meaning that maximizing the number of

equivalent and redundant nodes is equivalent to minimizing the size of the resulting BDD

after reduction.

Proposition 4. Given a non-reduced (tree) BDD D = (N , β, α, θ) and its reduced equivalent

D′ = (N ′, β′, α′, θ′), the number of branching nodes in D that are redundant or equivalent

to a previous node, is equal to |NB | − |N ′B |.

Proof. To prove Proposition 4, we need to show, in both directions, that each redundant or

equivalent node corresponds to an eliminated node in the reduction. Assume that branching

node t ∈ NB is eliminated in the reduction:

• If it is replaced with one of its children, the descendent sequences of its two children

must be the same. Thus, t was redundant in D.

• If it is merged with one of the branching nodes in the same level, one of them must

appear sooner in the indexing order. Thus, the node that appears later, which is

considered eliminated, was equivalent to a previous node in D.

For the opposite direction, we describe a procedure that reduces the BDD by iteratively

merging equivalent nodes and removing redundant ones:

• For each set of branching nodes T ⊆ NB , remove all but the one that appears first in

the indexing order.

• For each level s ∈ [0..d − 1], replace each branching node t ∈ NB that has the same

left and right children with its child.

Note that the number of node eliminations in this procedure is equal to the number of nodes

that are considered redundant or equivalent to a previous node.
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We have shown our size optimization objective equates to the number of nodes eliminated

in a full reduction. Based on Theorem 2, we can conclude that our encoding correctly models

the final size of a reduced BDD and can be used for achieving optimal compactness. Note

that our size optimization is subject to fixed accuracy and non-empty terminals (2-stage

approach) or being weighted against accuracy (1-stage approach).

Figure 4.4 shows a non-reduced BDD and its reduced counterpart. Table 4.1 includes the

corresponding size optimization variables, their values, and the branching nodes that they

allow us to remove in the reduction. Note that the reduced BDD is produced by removing

and merging all of the branching nodes indicated by the table.

(a) Non-reduced. (b) Reduced.

Figure 4.4: Example of optimizing the size of a BDD from its non-reduced version to the
reduced counterpart.

Variable bt1,2 bt1,4 bt1,8 bt3,2 bt5,2 bt5,4 bt7,2
Value False True True True True False True

Remove t̂4 - - - - t̂3 -

Variable rt1,t3,2 rt1,t5,2 rt1,t7,2 rt3,t5,2 rt3,t7,2 rt5,t7,2 rt1,t5,4
Value False False False True True True False

Remove - - - t̂6 t̂7 t̂7 -

Table 4.1: Size optimization variables corresponding to the BDD in Figure 4.4.

Decoding

To decode the solution, we simply need to do as we did in Section 4.3.3, since the additional

variables for size encoding are not involved in structuring the BDD. Once we decode and

reduce the solution as before, Proposition 4 guarantees that we will end up with a size that

corresponds to our objective value. Specifically, we will have one branching node remaining

for every unsatisfied soft clause in Eq. (4.16). The decoding for the 2-stage approach differs

from that of the 1-stage approach as it re-learns the values for the θ function after the

post-processing stage in which the labels might change.
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4.5 Multi-Dimensional BDDs

In Section 4.3 and Section 4.4, we presented the approach to learn BDDs by finding trees and

then reducing them to diagrams, with or without optimizing the size of the final reduced

BDD. However, the number of clauses in Eq. (4.8) is exponential in the length of the

branching sequence and multiplied by the size of the dataset. To alleviate this blow-up

in our encoding, we consider learning diagrams, rather than trees, directly. This is in line

with our goal of utilizing BDDs as a way to mitigate the exponential size of decision trees.

A direct encoding of diagrams can help us consider more expressive solutions in a smaller

encoding by utilizing more branchings. In this section, we look at a family of diagrams that

contain branchings over multiple features at each level, i.e., multi-dimensional branchings.

We define multi-dimensional branchings as a division dictated by a directional inner BDD

which has 0 and 1 labels.

Definition 18 (Directional Inner BDD). Given a set of features F and a dimension d̂, a

directional inner BDD D↔ is an ordered BDD with a branching sequence of length d̂ with 0

and 1 as labels.

Definition 19 (Multi-dimensional Branching). Given a finite set of features F , a multi-

dimensional branching is a division of data points into two groups using a directional inner

BDD D↔. The multi-dimensional branching directs a data point x based on the label assigned

by D↔ (0 or 1). The dimension of a multi-dimensional branching is the dimension of its

directional inner BDD.

A BDD that operates on multi-dimensional branchings is referred to as a multi-dimensional

BDD. We formally define multi-dimensional BDDs by augmenting Definition 13 with direc-

tional inner BDDs and the χ function which assigns them to branchings.

Definition 20 (Multi-dimensional Binary Decision Diagram). Given a set of features F and

integer labels [1..k], a multi-dimensional binary decision diagram is a tuple D̂ = (N , χ, θ)

where N is a binary diagram structure, the function χ assigns a directional inner BDD to

each branching node, and θ : NT → [1..k] is the terminal labelling function.

Note that label assignment, size, and reduction properties of multi-dimensional BDDs

are defined analogously to standard BDDs. All notions are still applicable since multi-

dimensional branchings are the same as standard branchings in dividing the points into two

parts. Next, we define the problem of learning multi-dimensional BDDs with maximum

accuracy.

Problem 5 (Max-Accuracy Multi-dimensional BDD). Given a set of features F , integer

labels [1..k], a set of training data points X ⊂ R
|F |, a labeling γ : X → [1..k], a maximum

number of multi-dimensional branchings d, and a sequence of dimensions [d̂0, d̂1, ..., d̂d−1],

output a maximum accuracy (Definition 9) ordered multi-dimensional binary decision dia-

gram D̂ with a multi-dimensional branching sequence of length d that corresponds in dimen-

sions to [d̂0, d̂1, ..., d̂d−1].



CHAPTER 4. COMPACT BINARY DECISION DIAGRAMS FOR CLASSIFICATION 74

(a) Directional
inner BDD D↔

1 .
(b) Multi-dimensional
BDD D̂.

(c) Directional
inner BDD D↔

0 .
(d) Reduced stan-
dard BDD D.

Figure 4.5: A multi-dimensional BDD operating on two 2-dimensional directional inner
BDDs and its equivalent standard BDD.

A multi-dimensional branching is a generalization of a standard branching, which makes

a multi-dimensional BDD at least as expressive as a standard BDD with the same number

of branchings. It is not clear to what extent multi-dimensional BDDs are more expressive

than standard BDDs. We formally state an upper bound in terms of standard BDDs for

the expressiveness of their multi-dimensional variants in Proposition 5.

Proposition 5. Consider a multi-dimensional BDD D̂ = (N , χ, θ) with a branching se-

quence of length d corresponding to directional inner BDDs [D↔0 ,D↔1 , ...,D↔d−1] of dimen-

sions [d̂0, d̂1, ..., d̂d−1]. There exists a BDD D with a branching sequence of length
∑

i<d d̂i

that is equivalent to D̂.

Proof. We prove by construction that D̂ can be unfolded into a standard BDD where branch-

ings correspond to the branchings that are employed within each directional inner BDD.

We let D be a tree BDD. We extract the β and α values from the branching sequence of

each directional inner BDD and concatenate the values to make up the branching sequence

of D, we use β(s) and α(s) to refer to the branching at position s of the concatenated

sequence. Next, we learn the values for the θ function. Given that D has a tree structure,

every terminal node t ∈ NT corresponds to a sequence of 0 and 1 values to branchings that

will direct a point to this terminal. For a particular t ∈ NT , we take this sequence, divide

it into sub-sequences corresponding to each directional inner BDD, retrieve the sequence of

labels that each sub-sequence leads to [l0, l1, ..., ld−1], feed the sequence of labels as outputs

of multi-dimensional branchings to D̂, and retrieve the output label as the θ(t) value.

Note that our construction guarantees that given the same value for standard branchings,

the outputs of D and D̂ are the same. Therefore, the two BDDs are guaranteed to assign

the same label to every data point x.

Note that the resulting tree can still be reduced into a smaller diagram following the

standard procedure.

In Figure 4.5, we depict the procedure from the proof of Proposition 5 which constructs

an equivalent standard BDD from a multi-dimensional BDD and its two inner directional

BDDs. Figure 4.6 further elaborates on the procedure by showing how the multi-dimensional

BDD is operating internally and how it initially unfolds into a non-reduced standard BDD.
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(a) Inner operations of the multi-
dimensional BDD.

(b) Unfolding of the multi-dimensional BDD.

Figure 4.6: The unfolding procedure for the multi-dimensional BDD from Figure 4.5.

We conclude from Proposition 5 that, in terms of expressiveness, a multi-dimensional

BDD with dimensions [d̂0, d̂1, ..., d̂d−1] is interposed between two BDDs. The lower bound

BDD has a branching sequence of length d and the upper bound BDD has a branching

sequence of length
∑

i<d d̂i. Previous works have considered other representations that are

designed to be more expressive than BDDs, such as sentential decision diagrams [68] or

read-k-times branching programs [47, 152].

Next, we present an encoding for learning multi-dimensional BDDs and solve Problem 5.

In Section 4.5.1, we introduce variables that encode the sequence of directional inner BDDs.

In Section 4.5.2, we describe how the hard clauses in our encoding are modified for leaning

multi-dimensional BDDs. In Section 4.5.3, we show how the modified encoding is decoded

into a solution.

4.5.1 Variables

In order to encode a multi-dimensional BDD, we use the same set of variables as Section 4.3.1

but remove as,j variables since a multi-dimensional branching corresponds to a directional

inner BDD, not simply a selected feature. To more clearly structure the new variables, we

define the set SH which contains all pairs of indices along the sequence of multi-dimensional

branchings, and indices along the branching sequence of the corresponding directional inner

BDD:

SH = {(s, h) | 0 ≤ s < d, 0 ≤ h < d̂s}

We add the following variables to encode the inner-workings of each directional inner

BDD, similar to how we encode standard BDDs. Specifically, we introduce variables to en-

code the values of βs, αs, and θs functions, for each directional inner BDD that corresponds

to position s of the multi-dimensional branching sequence:

• {â(s,h),j | (s, h) ∈ SH , j ∈ F}: Represents whether the feature chosen at branching h

of directional inner BDD s is or comes before j. It is equivalent to βs(h) ≤ j.
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• {d̂(s,h),i(s, h) ∈ SH , xi ∈ X}: Represents whether point xi is directed to left at branch-

ing h of directional inner BDD s. It is equivalent to xi[βs(h)] ≤ αs(h).

• {ĉs,t | 0 ≤ s < d, t ∈ NT }: Represents whether terminal t of directional inner BDD s

is assigned the label 1. It is equivalent to θs(t) = 1.

Note that since a directional inner BDD only has two output labels, we do not need to

have one ĉs,t variable for each output. It suffices to have one that represents a label of 1

while its negation represents a label of 0. Note that the number of variables required for

each directional inner BDD is proportional to a standard BDD with the same number of

branchings, i.e., O(d|X|).

4.5.2 Clauses

We discard clauses in Eq. (4.1) to Eq. (4.5) from the original encoding since standard

branchings are no longer employed in the multi-dimensional BDD. We keep the clauses

Eq. (4.6) to Eq. (4.9) however, since we still need to model labels and terminals containing

points.

To complete our encoding, we add CNF clauses for modelling the directional inner BDDs,

similar to how we modelled BDDs in our original encoding. The label that is assigned to

a data point by a directional inner BDD is then used to determine the direction that the

point will be guided towards in a multi-dimensional branching. The clauses in Eq. (4.17)

and Eq. (4.18) guarantee that one feature is selected at each branching of each directional

inner BDD by enforcing the ordered encoding of â(s,h),j variables. The clauses in Eq. (4.19),

Eq. (4.20), and Eq. (4.21) guarantee that each branching of each directional inner BDD

conforms to a pairing of selected feature and threshold. The clauses in Eq. (4.22) and

Eq. (4.23) guarantee that the direction of a point in a multi-dimensional branching matches

the label of its containing terminal in the corresponding directional inner BDD. The clauses

in Eq. (4.24) guarantee the leftmost terminal in each directional inner BDD (represented

by the shorthand 0) to be assigned the 0 label. These clauses play a role analogous to that

of the clauses in Eq. (4.5) from the original encoding, as they are both intended to break

symmetry within branchings (see Section 3.3.2 for further discussion). Unlike the original

encoding, enforcing a value of 0 here is not guaranteed to impact data points, since the

leftmost terminal is not guaranteed to contain any points.
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(â(s,h),j ,¬â(s,h),j+1) (s, h) ∈ SH , j ∈ F (4.17)

(â(s,h),0) (s, h) ∈ SH (4.18)

(¬â(s,h),j , â(s,h),j+1, d̂(s,h),i1 ,¬d̂(s,h),i2) (s, h) ∈ SH , j ∈ F, (i1, i2) ∈ Oj(X) (4.19)

(¬â(s,h),j , â(s,h),j+1,¬d̂(s,h),i1 , d̂(s,h),i2) (s, h) ∈ SH , j ∈ F, (i1, i2) ∈ O=
j (X) (4.20)

(¬â(s,h),j , â(s,h),j+1, d̂(s,h),#1
j
) (s, h) ∈ SH , j ∈ F (4.21)

(
∨

h∈AR(s,t)

d̂(s,h),i,
∨

h∈AL(s,t)

¬d̂(s,h),i, ds,i,¬ĉs,t) 0 ≤ s < d, xi ∈ X, t ∈ N s
T (4.22)

(
∨

h∈AR(s,t)

d̂(s,h),i,
∨

h∈AL(s,t)

¬d̂(s,h),i,¬ds,i, ĉs,t) 0 ≤ s < d, xi ∈ X, t ∈ N s
T (4.23)

(ĉs,0) 0 ≤ s < d (4.24)

where N s
T contains the terminals of the directional inner BDD at position s, AR(s, t)

(AL(s, t)) contains the right (left) ancestors of terminal t ∈ N s
T , and â(s,h),j+1 for j =

max(F ) is assumed to be the false constant.

Note that the number of clauses in Eq. (4.22) to Eq. (4.24) is in O(|X|
∑

s |N
s
T |) where

∑
s |N

s
T | equals the sum of each dimension to the power of two. The number of clauses in

Eq. (4.17) to Eq. (4.21) are proportionate to a standard BDD with the same number of

branchings.

4.5.3 Decoding

A satisfying assignment to the variables of our multi-dimensional BDD encoding can be de-

coded into a tree BDD operating on multi-dimensional branchings. Specifically, the variables

that we kept from the original encoding are decoded as before to make up the θ function

for the multi-dimensional BDD. Moreover, for every s value (a multi-dimensional branching

along the sequence) the values of the corresponding variables presented in Section 4.5.1 are

decoded into a directional inner BDD, analogous to our decoding of standard BDDs.

In order to further transform the result into a BDD operating on standard branchings,

we can transform the multi-dimensional BDD according to the procedure described in the

proof of Proposition 5. Note that the number of branchings in the resulting BDD is equal

to the sum of dimensions from the multi-dimensional BDD. However, we might be able

to reduce the transformed BDD in ways that were not possible in the multi-dimensional

format. For example, two directional inner BDDs might employ the exact same branching,

leading to the complete elimination of a level when reducing the transformed BDD.

The size optimization presented in Section 4.4 can also be utilized as a secondary stage

to learning multi-dimensional BDDs. Namely, after the solution is decoded and transformed

into a standard BDD, the resulting BDD can be used to assign labels to all of the training

data points to determine the terminals that do not contain any points. Once the empty ter-

minals are detected, we can adjust the size optimization encoding by setting d =
∑

i<d d̂i and
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proceed as before. Additionally, we may want to enforce that there is a multi-dimensional

BDD employing our learned multi-dimensional branchings, that is equivalent to our stan-

dard BDD after optimizing the size. In that case, we can add straight-forward clauses to our

size encoding that guarantees transformed terminals that correspond to the same terminal

in the original multi-dimensional BDD, are assigned the same label.

4.6 Experimental Setup

In this section, we describe the setup of our experiments to evaluate our BDD encoding.

Namely, we discuss implementation details, the state-of-the-art baseline against which we

compare, and the datasets for which we learn BDDs.

4.6.1 Implementation

We use the Java programming language to produce encodings and the Loandra MaxSAT

solver [34] to solve each instance. We set the solver timeout limit to 15 minutes and use the

best found solution in case of a timeout. Our experiments are run on an AMD EPYC 7502

32-core processor and 256GB of RAM.

4.6.2 Baseline

We compare our approach against the recent work on SAT-based learning of BDDs. Hu,

Huguet, and Siala [124] aims to find BDD classifiers with maximum accuracy similar to our

approach. However, unlike our approach, they only support binary classification and require

pre-processing of each numerical feature into a set of binary features. The pre-processing

for binarization of features matches that used by the decision tree baselines discussed in

Section 3.7.2, and follows the procedure described in Example 2. Hu, Huguet, and Siala

focuses solely on optimizing accuracy and does not explicitly model the size of the reduced

BDD. To decide the labels of empty terminals, they use the heuristics described in Example 3

alongside arbitrary assignment of labels done by the solver as three candidate methods.

Note that Hu, Huguet, and Siala [124, 125] have compared optimal BDDs against optimal

decision trees and heuristic decision trees and found that BDDs are competitive in terms of

testing accuracy and have smaller size. Our approach aims to improve the performance of

Hu, Huguet, and Siala and learn more compact BDD classifiers with comparable accuracy.

We therefore compare our approach to Hu, Huguet, and Siala in terms of runtime, accuracy,

and size of BDDs.

4.6.3 Datasets

We run our experiments on 11 datasets from the UCI repository [77] covering different

number of labels, both numerical and binary features, and different dataset sizes. Table 4.2

reports the datasets with their number of data points |X|, number of numerical features
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|FN |, number of binary features |FB |, number of features after explicit binarization in the

baseline f̃ , and number of class labels k. Following the discussion in Section 3.7.3, we

highlight that the datasets for the experiments in this chapter are also selected with feature

interpretability in mind.

Name |X| |FN | |FB | f̃ k

Banknote 1372 4 0 5016 2
Breast Cancer 116 9 0 891 2
Cryotherapy 90 5 1 93 2

Immunotherapy 91 6 1 166 2
Ionosphere 351 32 2 8114 2

Iris 150 4 0 119 3
User Knowledge 258 5 0 431 4

Vertebral Column 310 6 0 1741 2
Wine 178 13 0 1263 3
Car 1728 6 0 15 2

Monk2 169 4 2 11 2

Table 4.2: Description of the datasets used in our experiments.

4.7 Experimental Results

In this section, we perform studies to experimentally analyze the performance of our en-

coding for learning maximum accuracy BDDs (Section 4.3), BDDs with size optimization

(Section 4.4), and multi-dimensional BDDs (Section 4.5). We compare the performance of

our approach against state-of-the-art BDD learning baseline and investigate the trade-off be-

tween size, accuracy, and performance in 1-stage, 2-stage, and multi-dimensional approaches

to learning compact diagrams. Throughout the experiments, we seek to find out whether

compactness can be achieved without significant compromise, and investigate its impact

on testing accuracy. Furthermore, we aim to understand if the added expressiveness of

multi-dimensional BDDs allows us to achieve high quality solutions with lower number of

branchings.

4.7.1 Comparison Against Baseline

In our first set of results, we compare the performance of our approach in terms of runtime

and solution quality against Hu, Huguet, and Siala for different numbers of branchings.

Note that while our approach learns multi-terminal BDDs, Hu, Huguet, and Siala’s ap-

proach learns standard BDDs and is unable to support datasets with more than two labels.

Furthermore, since the objective in Hu, Huguet, and Siala does not include compactness

considerations, we similarly use our base encoding from Section 4.3 that only optimizes ac-

curacy. As both approaches explore the same space of (feasible and) optimal BDD solutions,

we focus our comparison on optimization performance (i.e., training accuracy and runtime).
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Dataset d
Accuracy (%) Time (s)

Ours Baseline [124] Ours Baseline [124]

Banknote
4 96.8 96.8 843.01 TO
5 97.6 90.4 TO TO
6 98.5 91.8 TO TO

Breast Cancer
4 89.7 89.7 TO TO
5 92.2 91.4 TO TO
6 94.8 94.8 TO TO

Cryotherapy
4 97.8 97.8 1.23 2.43
5 98.9 98.9 3.97 9.41
6 100 100 0.44 1.64

Immunotherapy
4 95.6 95.6 8.18 26.65
5 96.7 96.7 74.08 290.99
6 97.8 97.8 433.35 TO

Ionosphere
4 94.9 90.6 TO TO
5 95.2 85.8 TO TO
6 96.6 90.6 TO TO

Iris
4 98.7 - 0.67 -
5 99.3 - 0.62 -
6 100 - 0.43 -

User Knowledge
4 94.2 - 54.57 -
5 95.7 - 828.34 -
6 97.7 - TO -

Vertebral Column
4 88.1 87.7 TO TO
5 89.7 90 TO TO
6 91 90.3 TO TO

Wine
4 99.4 - 29.29 -
5 100 - 2.07 -
6 100 - 1.14 -

Car
4 92.5 92.5 316.88 TO
5 92.9 92.9 TO TO
6 95.4 95.4 TO TO

Monk2
4 74.6 74.6 85.49 473.43
5 84.6 84.6 185.3 416.37
6 100 100 0.35 1.09

Table 4.3: Results for learning max-accuracy BDDs.

Based on the results presented in Table 4.3, we see that our approach is able to achieve

a higher than or equal to Hu, Huguet, and Siala [124] accuracy in all but one case. Further-

more, the runtimes of non-timeout cases show that our approach can also prove optimality

much faster. As we expected given our direct encoding of non-binary values, the improve-

ment is most noticeable in datasets with highly numerical features, namely Banknote and

Ionosphere. For highly numerical datasets, we have observed Hu, Huguet, and Siala to
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struggle even at generating a SAT instance without solving it.

4.7.2 1-Stage and 2-Stage Size Optimization

Next, we evaluate the encoding presented in Section 4.4 to minimize the size of our learned

BDDs. We perform size optimization in 1-stage and 2-stage approaches. In the 1-stage

approach, we use different values for the weight of the size objective against the accuracy

objective. Given a weight ξ and d branchings, the combined size and accuracy objective

aims to find a solution D with maximum ξ.acc(D)− |ND
B |

(2d−1) , where NDB is the set of branching

nodes in the reduced version of D and acc(D) represents its accuracy. We divide the size

of NDB by its maximum value to normalize its contribution to the objective function. Both

components of the objective have a range of values from 0 to 1.

We use ξ = ∞2 to denote the 2-stage approach, ξ = ∞1 to denote that accuracy is

completely prioritized over size in the 1-stage approach, and Def. to denote the approach

without any size optimization. Note that even in the 1-stage approach, running the second

stage can further optimize the size if the first stage have yielded a sub-optimal solution (due

to a timeout). However, we opt against mixing the two approaches for the sake of clarity

in comparison between the two. In contrast to the previous experiment in which we only

focused on training accuracy, we use 5-fold cross validation and report the average value

across folds to understand the effects of compactness on generalization and testing accuracy.

The results are presented in Figure 4.7. As expected, we see increase in training accuracy

and size as we shift the priority to accuracy by first increasing the ξ value and then changing

to ∞1, ∞2, and Def., respectively. However, the improvement in accuracy stagnates while

the size continues to grow, indicating that a large enough ξ value can act as complete

prioritization of accuracy. Interestingly, testing accuracy stagnates sooner and suffers from

a larger variability as ξ increases, demonstrating a limited but positive effect of compactness

on testing accuracy and generalization. Note that ξ = ∞1 is guaranteed to lead to a size

that is equal or lower compared to ξ = ∞2 if all stages are run to optimality. In practice

however, ξ = ∞2 and ξ = ∞1 cases lead to competitive sizes due to the fact that most of

the 1-stage runs are timed out.

The solutions for lower ξ values in the 1-stage approaches are significantly smaller com-

pared to the ξ = ∞2 case, highlighting the importance of adding size considerations while

the solution is being learned towards maximum accuracy. However, optimizing size as a

second stage still provides a significant size reduction compared to the case with no size

optimization. Table 4.4 provides a detailed report of the results per dataset. Note that

in some cases a BDD of size 0 is achieved, which indicates that all branching nodes are

redundant and the BDD is equivalent to a singular terminal.

4.7.3 Multi-Dimensional BDDs

In our next set of experiments, we evaluate our approach for directly learning multi-

dimensional BDDs. Our goal is to understand whether the added expressiveness of multi-
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(a) Size. (b) Training Accuracy. (c) Testing Accuracy.

Figure 4.7: Distributional results for optimizing BDDs in size and accuracy across datasets
for different ξ values.

dimensional BDDs allows us to find higher quality solutions in compact sizes. Furthermore,

we study how the division of dimensions along a sequence of multi-dimensional branch-

ings can affect the performance and the quality of the solution. We consider one balanced

BDD with three multi-dimensional branchings (2-2-2) and one unbalanced BDD with one

3-dimensional branching followed by three 1-dimensional branchings (3-1-1-1). Finally, we

use the size encoding in Section 4.4 to optimally decide the labels of empty terminals to-

wards compactness in a second stage. Note that the size of a multi-dimensional BDD is

considered to be its number of branching nodes (|NB |) after it is unfolded and reduced.

The results of the third set of experiments are presented in Figure 4.8 and show that the

two multi-dimensional approaches achieve training accuracy that is higher than a standard

BDD with 5 branchings and lower than one with 6 branchings. Since the sum of dimensions

equal 6 in both cases, the upper bound is expected according to Proposition 5. However, the

comparison against the BDD with 5 branchings shows that the multi-dimensional approaches

perform better than their theoretical lower bound (respectively, a standard BDD with 3 and

4 branchings) in practice. The same comparison is observed in testing accuracy and size.

However, the approach with a dimension sequence of 3− 1− 1− 1 is able to achieve smaller

variability in testing accuracy while still being close to the best approach in size. Finally,

we see a lower number of clauses and a significantly shorter average clause length for our

multi-dimensional approaches against standard BDDs of similar expressiveness. Table 4.5

presents the detailed results of this experiment with a larger set of dimension sequences

considered.

Next, we run experiments for a significantly larger dataset, namely the Adult dataset

(|X| = 32561, |F | = 105, k = 2), to investigate the difference in encoding size and per-

formance between standard and multi-dimensional BDDs on large datasets. In this exper-

iment, we avoid 5-fold cross-validation as we focus on the optimization performance of the

two methods. Given the scale of the tasks, we increase the timeout limit to 60 minutes.

In Figure 4.9, we compare standard (1-dimensional) BDDs against ones employing 2, 3,
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Dataset d Size Training Accuracy (%) Testing Accuracy (%)

ξ 1 3 10 ∞1 ∞2 1 3 10 ∞1 ∞2 1 3 10 ∞1 ∞2

B
a
n
k
n
o
te 4 1 3.6 4 4 4.4 85.3 95.8 96.8 96.8 96.8 85.2 95 96.6 96.6 96.4

5 3 4 5 11 6 94 96.8 97.6 97.5 97.6 93.7 96.4 96.9 96.8 96.7

6 4 6 5.8 19.8 6.4 96.8 98.6 98.4 98.6 98.6 96.5 97.4 97.4 97.2 97.2

B
re
a
st

4 1 4 5.2 6.4 6.8 72.4 88.8 90.7 90.7 90.7 71.5 75.9 75.9 78.4 77.6

5 3.8 5.4 11.4 11.8 11 88.8 91.8 94 94 94 74.1 70.7 74.1 72.4 72.5

6 5.6 9.4 22.2 22.4 16 92.9 96.1 97 97.2 97.2 75 71.6 63 71.6 65.5

C
ry
o
. 4 1 3 4.8 4.8 6 86.1 94.7 97.8 97.8 97.8 75.6 88.9 92.2 92.2 94.4

5 2.4 5.2 5.8 5.8 8 93.1 99.2 99.4 99.4 99.4 83.3 94.4 91.1 91.1 90

6 4.6 5.8 5.8 5.8 10.4 98.3 100 100 100 100 95.6 87.8 90 90 82.2

Im
m
u
n
o
. 4 1 2.2 5.4 5.4 6.8 87.2 91.4 95.6 95.6 95.6 82.2 83.3 83.3 83.3 85.6

5 1.6 4.4 5.4 5.4 8.4 89.7 95.3 96.7 96.7 96.7 81.1 81.1 78.9 81.1 73.3

6 3.8 7.2 10 10 14 94.7 98.3 99.2 99.2 99.2 80 76.7 73.3 72.2 75.6

Io
n
o
s.

4 1.8 2.4 4 5.6 4 90 92 95.2 94.9 95.2 87.2 90.9 90.9 90.3 92.3

5 2 3.6 5.2 10.2 8.4 91.2 94.4 95.9 95.7 95.9 89.7 91.7 89.5 85.8 89.2

6 2.4 6 7 17.2 12.8 92 96.3 96.9 97.2 97.1 90.9 88.6 88 86.9 86.3

Ir
is

4 2 2.4 3.8 3.8 4.2 96.3 97.3 98.8 98.8 98.8 94 94 94.7 94.7 94

5 2 2.8 5.2 5.2 6 96.3 98 99.5 99.5 99.5 94 95.3 96.7 96 96

6 2.8 5.4 5.8 5.8 7 98 99.8 100 100 100 95.3 95.3 94.7 96 94.7

U
se
r

4 2.2 4.4 6 6 6 82.8 91.5 94.3 94.3 94.3 79.8 87.6 93.4 93.4 93.4

5 4 6 6.2 9.2 7 90.5 95.9 96 96 96 86 93 91.9 93.8 92.2

6 6 7 8 31.6 9.2 96.2 97.2 97.8 97.8 97.8 93 93 95.7 95.7 95.4

V
er
te
b
ra
l

4 1.2 2.4 4 5.4 4.6 81.8 86.8 89.8 89.8 89.8 76.8 76.5 79 78.1 77.7

5 2.2 4.2 5.2 10.6 8.6 86.1 89.4 89.8 90.8 91 74.8 81.6 81.9 79.7 76.1

6 3.4 6.2 10.2 20.6 15 88.5 91.6 92.4 92.8 92.7 80.3 80.3 79 76.8 78.7

W
in
e 4 2.2 3 4 5 6.4 93.8 98.5 99.6 99.9 99.9 87.7 96.6 93.3 93.3 93.9

5 3 3.6 4.6 4.6 9.4 98.5 99.3 100 100 100 95 95 96.7 95.5 92.7

6 3 4.6 4.6 4.6 10 98.5 100 100 100 100 95 93.3 92.2 93.3 93.3

C
a
r

4 2 4 4 4 5.4 85.5 92.5 92.5 92.5 92.5 85.5 92.5 92.5 92.5 92.5

5 3.2 4 4.6 6.8 7.4 90 92.5 92.9 93.1 93.1 88.6 92.5 91.7 92.1 92.1

6 4 6.6 6.8 12.2 9.6 89 95 95 95.4 95.4 87.6 93.8 93.9 94.7 94.7

M
o
n
k
2 4 0 3.4 5.4 5.4 6.6 62.1 71.7 75.4 75.4 75.4 62.1 63.3 64.5 65.6 63.9

5 0.6 7.8 9 9 13 64.6 84.3 84.9 84.9 84.9 59.7 79.3 76.4 77.6 74.6

6 7.6 11.8 11.8 11.8 13.4 86.2 100 100 100 100 81.7 98.2 98.8 98.2 99.4

Table 4.4: Average 5-fold results for learning BDDs with the combined objective of accuracy
and compactness.
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(a) Size. (b) Training Accuracy. (c) Testing Accuracy.

(d) Number of clauses. (e) Average Clause Length.

Figure 4.8: Distributional result for learning BDDs with two number of branchings and
Multi-dimensional BDDs with two dimension sequences.

and 4-dimensional branchings that have the same total number of dimensions. The number

and length of clauses reported in Figure 4.9 depict the exponential growth of encoding size

for the standard approach. The training accuracy presented in Figure 4.9 shows that the

exponential size causes the standard approach to decrease in quality and finally cease to

produce any solutions due to memory overflow. We observe that by using two-dimensional

branchings, we maintain a higher accuracy over a significantly larger portion of dimension

sums. Three-dimensional and four-dimensional branchings prove to be more challenging

compared to two-dimensional branchings. However, we are still able to find solutions for

higher total number of dimensions compared to the 1-dimensional branchings. Note that

the sum of dimensions is equal to the total number of features that a multi-dimensional

BDD employs. Thus, producing solutions for higher dimension sums equates to being able

to exploit more features of the data in solving classification.
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(a) Training accuracy. (b) Number and average length of clauses.

Figure 4.9: Results for learning BDDs and multi-dimensional BDDs for the Adult dataset.

4.8 Related Work

Decision tree classifiers are traditionally constructed via local search and heuristics [50,

230, 229]. Recent advances in tools and techniques for solving combinatorial optimization

problems have enabled approaches for finding optimal decision trees via branch-and-bound

search [6], SAT-based encodings [126, 19], Constraint Programming [280], or Mixed Inte-

ger Programming [37]. Combinatorial approaches produces solutions that are optimal in

accuracy, size, or both. An example of learning optimal decision trees in both objectives

is our SAT-based approach that was presented in Chapter 3. The size of a decision tree

is often measured by its depth or number of nodes, which does not take into account the

amount of redundancy between nodes. Decision diagrams address redundancy directly by

merging equivalent nodes. Approaches to learn optimal decision diagrams via combinatorial

optimization problems usually require a pre-determined skeleton as input.

The work in Florio et al. [84] requires the depth of the diagram and the width for each

level to be provided by user. They will then formulate the problem in mixed integer pro-

gramming (MIP) to learn branchings for each node, connections from each level to the next,

and direct connections from each level to terminals. While requiring a skeleton as an input

parameter can be limiting, the authors argue that only providing the width of each level is

expressive enough and supports a variety of structures. Semi-determining the skeleton prior

to learning has the benefits of improved performance and strict control on compactness,

but requires involvement of experts and/or heuristics and can lead to sub-optimal solutions.

The approach in Florio et al. further supports fairness properties (e.g., demographic parity),

size, and stability (i.e., minimum support) to be optimized or regularized as objectives or

bounded as constraints, further highlighting the benefits of using declarative combinatorial

optimization problems to learn inherently interpretable models. Existing MIP tools also

support techniques including warm-starts to improve the solving performance. Moreover,

due to the numerical nature of MIP, the authors are able to naturally extend their support

to multi-variate branchings. However, their categorical branchings are limited to one-hot

encoding which we showed to be less expressive than power set branching in Section 3.8.2.
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Contrarily, our SAT-based encoding for learning BDDs can easily be extended to support

power set branching as it uses the basis of the encoding presented in Section 3.3. We opt

against using Florio et al. as a baseline since it does not enforce the oblivious property and

allows different branchings across a decision level. As a result, Florio et al. finds solutions

that are more expressive but can be considered less interpretable.

Oblivious decision diagrams encourage compactness even further by requiring all branch-

ings of the same level to be the same, leading to only a linear number of branchings instead

of exponential as in ordinary decision trees. Binary Decision Diagrams (BDD) are oblivious

decision diagrams that can be reduced and ordered, making them ideal candidates to repre-

sent boolean functions. While BDDs are commonly used for hardware synthesis [52, 9, 202,

159], there has been a recent focus on utilizing BDD classifiers as interpretable solutions

[124, 53].

Similar to some variants of our approach, the algorithm in Hu, Huguet, and Siala [124]

uses a SAT-based encoding to learn BDD classifiers as oblivious ordered decision trees which

will then be reduced to diagrams by merging isomorphic subgraphs and removing redundant

branchings. They propose to solve the perfect classification problem by solving SAT and

the maximum accuracy problem by solving MaxSAT variations of their encoding, the same

two objectives that we optimize in our decision tree classification work from Chapter 3.

Like many state-of-the-art combinatorial approaches to learn decision trees and diagrams,

their approach suffers from a lack of direct support for non-binary features. They provide

two ways of encoding branchings, with the latter improving the former in size by explicitly

modeling the values of each point for each chosen feature in the diagram. The contrast

in performance emphasizes that the same problem can be formulated into a declarative

combinatorial optimization problem to different levels of success and it is worthwhile to

elegantly design and refine models. Since reduction is done in a secondary stage, the labels

of terminals can impact the final size of the BDD, even if they are empty and do not

impact the training accuracy. Three biases are introduced to determine the labels of empty

terminals after learning a non-reduced tree, but no significant effect is observed with regard

to testing accuracy. We included Hu, Huguet, and Siala [124] as our main baseline, to

highlight the improvement in performance that a direct encoding of numerical features

provides. We further emphasized that the heuristic biases for deciding labels will likely

lead to unnecessarily large solutions, and instead proposed multiple approaches to exactly

optimize compactness.

Cabodi et al. [53] proposes another SAT encoding for learning BDD classifiers, purely

focused on learning perfect classifiers of minimum size that are limited to operate on binary

features and assign binary labels. Unlike our approach and those proposed in Florio et al.

and Hu, Huguet, and Siala, the encoding in Cabodi et al. is completely flexible to directly

model and learn any structure imaginable for a decision diagram. A descriptive paradigm

like SAT allows the encoding of parent and child relationships of nodes, in addition to

branchings, to learn BDDs without any prior limitation on the structure. The size of the

BDDs is then optimized using the encoding by iteratively considering exponentially larger
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sizes and performing a binary search once a feasible range of size is detected. However, the

flexibility in modeling any diagram comes with poor scalability, even when only considering

perfect classifiers, which is a generally easier problem than maximizing accuracy. This leads

the authors to also consider a secondary heuristic approach based on techniques from the

BDD literature, like the cofactor, that scales better but can yield solutions sub-optimal in

size. Given that the problem considered in Cabodi et al. is more general and inherently

different than ours, we will not be making a direct comparison against Cabodi et al. as a

baseline.

4.9 Conclusion and Future Work

In this chapter, we present a novel MaxSAT encoding for learning Binary Decision Diagrams.

Our approach reuses the direct encoding of non-binary features from our SAT-based decision

tree encoding (Chapter 3), demonstrating that the formulation approach provides the means

to mix and match components that model behaviors, objectives, or constraints. Our BDD

encoding learns an oblivious tree which can be reduced to an equivalent diagram. We

extend our encoding with optimization for the size of the reduced diagram. The formulation

approach provides a natural support for the size objective to be balanced against accuracy

in a 1-stage approach or optimized as a second stage. The size can also be bounded in order

to produce solutions in a constrained manner. Note that a hard-coded search approach or

expertly designed heuristic would have required considerable augmentation to accommodate

size optimization in addition to accuracy. Formulation into SAT also allows us to nest our

encoding, so that each branching is itself represented by a BDD. This nesting results in a

variant of our encoding that uses multi-dimensional branchings represented by inner BDDs.

Lastly, note that even though we opt against doing so in this chapter, we can naturally

extend our BDD encoding with many features from our decision tree encoding such as

power set branching, cost-sensitive learning, and pruning constraints.

Our experiments show that we outperform the state-of-the-art SAT-based BDD learning

baseline due to our direct encoding of numerical branchings. We further show that our 1-

stage and 2-stage size optimization approaches lead to significantly more compact solutions

while maintaining testing accuracy. Following the definition in Murdoch et al. [206], the im-

proved sparsity and, as a result, simulatability contribute to better interpretability. Smaller

solutions are also better suited to be used as formal components, especially when the opera-

tions performed on the component are computationally expensive. Finally, we show that the

expressiveness of our multi-dimensional BDDs allows us to produce high quality solutions in

smaller number of branchings, mitigating the exponential growth in the size of the encoding.

Employing multi-dimensional branchings can challenge the modularity of an interpretable

model as each node is now a more complex component. However, one can argue that multi-

dimensional BDDs are still interpretable as each node is still represented by an interpretable

model, especially compared to a standard BDD that employs the same number of features

but in a less structured manner. From another perspective, multi-dimensional branchings
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can be viewed as model-based feature engineering [206], where informative interpretable

features are learned to improve model accuracy.

Our work can be extended in a number of ways. Our encoding to optimize the size in a

second stage can be extended to model changing the order of branchings in addition to the

labels of the empty terminals. Note that a different order will result in a different sequence

of empty terminals, affecting the equivalencies and the reduction procedure. Branching

ordering (or equivalently feature ordering, in the case of binary branchings) has been shown

to significantly impact the size of a BDD [52] and is directly optimized when searching for

the most compact form of a given BDD [141, 76], although it is mostly found using heuristics

due to its complexity [258, 145]. Note that no extension is required when the size objective

is optimized simultaneously with the accuracy, as the branchings are yet to be determined

at that stage and the ordering is being optimized to reduce size.

Another interesting direction for future work is to employ multi-dimensional branching

in directional BDDs, effectively further nesting the concept of representing branchings with

BDDs of their own. Hypothetically, this can allow us to utilize an even larger number of

features within a compact size and avoid exponentiation even more. However, the increased

cost in computation might reach the point of diminishing returns in expressiveness while

undermining interpretability. Our approach can also be equipped with a more thorough

strategy for balancing the two objectives of accuracy and size. We can use our encoding

to produce all of the Pareto optimal solutions, providing the user with a variety of options

to choose from based on expert knowledge or a heuristic. Experimentally, our work can be

extended with a more comprehensive analysis of the effects of different parameters. Most

notably, a wider array of dimension sequences such as balanced and unbalanced (which were

studied in this chapter), random, segmented, and instance-specific can be investigated in

terms of their accuracy and performance. Lastly, ideas from our work including the size

objective and multi-dimensional branchings can be applied to more expressive BDDs such

as free BDDs, which are not constrained to be ordered [243].
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Dataset
Dimension Accuracy (%) Size

Time (s)
Sequence Training Testing Stage 1 Stage 2

Banknote

2-2-2 98.6 97.5 7.4 6.6 TO
3-3 98.4 97.5 6.6 6.6 TO

1-2-3 98.6 96.9 8.2 6.8 TO
3-1-1-1 98.6 97.7 8.8 6.8 TO

Breast Cancer

2-2-2 94.6 74.1 8.6 8.6 TO
3-3 92.9 64.6 8.8 8.8 TO

1-2-3 94.2 68.1 9.6 9.6 TO
3-1-1-1 94.2 72.4 11 9.8 TO

Cryotherapy

2-2-2 99.7 86.7 10.6 10.2 6.18

3-3 99.4 92.2 10.6 10 25.29
1-2-3 99.7 90 10.6 9.8 13.66

3-1-1-1 100 86.7 10 9.4 6.45

Immunotherapy

2-2-2 97.2 75.6 9.2 8.6 515.83
3-3 96.9 76.7 10.2 10.2 750.07

1-2-3 97.2 76.7 11.6 11.2 767.69
3-1-1-1 98.1 84.4 9.8 9.6 489.51

Ionosphere

2-2-2 96.9 90 6.6 6.6 TO
3-3 95.4 88.3 8.8 8.8 TO

1-2-3 97 90.3 7.4 7.4 TO
3-1-1-1 96.7 91.5 8.2 8.2 TO

Iris

2-2-2 99.5 95.3 10.4 8.4 1.17
3-3 99.5 94.7 11.2 11.2 0.67

1-2-3 99.8 94 14.6 8 1.2
3-1-1-1 100 93.3 12.4 8.8 0.44

User Knowledge

2-2-2 95.6 91.1 12 11.6 TO
3-3 93 88.7 12.2 12.2 143.96

1-2-3 97.7 96.1 18.2 18.2 494.02
3-1-1-1 97.7 95.4 13.6 9.8 783.39

Vertebral Column

2-2-2 91.3 79.4 7.6 7.2 TO
3-3 91.8 80 7.4 7.4 TO

1-2-3 91.1 79.4 9.4 8.2 TO
3-1-1-1 90.9 77.4 10.6 8.6 TO

Wine

2-2-2 100 93.9 9 8.8 3.43
3-3 100 90.5 9.6 9.6 1.03

1-2-3 100 93.3 14.2 11.6 5.29
3-1-1-1 100 95 9 7.6 9.03

Car

2-2-2 94 92.5 6.4 6.4 TO
3-3 93 92.3 6.4 6.4 TO

1-2-3 92.8 92.6 6.2 5.8 TO
3-1-1-1 94.1 93.2 6.8 6.8 TO

Monk2

2-2-2 87.9 79.3 12.2 12.2 TO
3-3 89.6 80.5 10.6 10.6 TO

1-2-3 90.1 74.6 13 13 TO
3-1-1-1 92.9 85.8 11.8 11.8 695.58

Table 4.5: Results for learning max-accuracy multi-dimensional BDDs.



Chapter 5

Constrained Clustering via

Decision Trees

5.1 Introduction

In this chapter, we shift our attention to learning inherently interpretable models for clus-

tering. We formulate and learn decision trees as clustering solutions, just like we did for the

classification problem in Chapter 3. Clustering is the problem of learning existing patterns

in data by grouping points into clusters. Decision trees are easy to be understood by humans

and reason about by computers. While historically mostly utilized for solving classification,

recent approaches to clustering via decision trees have yielded a degree of interpretability

through transparency by exposing clustering rationale in the branching structure of the tree

[88, 203, 38, 91]. Decision trees are interpretable in the context of clustering for the same

reason that they are interpretable classifiers, i.e., they are sparse, simulatable, modular, and

make informative decisions when the features are interpretable [206].

Most clustering objectives encourage meaningful groups by using a given distance mea-

sure. Ideally, members within a cluster should be semantically close to each other while

members of differing clusters should differ. Clustering is a fundamental problem in ML and

has wide ranging applications in areas including but not limited to medical sciences [266]

and market analysis [295]. Most clustering algorithms either allow an arbitrary assignment

of points to clusters or learn black-box functions akin to those employed for classification,

e.g., deep neural models, providing no structure or explanation on how the data is divided

[298]. Approaches lacking transparency introduce issues for applications in which the sat-

isfaction of a specification is required, clarity in decision making is expected, or an expert

needs to be involved in the learning process.

The approaches to learning decision trees are generally divided into local search with

heuristics [50, 230, 229] and combinatorial optimization [19, 39, 209, 281, 280, 6, 126, 37].

Local search approaches scale well in terms of performance but suffer from the lack of op-

90
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timality guarantees that combinatorial optimization approaches provides. As discussed in

Chapter 2, a sub-category of combinatorial optimization approaches formulate the problem

into a declarative standardized problem such as MaxSAT, Integer Programming (IP), and

Constraint Programming (CP) and use off-the-shelf solvers to solve the encoded instances.

The declarative nature of the formulation approach supports any constraint or specification

that can be modelled in the target language [4], enabling constrained ML. It further allows

the modularity to interchange and reuse components, as we did by repurposing the non-

binary branching encoding from Chapter 3 into the model presented in Chapter 4. Similar

to the problem of classification as discussed in Chapter 3 and Chapter 4, it is not always

necessary to find optimal decision tree solutions considering the difficulty of doing so. More-

over, optimality can be seen as less important in clustering since objectives typically differ

from the goal criterion, unlike for classification where both are primarily predictive accu-

racy. However, optimality can be demanded in certain settings, particularly when working

on small and highly precise scientific datasets [104]. It is also shown to improve evaluation

criteria [64] compared to the heuristic approaches [225, 42]. In the context of interpretable

clustering solutions, there does not exist a definitive observation on the impact of opti-

mality on solutions, as none of the existing exact approaches are efficient enough to be

experimentally evaluated.

The ability to support constraints provided by the formulation approach is particularly

of high interest when tackling the problem of constrained clustering. Constrained clustering

is a semi-supervised variant of clustering in which bits of domain-specific knowledge is fed

into the learning algorithm as constraints to satisfy [42, 225, 184, 64]. The constraints can

be concerned with instance-level properties as well as high-level characteristics of clusters

including their geometry and density. Instance-level constraints, including pairwise links,

are surprisingly expressive given that a number of higher level constraints can be translated

to them [70, 183]. Employing clustering constraints has also been shown to improve accuracy

in addition to the control that it provides [283, 284].

Approaches that are based on combinatorial optimization problems have been successful

in tackling the non-tree variation of the constrained clustering problem [71, 35, 66, 21]. It has

also been shown that non-exact approaches can be used to solve decision tree clustering [88,

203, 91]. However, they can lead to suboptimal solutions and lack support for constraints.

Combinatorially optimizing decision trees has proven to be an elusive goal in solving cluster-

ing or its constrained counterpart. Search-based (e.g., [7]) and formulation-based (e.g., [38])

methods have been proposed but shown to scale extremely poorly compared to analogous

approaches for decision tree classification [139].

We propose the first combinatorial optimization approach to learning decision trees for

the clustering and the constrained clustering problems. We present a novel SAT-based model

that reuses our direct encoding of non-binary features from Chapter 3, optimizes towards

a guaranteed approximation of a well-known bi-criteria clustering objective, and supports

pairwise clustering constraints. Our ability to integrate two numerical objectives into the

SAT paradigm, which is fundamentally binary, is a testament to the novelty of our approach
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and the flexibility granted by using the formulation approach to learn interpretable models.

Our direct encoding of non-binary features particularly suits the problem of clustering,

which mostly has instances involving numerical and categorical data. We also interconnect

the encodings of objective and constraints within a pruning technique to reduce the size of

the SAT instance. Furthermore, we study feasibility against quality trade-offs and ways to

address infeasibility by exploiting the optimization clauses offered by MaxSAT. Lastly, we

provide alternative approaches to more comprehensively optimize the bi-criteria approach,

showing that combinatorial optimization problems can also be employed in an iterative

manner.

Our contributions throughout this chapter are as follows:

1. We present a MaxSAT encoding with a direct encoding of numerical features for solving

the problem of decision tree clustering. Our encoding guarantees an ϵ-approximation

of a Pareto optimal solution in maximum diameter (MD) and minimum split (MS)

criteria. We add support for pairwise constraints as must-links and cannot-links to

enable solving the constrained clustering problem.

2. We integrate the encoding of pairwise links with that of the objectives to detect and

prune infeasible and redundant clauses, in a novel method referred to as the smart

pairs algorithm.

3. We introduce soft pairwise constraints that are encouraged, rather than required, to

be satisfied. Soft must-links and cannot-links help address the issue of infeasibility

when no solution is found to satisfy all hard constraints in a given depth. We propose

1-stage, 2-stage, and 3-stage schemes to optimizing soft constraints with or without

linearizing link satisfaction.

4. We detail how our encoding and support for constraints can be utilized towards pro-

ducing approximations of all solutions that are Pareto optimal in [MD,MS], rather

than an arbitrary one.

5. We perform an extensive set of experiments and show that: 1) Our approach is able

to find interpretable solutions of high quality in short runtimes; 2) Employing tree

clustering, the [MD,MS] objective, or user-provided constraints improves the solutions

in evaluation metrics, with a combination of two or all of them leading to an even

more significant improvement; 3) There is a trade-off between solution accuracy and

infeasibility in the presence of user-provided constraints; 4) Soft constraints enable

us to benefit from a higher number of constraints and further improve accuracy; 5)

Approximating the Pareto front as a whole enables us to find higher quality solutions

in less constrained instances; 6) The objective approximation and smart pairs pruning

significantly boost performance leading to higher quality solutions.

The content of this chapter is primarily based on the paper that appeared in the pro-

ceedings of the Thirty-Second International Joint Conference on Artificial Intelligence [250].
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We have expanded upon the original work with introduction of soft constraints, complete

approximation of the solutions in the Pareto front, and a more extensive set of experiments.

The extended version of this work is in progress towards a journal submission.

5.2 Preliminaries

In this section, we define the problem of constrained clustering using decision trees. We first

define user-provided pairwise constraints and the bi-criteria objective. We then define two

variations of the constrained clustering problem, with or without restricting the solution to

be a decision tree, respectively. We describe external evaluation metrics that can be used

to assess the quality of clustering solutions in Section 5.2.1.

The assignment of labels by a decision tree (Definition 4) can be interpreted as a cluster-

ing solution. Namely, if a decision tree D is intended as a clustering solution, ΘD(x) is inter-

preted as the cluster in which x is placed. Two points that are assigned to the same cluster

are said to be clustered together or co-clustered, while two points that are assigned to dif-

ferent clusters are said to be clustered separately. Furthermore, given a dataset X ⊆ R
|F |, a

decision tree D is said to have non-empty clusters if ∀k ∈ [1..k] :
∑

xi∈X
1(ΘD(xi) = k) ≥ 1.

A decision tree is assumed to have non-empty clusters unless noted otherwise. Consistent

with recent work [88], each cluster is allowed to spread across multiple leaves to improve

expressiveness and the ability to satisfy user-provided constraints.

We define how a clustering solution can satisfy pairwise constraints and introduce the two

components of our objective. As our main clustering objective, we consider the well-known

bi-criteria objective of minimizing the maximum diameter and maximizing the minimum

split [66]. Specifically, we consider bounded approximations parameterized by ϵ such that

ϵ = 0 indicates a Pareto optimal solution for [MD,MS].

Definition 21 (Must-links and Cannot-links). Given a dataset X ⊂ R
|F |, must-link and

cannot-link pairwise constraints are each a set of pairs of points ML,CL ⊆ X × X. A

clustering Θ is said to satisfy ML and CL if it clusters must-links together and cannot-links

separately,

∀(x1, x2) ∈ ML : Θ(x1) = Θ(x2) (5.1)

∀(x1, x2) ∈ CL : Θ(x1) ̸= Θ(x2). (5.2)

Definition 22 (Maximum Diameter and Minimum Split). Given a clustering Θ and a

dataset X ⊂ R
|F |, a split is the distance between a pair of points that are clustered separately,

and a diameter is the distance between a pair of points that are clustered together. The

minimum split MSΘ and maximum diameter MDΘ values are then defined accordingly as
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follows:

MDΘ = max({|x1 − x2| |x1, x2 ∈ X,Θ(x1) = Θ(x2)}) (5.3)

MSΘ = min({|x1 − x2| |x1, x2 ∈ X,Θ(x1) ̸= Θ(x2)}). (5.4)

We assume |xi−xj | to be the Euclidean distance. However, the objectives can also be defined

for any other metric space and its corresponding distance function. Our approach throughout

the rest of the paper remains applicable in any such setting.

Next, we define the notions of optimality and order when optimizing a bi-criteria objec-

tive.

Definition 23 (Pareto Optimality). A clustering Θ is said to dominate another clustering

Θ′ if it achieves a better or equal value in one objective and strictly better value in the other.

(MDΘ < MDΘ′ ∧ MSΘ ≥ MSΘ′) ∨ (MDΘ ≤ MDΘ′ ∧ MSΘ > MSΘ′)

A clustering that is not dominated by any other clustering is said to be Pareto optimal.

Two solutions are equivalent if they have the same objective values. A set of Pareto optimal

solutions is considered complete if it contains at least one equivalent for every Pareto optimal

solution. The set of objective value pairs corresponding to a complete Pareto optimal set is

referred to as the Pareto front.

Next, we formally define the approximated decision tree clustering problem which aims

to find an approximation of a Pareto optimal solution.

Problem 6 (Decision Tree Clustering). Given a set of numerical features F , clusters [1..k],

dataset X ⊂ R
|F |, must-link and cannot-link constraints ML,CL ⊆ X ×X, fixed depth d,

and approximation parameter ϵ, find a fully balanced decision tree D of depth d, such that:

1. ΘD satisfies the constraints ML and CL;

2. MDD ≤ MDD∗ + ϵ;

3. MSD ≥ MSD∗ − ϵ,

where MDD and MSD are shorthands for the maximum diameter and minimum split of the

clustering represented by D and D∗ is an arbitrary Pareto optimal solution to the problem

with respect to the bi-criteria of maximizing MS and minimizing MD.

Note that Problem 6 is not guaranteed to be feasible due to two potential reasons: (1)

the sets of must-links and cannot-links are not consistent (e.g., ML ∩ CL ̸= ∅); (2) there

exists an arbitrary clustering Θ satisfying the constraints but no such clustering can be

represented by a decision tree of given depth. However, by using Theorem 1 and setting

γ = Θ, we conclude that there always exists a deep enough decision tree replicating any

arbitrary clustering.



CHAPTER 5. CONSTRAINED CLUSTERING VIA DECISION TREES 95

The variation of Problem 6 with no restriction for the solution to conform to a decision

tree, is simply referred to as the problem of constrained clustering (CC).

Problem 7 (Constrained Clustering). Given a set of numerical features F , clusters [1..k],

dataset X ⊂ R
|F |, must-link and cannot-link constraints ML,CL ⊆ X × X, and approxi-

mation parameter ϵ, find a clustering Θ such that:

1. Θ satisfies the constraints ML and CL;

2. MDΘ ≤ MDΘ∗ + ϵ;

3. MSΘ ≥ MSΘ∗ − ϵ,

where Θ∗ is an arbitrary Pareto optimal solution to the problem with respect to the bi-criteria

of maximizing the minimum split and minimizing the maximum diameter.

By removing the minimum split component from the bi-criteria objective, we obtain

variations of Problem 6 and Problem 7 that solely focus on the maximum diameter. To define

the MD-only variations, we can simply remove the third condition (respectively MSD ≥

MSD∗ − ϵ and MSΘ ≥ MSΘ∗ − ϵ) from the definitions of Problem 6 and Problem 7.

5.2.1 Clustering Evaluation Metrics

In this section, we define metrics for the external evaluation of clustering solutions based

on given ground-truth labels. To determine how closely clustering solutions resemble the

ground truth, we use two well-known external clustering evaluation metrics: the Adjusted

Rand Index (ARI) [132] and the Normalized Mutual Information (NMI) [261].

Given a ground-truth labeling Θ̂ and a clustering solution Θ, the ARI metric is calculated

from the number of pairs that are co-clustered by both (σΘ̂,Θ), by neither (σ), only by Θ̂

(σΘ̂), and only by Θ (σΘ).

ARI =
2(σΘ̂,Θ.σ − σΘ.σΘ̂)

(σΘ̂,Θ + σΘ̂)(σΘ̂ + σ) + (σΘ̂,Θ + σΘ)(σΘ + σ)

The NMI metric is the normalized version of the Mutual Information metric. It is calcu-

lated using the entropy of the ground-truth labeling (H(Θ̂)), the entropy of the clustering

(H(Θ)), and the conditional entropy of ground-truth given the clustering (H(Θ̂|Θ)).

NMI =
2.[H(Θ̂) −H(Θ̂|Θ)]

[H(Θ̂) + H(Θ)]

5.3 Distance Classes

In this section, we introduce distance classes, a grouping of pairs of data points based on

their distance. These classes help us approximate the maximum diameter and minimum

split values, leading to a simpler optimization of the objectives.
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To encode the ϵ-approximation of the two objectives in Problem 6, we divide the set

of all pairs of data points based on their distance into µ non-overlapping intervals called

distance classes D̂ = {D1, D2, ..., Dµ} such that the smallest and largest distances in each

class are less than ϵ apart. Any method of grouping pairs that satisfies the requirements

is sound with regard to the approximation. However, we employ the simplest approach of

sorting all pairs based on their distance and greedily adding them one by one, creating new

classes as needed to guarantee that the distances in each class are at most ϵ apart.

The purpose of distance classes are to ensure that all pairs in the same class are treated

similarly with regard to being clustered together or not. We consider the index λ+ such that

any pair of data points in distance classes D1..Dλ+ must be clustered together (Eq. (5.5)).

Similarly, we consider the index λ− such that any pair in distance classes Dλ−+1..Dµ must

be clustered separately (Eq. (5.6)). The pairs in distance classes in-between the two indices

Dλ++1..Dλ− are free to be clustered together or separately on an individual level.

((x1, x2) ∈ Dw, w ≤ λ+) → ΘD(x1) = ΘD(x2) (5.5)

((x1, x2) ∈ Dw, w > λ−) → ΘD(x1) ̸= ΘD(x2) (5.6)

5.3.1 ϵ-Pareto Optimality

We now use distance classes to describe how we can approximate the MD and MS values.

Note that in any feasible clustering, for all λ+ and λ− values that satisfy Eq. (5.5) and

Eq. (5.6), we have that MS ≥ min({|x1 − x2| | (x1, x2) ∈ Dλ++1}) and MD ≤ max({|x1 −

x2| | (x1, x2) ∈ Dλ−}). We therefore maximize λ+ as a proxy for maximizing the minimum

split and minimize λ− as a proxy for minimizing the maximum diameter in Problem 6.

Proposition 6 shows that optimizing λ+ and λ− as proxy objectives will lead to guaranteed

approximation of [MD,MS].

Proposition 6 (ϵ-approximation of [MD,MS]). Let D be a decision tree clustering, if D

is a Pareto optimal solution with regard to minimizing λ− and maximizing λ+ then D is

an ϵ-Pareto optimal solution with regard to the bi-criteria [MD,MS] objective as defined in

Problem 6.

Note that Pareto optimality in λ+ and λ− is defined analogous to Pareto optimality in

MS and MD (Definition 23).

Proof. We show that there always exists a solution D∗ that is Pareto optimal in MD and

MS and is within the ϵ-neighborhood of D in the two objectives.

• Let MSD (MDD) be the minimum split (maximum diameter) achieved by the solution

D. Moreover, let λ+
D and λ−D be the optimized values of λ+ and λ− corresponding to

solution D.
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• To prove by contradiction, assume that no such D∗ exists. As a result, there should

exist another solution D′ that dominates D and is not in its ϵ neighborhood.

• Assume, without loss of generality, that MSD′ > MSD + ϵ and MDD′ ≤ MDD.

• The pairs corresponding to values MSD′ and MSD cannot be in the same distance

class due to being more than ϵ far apart. Thus, MSD′ ∈ Dw where w > λ+
D + 1 and

λ+
D + 1 is a valid λ+ value for D′.

• Since MDD′ ≤ MDD, λ−D is also a valid λ− value for D′.

• Therefore, D′ dominates D in optimizing λ+ and λ− values as well. Leading to contra-

diction as D is a Pareto optimal solution with regard to minimizing λ− and maximizing

λ+.

• We conclude that there exists D∗ that satisfies the conditions described in Problem 6.

Therefore, D is an ϵ-approximation of a Pareto optimal solution in MD and MS.

5.4 SAT-based Encoding for ϵ-optimal Decision Tree

Clustering

In this section we present our approach to solve Problem 6 by encoding it into a SAT

instance. We reuse our encoding basis with direct support for numerical features from our

decision tree classification approach and remodel the necessary extra aspects. We assume

we are given a number of clusters k and a fully balanced tree structure T of depth d and

learn the values of β, α, and θ functions. In Section 5.4.1, we introduce the variables used

to encode different aspects of a tree clustering solution. In Section 5.4.2, we present the

hard clauses that guarantee the validity of our encoding and the soft clauses that model our

objectives. Lastly in Section 5.5, we introduce the smart pairs pruning algorithm to detect

the infeasible and redundant clauses of our encoding.

5.4.1 Variables and Structure

We use the following set of boolean variables in our encoding to represent the β, α, and θ

functions of the decision tree, the λ+ and λ− values, and how the data points are clustered.

Variables at,j , si,t, zi,t, and gt,c are reused from Section 3.3.1, while the rest are new. We use

a unary encoding to represent the cluster assignment to leaves (gt,c) and data points (xi,c).

Namely, the assigned cluster is determined by the number of variables set to true along a

sequence of length k−1. A well-formed unary encoding should not include the sub-sequence

01 at any point. We use unary encoding to enable symmetry-breaking between equivalent

cluster assignments. As an example, if we take all data points from the first cluster, assign

them to the second, and vice-versa, we will end up with an equivalent clustering. Adding
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symmetry-breaking to the encoding can help avoid consideration of equivalent solutions, and

improve the performance as a result. We also use unary encoding b−w and b+w variables to

model λ− and λ+ variables, respectively. Unary encoding helps us easily determine where

each distance class is located in the division based on λ− and λ+ values.

• {at,j | t ∈ TB , j ∈ F}: Represents whether feature j is chosen at branching node t. It

is equivalent to β(t) = j.

• {si,t | xi ∈ X, t ∈ TB}: Represents whether point xi is directed towards the left child,

if it passes through branching node t. It is equivalent to xi[β(t)] ≤ α(t).

• {zi,t | xi ∈ X, t ∈ TL}: Represents whether point xi ends up at leaf node t.

• {gt,c | t ∈ TL, 1 < c ≤ k}: Represents whether the cluster assigned to leaf t is or comes

after c. It is equivalent to θ(t) >= c.

• {xi,c | xi ∈ X, 1 < c ≤ k}: Represents whether the cluster assigned to point xi is or

comes after c. It is equivalent to ΘD(xi) >= c.

• {b−w | 1 ≤ w ≤ µ}: Represents (the negation of) whether the pairs in distance class

Dw should be clustered separately. It is equivalent to w ≤ λ−

• {b+w | 1 ≤ w ≤ µ}: Represents whether the pairs in class Dw should be clustered

together. It is equivalent to w ≤ λ+.

Note that the number of at,j variables is in O(|TB ||F |), si,t in O(|TB ||X|), zi,t in

O(|TL||X|), gt,c in O(k|TL|), xi,c in O(k|X|), b−w in O(µ), and b+w in O(µ), bringing the

total number to be in O(|TL||X| + µ) if |X| ≥ k and |X| ≥ |F |. The value of the µ

parameter can become as large as |X|2 if ϵ converges to 0.

5.4.2 Clauses

We encode the construction of the decision tree (Eq. (5.7) to Eq. (5.15)) following our

approach in Section 3.3 which used decision trees as classifiers. Direct support for numerical

features in our approach lends itself well to our purposes, since numerical features are

prevalent in clustering problems. For a detailed description of the clauses in Eq. (5.7) to

Eq. (5.15), see Section 3.3.2.

The following clauses guarantee that exactly one feature is chosen at each branching node

(Eq. (5.7) and Eq.(5.8)), the points are directed to the left or right child of each branching

node based on their value of the chosen feature (Eq. (5.9) and Eq. (5.10)), the appearance

of points at leaves correctly corresponds to the path that they are directed through within

the tree (Eq. (5.11), Eq. (5.12), and Eq. (5.13)), and thresholds are non-trivial (Eq. (5.14)

and Eq. (5.15)).1

1 The set Oj(X) contains all consecutive pairs of points when ordered according to feature j and O=
j (X)

is its subset limiting the members to only those that have equal j values. The set Al(t) (Ar(t)) contains
all nodes that have t as descendent of their left (right) child.
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(¬at,j ,¬at,j′) ∀t ∈ TB , j ̸= j′ ∈ F (5.7)

(
∨

j∈F

at,j) ∀t ∈ TB (5.8)

(¬at,j , si,t,¬si′,t) ∀t ∈ TB , j ∈ F, (i, i′) ∈ Oj(X) (5.9)

(¬at,j ,¬si,t, si′,t) ∀t ∈ TB , j ∈ F, (i, i′) ∈ O=
j (X) (5.10)

(¬zi,t, si,t′) ∀t ∈ TL, xi ∈ X, t′ ∈ Al(t) (5.11)

(¬zi,t,¬si,t′) ∀t ∈ TL, xi ∈ X, t′ ∈ Ar(t) (5.12)

(zi,t,
∨

t′∈Al(t)

¬si,t′ ,
∨

t′∈Ar(t)

si,t′) ∀t ∈ TL, xi ∈ X (5.13)

(¬at,j , s#1
j
,t) ∀t ∈ TB , j ∈ F (5.14)

(¬at,j ,¬s#|X|
j

,t
) ∀t ∈ TB , j ∈ F (5.15)

The following clauses extend the basic decision tree encoding to support ϵ-optimal clus-

tering trees that satisfy the ML and CL constraints. The clauses in Eq. (5.16) guarantee

well-formed unary encoding of cluster labels in each leaf.

(gt,c,¬gt,c+1) ∀t ∈ TL, c ∈ [2..k − 1] (5.16)

The clauses in Eq. (5.17)) and Eq. (5.18) guarantee that the label assigned to each data

point matches the label of the leaf that contains the point.

(¬zi,t,¬gt,c, xi,c) ∀t ∈ TL, xi ∈ X, c ∈ [2..k] (5.17)

(¬zi,t, gt,c,¬xi,c) ∀t ∈ TL, xi ∈ X, c ∈ [2..k] (5.18)

The clauses in Eq. (5.19) and Eq. (5.20) break the symmetry between the equivalent

cluster assignments. We consider two cluster assignments Θ1 and Θ2 equivalent if there

exists a relabelling, Γ : K → K, such that Γ ◦ Θ1 = Θ2. To break symmetries, we force

data points in the ascending order of their index to be assigned to the first empty cluster, if

they need a new one. Specifically, Eq. (5.19) guarantees that the c− 1-th point can only be

assigned to the first c− 1 clusters and Eq. (5.20) guarantees that if all previous points are

assigned to the first c− 2 clusters, the current point can only be assigned to the first c− 1

clusters. These clauses enforce that there are no two feasible clusterings that are relabellings

of each other. Note that we do not eliminate viable solutions, since any clustering can be
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renamed into an equivalent one that respects this property.

(¬xc−1,c) ∀c ∈ [2..k] (5.19)

(¬xi,c,
∨

i′<i

xi′,c−1) ∀xi ∈ X, c ∈ [3..k], c < i (5.20)

Assuming |X| ≥ k′, the clause in Eq. (5.21), alongside the symmetry-breaking ones

(Eq. (5.19) and Eq. (5.20)), guarantees that k′ clusters are non-empty. Specifically, it

enforces that at least one point is not assigned to the first k′ − 1 clusters. Thus, given

the ordered assignment of clusters due to symmetry-breaking, there should be at least k′

non-empty clusters. While we support any valid value for k′, we focus on the setting where

the lower bound for the number of non-empty clusters is equal to the upper bound, i.e.,

k′ = k, in our experiments.

(
∨

i

xi,k′) (5.21)

The clauses in Eq. (5.22), Eq. (5.23), and Eq. (5.24), hereafter referred to as the uncon-

ditional separating clauses, guarantee that pairs in CL are clustered separately.

(xi,2, xi′,2) ∀(i, i′) ∈ CL (5.22)

(¬xi,k,¬xi′,k) ∀(i, i′) ∈ CL (5.23)

(¬xi,c,¬xi′,c, xi,c+1, xi′,c+1) ∀(i, i′) ∈ CL, c ∈ [2..k − 1] (5.24)

The clauses in Eq. (5.25) and Eq. (5.26), hereafter referred to as the unconditional co-

clustering clauses, guarantee that pairs in ML are clustered together.

(¬xi,c, xi′,c) ∀(i, i′) ∈ ML, c ∈ [2..k] (5.25)

(xi,c,¬xi′,c) ∀(i, i′) ∈ ML, c ∈ [2..k] (5.26)

The clauses in Eq. (5.27), Eq. (5.28), and Eq. (5.29), hereafter referred to as the condi-

tional separating clauses, guarantee that a b−w variable being set to false forces the pairs in

distance class w to be clustered separately.

(b−w , xi,2, xi′,2) ∀Dw ∈ D̂, (i, i′) ∈ Dw (5.27)

(b−w ,¬xi,k,¬xi′,k) ∀Dw ∈ D̂, (i, i′) ∈ Dw (5.28)

(b−w ,¬xi,c,¬xi′,c, xi,c+1, xi′,c+1) ∀Dw ∈ D̂, (i, i′) ∈ Dw, c ∈ [2..k − 1] (5.29)

The clauses in Eq. (5.30) and Eq. (5.31), hereafter referred to as the conditional co-

clustering clauses, guarantee that a b+w variable being set to true forces the pairs in distance
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class w to be clustered together.

(¬b+w ,¬xi,c, xi′,c) ∀Dw ∈ D̂, (i, i′) ∈ Dw, c ∈ [2..k] (5.30)

(¬b+w , xi,c,¬xi′,c) ∀Dw ∈ D̂, (i, i′) ∈ Dw, c ∈ [2..k] (5.31)

Lastly, the clauses in Eq. (5.32), Eq. (5.33), and Eq. (5.34) guarantee that b+w and b−w

variables represent a valid unary encoding and have values that result in well-defined λ+

and λ− indices. Specifically, there can exist λ+ ≤ λ− values such that b+1 ..b
+
λ+ and b−1 ..b

−
λ−

are set to true and the rest of b+w and b−w variables are set to false.

(¬b−w , b
−
w−1) ∀Dw ∈ D̂, w > 1 (5.32)

(¬b+w , b
+
w−1) ∀Dw ∈ D̂, w > 1 (5.33)

(¬b+w , b
−
w) ∀Dw ∈ D̂ (5.34)

The number of clauses responsible for the construction of the decision tree are as de-

scribed in Chapter 3. The number of remaining clauses introduced in Eq. (5.16) is in

O(k|TL|), in Eq. (5.17) and Eq. (5.18) is in O(k|TL||X|), in Eq. (5.19) and Eq. (5.20) is in

O(k|X|), in Eq. (5.21) is in O(1), in Eq. (5.22) to Eq. (5.24) is in O(k|CL|), in Eq. (5.25)

and Eq. (5.26) is in O(k|ML|), in Eq. (5.27) to Eq. (5.29) is in O(k|X|2), in Eq. (5.30) and

Eq. (5.31) is in O(k|X|2), and in Eq. (5.32) to Eq. (5.34) is in O(µ), respectively. Thus, the

total number of added clauses is in O(k|X|2) if |X| ≥ |TL|.

Decoding

In our encoding, most of the variables corresponding to the inner workings of the decision

tree are reused from our classification approach. Thus, when given a satisfying assignment

to the SAT instance, we can use the procedure described in Section 3.3.3 to decode a decision

tree for our tree clustering encoding as well. Specifically, we can learn the values for β and

α functions similar to before. With regard to learning the θ function, we consider each leaf

node t ∈ TL and set θ(t) to 1 plus the number of gt,c variables that are true. Note that

the rest of variables that are particularly introduced for learning clustering solutions do not

directly impact the decision tree and, thus, are not required in the decoding procedure. For

detailed instructions on decoding a decision tree solution, see Section 3.3.3.

Objective

In Section 5.3, we established that in order to find an ϵ-approximation of an [MD,MS]

Pareto optimal solution, we need to find a solution that is Pareto optimal with regards to

maximizing λ+ and minimizing λ−. Note that λ+ and λ− are the number of b+w and b−w
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variables set to true, respectively.

λ+ =
∑

w

1(b+w = true) (5.35)

λ− =
∑

w

1(b−w = true) (5.36)

To obtain a Pareto optimal solution, we can optimize any function that is increasing

with regard to λ− and decreasing with regard to λ+ as objective. We opt for minimizing

the simple combination of λ− − λ+ and model it using the soft clauses with unit weights

(indicated by ⟨⟩) in Eq. (5.37) and Eq. (5.38).

⟨1⟩(¬b−w) Dw ∈ D̂ (5.37)

⟨1⟩(b+w) Dw ∈ D̂ (5.38)

The number of soft clauses in Eq. (5.37) and Eq. (5.38) added for encoding the objective

is in O(µ).

5.5 Smart Pairs

Our naive encoding of unconditional and conditional co-clustering and separating clauses

(Eq. (5.22) to Eq. (5.31)) leads to a quadratic number of clauses in the size of the dataset

|X|. This is significant since all the other parts of the encoding are linear in |X|. Due to our

objectives, the quadratic size is unavoidable, but there are ways to reduce the number of

clauses nonetheless. We can employ pruning techniques that see the set of points as nodes

in a graph and exploit connections between pairs.

The pruning framework keeps track of connections while our SAT instance is being con-

structed. At any point, pairs that are already forced to be clustered together are represented

by positive edges and pairs that are already forced to be clustered separately by negative

edges. The positive edges imply a set of connected components of points that will be clus-

tered together while a negative edge between nodes in different components indicates that

each of the components are mutually exclusive, i.e., each component will be in a differ-

ent cluster. We incrementally build the set of positive edges (E+) and the set of negative

edges (E−), with each new edge being classified as inner or crossing, based on the previous

members.

Definition 24 (Inner and Crossing edges). Given the sets E+ and E−, a new edge is said

to be an:

• Inner edge, if it connects two nodes within an existing connected component based on

E+.

• Crossing edge, if it connects two nodes in two connected components based on E+ that

are mutually exclusive based on E−.
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We will use edges and the pairs of points that they represent interchangeably onward.

Identifying a new edge as inner or crossing while adding co-clustering or separating

clauses can help us detect infeasibility or redundancy. Since E+ (E−) represents the set of

pairs that are forced to be clustered together (separately), an inner pair is forced to have the

same label and a crossing pair to have different labels. Thus, it would be redundant to, and

we avoid, adding co-clustering clauses (Eq. (5.25), Eq. (5.26), Eq. (5.30), and Eq. (5.31)) for

inner pairs and separating clauses (Eq. (5.22), Eq. (5.23), Eq. (5.24), Eq. (5.27), Eq. (5.28),

and Eq. (5.29)) for crossing pairs. Furthermore, it would be infeasible to enforce co-clustering

for crossing pairs and separation for inner pairs. Our treatment of the unconditional clauses

(Eq. (5.22) to Eq. (5.26)) and of the conditional ones (Eq. (5.27) to Eq. (5.31)) differ in the

case of infeasibility detection and in the construction of E+ and E− sets.

• Infeasibility Detection: If the unconditional separation or co-clustering of a pair

is infeasible, the problem is infeasible. However, for conditional clauses, detecting

infeasibility only leads to fixing the corresponding b+w or b−w variable to make the

conditional clause non-enforcing by satisfying it. Note that nullifying a conditional

clause implies the nullification of all of the subsequent ones. So we can stop adding

clauses from a series of conditional ones as soon as one is detected to be infeasible.

• Construction of E+ and E−: For the unconditional clauses the E+ and E− sets

are respectively constructed from ML and CL links. For conditional ones however, we

also include the pairs that are implied to be co-clustered (separated), due to the order

of distance imposed by the MS (MD) objective. Namely, if a pair of longer distance

is being co-clustered for optimizing MS, a pair of shorter distance is implied to be

already co-clustered. Analogously, if a pair of shorter distance is being separated for

optimizing MD, a pair of longer distance is implied to be already separated. Note that

implied pairs for the processing of conditional co-clustering clauses are not valid for

the processing of conditional separating clauses, and vice-versa.

We construct the sets E+ and E− by 1) incrementally adding the members of ML

to E+, corresponding to unconditional co-clustering clauses; 2) incrementally adding the

members of CL to E−, corresponding to unconditional separating clauses; 3) incrementally

adding all pairs of the dataset in the ascending order of containing distance classes to E+,

corresponding to conditional co-clustering clauses; 4) resetting E+ to its state prior to stage

3 and incrementally adding all pairs of the dataset in the descending order of containing

distance classes to E−, corresponding to conditional separating clauses. Note that we reset

E+ to remove all edges corresponding to condition co-clustering clauses, as they are no

longer implied to hold when we shift the focus to conditional separating clauses. We add

unconditional clauses first since they do not require a reset for E+ or E− and can be

beneficial in further stages of the algorithm. Moreover, we add unconditional co-clustering

clauses before separating ones because constructing E− while E+ = ∅ does not lead to any

infeasible or redundant cases. We can use any arbitrary order to add members of ML (CL)
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Algorithm 1 Smart Pairs

1: E+ = E− = ∅
2: for (xi, xi′) ∈ ML sorted in ascending <∗ do
3: if (xi, xi′) is not inner then

4: E+ = E+ ∪ {(xi, xi′)}
5: add clauses from Eq. (5.25) and Eq. (5.26) for (xi, xi′)
6: end if

7: end for

8: for (xi, xi′) ∈ CL sorted in descending <∗ do
9: if (xi, xi′) is inner then

10: Return Infeasible
11: end if

12: if (xi, xi′) is not crossing then

13: E− = E− ∪ {(xi, xi′)}
14: add clauses from Eq. (5.22), Eq. (5.23), and Eq. (5.24) for (xi, xi′)
15: end if

16: end for

17: Ê+ = E+

18: for (xi, xi′) ∈ X ×X sorted in ascending <∗ do
19: set w s.t. (xi, xi′) ∈ Dw

20: if (xi, xi′) is crossing then

21: add clause (¬b+w)
22: Break
23: end if

24: if (xi, xi′) is not inner then

25: E+ = E+ ∪ {(xi, xi′)}
26: add clauses from Eq. (5.30) and Eq. (5.31) for (xi, xi′) and w
27: end if

28: end for

29: E+ = Ê+ {Discard implied pairs for conditional co-clusering}
30: for (xi, xi′) ∈ X ×X sorted in descending <∗ do
31: set w s.t. (xi, xi′) ∈ Dw

32: if (xi, xi′) is inner then

33: add clause (b−w)
34: Break
35: end if

36: if (xi, xi′) is not crossing then

37: E− = E− ∪ {(xi, xi′)}
38: add clauses from Eq. (5.27), Eq. (5.28), and Eq. (5.29) for (xi, xi′) and w
39: end if

40: end for

to E+ (E−), but we opt for ascending distance for co-clustering clauses and descending

distance for separating clauses. Algorithm 1 provides a detailed description of the inner-

workings of the Smart Pairs procedure.
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5.6 Soft Pairwise Constraints

Due to noise and error in producing must-links (ML) and cannot-links (CL) or the limi-

tations of fixed-depth (d) decision trees, Problem 6 in its general form is not guaranteed

to have a feasible solution. However, there always exists a solution if ML = CL = ∅ and

2d ≥ k, as we can simply find a tree with arbitrarily bad objective values that contains

all labels. This shows that there is a balance to be found in the amount of constraints to

satisfy. We observe through our experiments that infeasibility can appear even when adding

a moderate number of links, prematurely impeding solution quality enhancement through

adding constraints. One approach to potentially tackle infeasibility is to consider incre-

mentally deeper trees. However, simply increasing depth can cause issues in performance.

Furthermore, we experimentally observe the benefits of limiting solutions to shallow trees,

and arbitrarily increasing the depth can actively work against such advantages. We instead

opt for disregarding a subset of links that cause infeasibility and utilizing the rest. Namely,

we optimize the number of links that we can satisfy instead of enforcing the satisfaction of

all constraints.

In this section, we introduce soft constraints to address the issue of infeasibility caused

by adding restrictive clustering constraints. We propose an extension of our encoding that

works by considering must-links and cannot-links as soft constraints that are encouraged,

rather than required, to be satisfied. Treating must-links and cannot-links as soft constraints

makes them objectives to be optimized in addition to our primary [MD,MS] objective. Since

the number of satisfied constraints is dissimilar from λ+ and λ− in nature, it would be

challenging to convincingly combine the two goals and weigh them against one another.

Hence, our approach focuses on prioritizing the satisfaction of links over the clustering

objective.

We introduce multiple schemes for optimizing the pairwise links and the [MD,MS] ob-

jective. In Section 5.6.1, we propose the 1-stage approach that optimizes link satisfaction

simultaneously with the objective. In Section 5.6.2, we propose the 2-stage scheme that op-

timizes ML and CL constraints in a pre-processing stage and uses the satisfied links as hard

constraints when optimizing [MD,MS]. In Section 5.6.3, we further divide constraint opti-

mization into two stages corresponding to CL and ML sets, respectively. In Section 5.6.4,

we propose linearizing the satisfaction of soft pairwise constraints. In Section 5.6.5, we

discuss how soft ML and CL sets can be integrated into the smart pairs algorithm.

5.6.1 1-stage Approach

The 1-stage approach optimizes the number of satisfied pairwise links and the [MD,MS]

objective in the same stage. It completely prioritizes link satisfaction by using a sufficiently

high enough weight. The encoding for the 1-stage scheme is slightly different than the

encoding presented in Section 5.4.

We use {emi,i′ | (i, i′) ∈ ML} and {eci,i′ | (i, i′) ∈ CL} variables in addition to those

employed in the original encoding. They, respectively, represent whether the must-link
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and cannot-link constraint corresponding to the pair (i, i′) is satisfied. We remove the

unconditional separating and co-clustering clauses (Eq. (5.22) to Eq. (5.26)) and add the

clauses in Eq. (5.39) to Eq. (5.43), that use variables emi,i′ and eci,i′ to enforce a must-link or

cannot-link only if its corresponding variable is true. We use the soft clauses in Eq. (5.44)

and Eq. (5.45) to maximize the number of emi,i′ and eci,i′ variables set to true and, as a

result, the number of satisfied links. We use 2|D̂| + 1 as the weight for both (indicated in

⟨⟩) to guarantee that link satisfaction is completely prioritized over optimizing [MD,MS].

Note that this is true as all of the soft clauses responsible for optimizing [MD,MS] have a

total weight of 2|D̂| (Eq. (5.37) and Eq. (5.38)). We decode the solution as before since

the inner workings of the solution are encoded the same. Note that this variation of the

encoding allows a solution even it does not satisfy any links. Thus, the instance cannot

become infeasible due to clustering constraints, independent of the quantity.

(¬eci,i′ , xi,1, xi′,1) ∀(i, i′) ∈ CL (5.39)

(¬eci,i′ ,¬xi,k−1,¬xi′,k−1) ∀(i, i′) ∈ CL (5.40)

(¬eci,i′ ,¬xi,c,¬xi′,c, xi,c+1, xi′,c+1) ∀(i, i′) ∈ CL, c ∈ [2..k − 1] (5.41)

(¬emi,i′ ,¬xi,c, xi′,c) ∀(i, i′) ∈ ML, c ∈ [2..k] (5.42)

(¬emi,i′ , xi,c,¬xi′,c) ∀(i, i′) ∈ ML, c ∈ [2..k] (5.43)

⟨2|D̂| + 1⟩(eci,i′) (i, i′) ∈ CL (5.44)

⟨2|D̂| + 1⟩(emi,i′) (i, i′) ∈ ML (5.45)

5.6.2 2-stage Approach

To alleviate the computational cost of optimizing the constraints and the objective simul-

taneously, we can divide them into two stages. The 2-stage approach dedicates the first

stage to optimizing the combined number of satisfied must-links and cannot-links as the

pre-processing stage and optimizes the [MD,MS] objective in the second stage. Slightly

modified versions of the encoding in Section 5.4 are solved at each stage.

Stage 1. We dispose of all of the components in the encoding regarding the modelling

and optimization of [MD,MS] bi-criteria objective. Namely, λ+ and λ− indices, b+w and b−w

variables, the conditional co-clustering and separating clauses (Eq. (5.27) to Eq. (5.31)), the

clauses enforcing the proxy objectives to be well-defined (Eq. (5.32) to Eq. (5.34)), and the

soft clauses (Eq. (5.37) and Eq. (5.38)) are removed. Similar to the 1-stage approach, we

introduce variables {emi,i′ | (i, i′) ∈ ML} and {eci,i′ | (i, i′) ∈ CL}, and add clauses Eq. (5.39)

to Eq. (5.43). Lastly, we maximize the number of emi,i′ and eci,i′ variables set to true by

adding the soft clauses with unit weights in Eq. (5.46) and Eq. (5.47).
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⟨1⟩(eci,i′) (i, i′) ∈ CL (5.46)

⟨1⟩(emi,i′) (i, i′) ∈ ML (5.47)

Stage 2. We modify the ML and CL sets by removing any member with corresponding

eMi,i′ or eCi,i′ variable set to false, i.e., that is not satisfied in stage 1. We then solve the

encoding in Section 5.4 without any changes using the modified sets, and decode the solution

as before. Note that the modified set of pairwise constraints are shown to be satisfied in

stage 1. Thus, stage 2 is guaranteed to be feasible by using the same solution.

5.6.3 3-stage Approach

The 1-stage and 2-stage schemes consider optimization of must-links and cannot-links si-

multaneously and weigh them equally. However, it is not guaranteed that the two types of

pairwise constraints are equally informative and contribute the same to the accuracy of the

solution. The difference is further exacerbated when there is a lack of balance in the size

of ML and CL sets. For example, if ML is significantly larger than CL, soft constraint

optimization has a trivial solution that satisfies almost all of must-links and almost none

of cannot-links. The trivial solution has one dominating cluster that contains almost all

of the input dataset. The trivial solution can be the optimal solution if it is challenging

to satisfy a considerable subset of both ML and CL. This issue, which we refer to as

ML-domination, is an example of the potential shortcomings of optimizing must-links and

cannot-links together.

We propose the 3-stage scheme to separate optimizing the satisfaction of soft must-links

and cannot-links. The 3-stage approach resembles the 2-stage approach (Section 5.6.2) in

solving modified versions of the main encoding (Section 5.4), but has two pre-processing

stages instead of one. Specifically, it first maximizes cannot-link satisfaction, then must-link

satisfaction, and then optimizes the [MD,MS] objective. Prioritizing cannot-links over must-

links by optimizing their satisfaction in a previous stage allows us to adhere to a satisfied

subset of cannot-links and avoid the trivial ML-dominated solution as a result. Note that

we do not consider the alternative approach of prioritizing must-links over cannot-links, as

it is still prone to ML-domination.

Stage 1. We dispose of all objective optimization components and unconditional sep-

arating and co-clustering clauses, as recounted in Section 5.6.2. We introduce variables

{eci,i′ | (i, i′) ∈ CL} to represent whether the cannot-link constraint corresponding to the

pair (i, i′) is satisfied. We add the clauses in Eq. (5.39) to Eq. (5.41) to ensure that all

cannot-links are correctly claimed to be satisfied. Finally, we add the soft clauses with unit

weights in Eq. (5.46) to maximize the number of satisfied cannot-links.
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Stage 2. We modify the CL set by removing any member with the corresponding eci,i′

variable set to false. Similar to stage 1, we dispose of all objective optimization components

and unconditional co-clustering clauses. However, the unconditional separating clauses are

kept as we consider cannot-links to be hard constraints at this stage. We introduce variables

{emi,i′ | (i, i′) ∈ ML} to represent whether the must-link constraint corresponding to the pair

(i, i′) is satisfied. We add the clauses in Eq. (5.42) and Eq. (5.43) to ensure that all must-

links are correctly claimed to be satisfied. Finally, we add the soft clauses with unit weights

in Eq. (5.47) to maximize the number of satisfied must-links.

Stage 3. We modify the ML set by removing any member with corresponding emi,i′ variable

set to false. We then solve the encoding in Section 5.4 without any changes using the

modified sets from the last two stages, and decode the solution as before. Note that similar

to the final stage in Section 5.6.2, the final stage is guaranteed to have a feasible solution.

5.6.4 Chained Method

In Section 5.6.1, Section 5.6.2, and Section 5.6.3, we encoded the satisfaction of pairwise

constraints, represented by emi,i′ and eci,i′ variables, to be independent of each other. How-

ever, similar to how a must-link and a cannot-link might differ in value, there can be an

inconsistency across the members of ML or CL in terms of importance and how much they

contribute to solution quality. To support differing values amongst links, we can linearize

the soft constraint optimization objective by placing links in a total order based on priority.

We introduce the chained method to linearize the satisfaction of must-links and cannot-

links. Linearizing the objectives means that a pairwise link can be claimed to be satisfied

only if all of the previous links according to the total order are also satisfied. Namely,

we sort the members of CL and ML according to arbitrary orders O(CL) and O(ML)

and consider thresholds λCL and λML to optimize such that the first λCL members of CL

and the first λML members of ML are satisfied. The clauses in Eq. (5.48) and Eq. (5.49),

respectively, guarantee that eci,i′ and emi,i′ variables are satisfied in order and λCL and λML

are well-defined.

(eci1,i′1 ,¬e
c
i2,i

′
2
) ((i1, i

′
1), (i2, i

′
2)) ∈ O(CL) (5.48)

(emi1,i′1 ,¬e
m
i2,i

′
2
) ((i1, i

′
1), (i2, i

′
2)) ∈ O(ML) (5.49)

Note that using the chained method may also improve the performance of soft constraint

optimization. When the satisfaction of each link can be individually optimized, there is an

exponential number of satisfying truth assignments to eci,i′ and emi,i′ variables which directly

impact the objective value. By linearizing the objective, we also linearize the number of

satisfying truth assignments to eci,i′ and emi,i′ . This can hypothetically facilitate optimizing

the objective. We discuss in Section 5.6.5 how using the chained method can also improve
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the performance by allowing the smart pairs algorithm to be used for soft constraints.

The chained method can be used in 1-stage (Section 5.6.1), 2-stage (Section 5.6.2), and

3-stage (Section 5.6.3) schemes to soft pairwise constraints.

• The 1-stage approach: We add the clauses in Eq. (5.48) and Eq. (5.49), effectively

setting the objective to λCL + λML.

• Stage 1 of the 2-stage approach: We add the clauses in Eq. (5.48) and Eq. (5.49),

effectively setting the objective to λCL + λML.

• Stage 1 of the 3-stage approach: We add the clauses in Eq. (5.48), effectively

setting the objective to λCL.

• Stage 2 of the 3-stage approach: We add the clauses in Eq. (5.49), effectively

setting the objective to λML.

The order used for cannot-links and must-links dictated by O(CL) and O(ML) can be

based on the Euclidean distance of pairs. The method is referred to as Euclidean chained,

when CL (ML) is sorted based on decreasing (increasing) Euclidean distance of pairs. The

intuition behind Euclidean chained method is that cannot-links with longer distances and

must-links with shorter distances are more likely to conform to a given clustering and be

easier to satisfy.

5.6.5 Smart Pairs Integration

In this section, we discuss how transforming pairwise constraints from hard to soft affects

their integration into the smart pairs algorithm (Section 5.5). We used the unconditional

clauses corresponding to ML and CL sets (Eq. (5.22) to Eq. (5.26)) to be the basis of

sets E+ and E− in the smart pairs algorithm. However, soft cannot-links and must-links

are no longer unconditionally required to be satisfied. Thus, the inclusion of ML (CL)

members into E+ (E−) is rendered unsound in any stage that its satisfied subset is yet to

be determined. Specifically, ML and CL both cannot be integrated in the 1-stage approach,

stage 1 of the 2-stage approach, and stage 1 of the 3-stage approach, and ML cannot be

integrated in stage 2 of the 3-stage approach.

In case of using the chained method (Section 5.6.4), the satisfaction of a cannot-link

(must-link) implies the satisfaction of all of the previous members according to the order

O(CL) (O(ML)). Thus, the chained method allows us to integrate the members of CL

and ML into smart pairs, analogous to how we integrate the conditional co-clustering and

separating clauses. Specifically, when optimizing the number of satisfied cannot-links (must-

links) with the chained method, we can store the state of E− (E+), incrementally add the

members of CL (ML) to E− (E+) in the order of O(CL) (O(ML)), and reset the state of

E− (E+) afterwards.
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5.7 Decision Tree Clustering Pareto Front

In Section 5.4, we proposed an encoding for decision tree clustering whose solution is proven

to be an ϵ-approximation of a Pareto optimal solution in [MD,MS]. However, there can exist

more than one Pareto optimal solution. Our approximated solution is chosen arbitrarily and

is not guaranteed to hold any particular advantage over the other Pareto optimal solutions.

Contrarily, exploring the Pareto front as a whole is beneficial as it allows finding higher

quality alternatives, producing sets of diverse choices for the solution, and domain-level

expertise to be integrated into solution selection. In this section, we propose an algorithm

to solve a generalization of Problem 6 that aims to find approximations of all Pareto optimal

solutions in the [MD,MS] objective, rather than an arbitrary one.

Problem 8 (Complete Pareto Optimal Decision Tree Clustering). Given a set of numer-

ical features F , clusters [1..k], dataset X ⊂ R
|F |, must-link and cannot-link constraints

ML,CL ⊆ X×X, fixed depth d, and approximation parameter ϵ, find a set of fully balanced

decision trees {D1,D2, ...,DP } of depth d, such that:

1. For all p ∈ [1..P ], Θp
D satisfies the constraints ML and CL;

2. For all D∗ ∈ D
∗, ∃p : (MDDp ≤ MDD∗ + ϵ) ∧ (MSDp ≥ MSD∗ − ϵ),

where D
∗ is the set of all Pareto optimal solutions to the problem with respect to the bi-

criteria of maximizing the minimum split and minimizing the maximum diameter.

The encoding presented in Section 5.4 has proxy objectives λ+ and λ− that approximate

MS and MD. We highlighted in Section 5.4.2 that we combine the two proxies by minimizing

λ− − λ+ and thus, aim for an arbitrary Pareto optimal solution in λ+ and λ−. In order to

solve Problem 8 however, we solve a series of instances to find a complete Pareto optimal

set and the Pareto front in λ+ and λ−. In Proposition 7, we show that the Pareto front in

λ+ and λ− includes approximations of any Pareto optimal solution [MD,MS].

Proposition 7 (Complete ϵ-approximation of [MD,MS]). Let {D1,D2, ...,DP } be a com-

plete Pareto optimal set of decision tree clusterings in λ+ and λ− objectives. For every

D∗ that is a Pareto optimal tree clustering in [MD,MS], there exists p with (MDDp ≤

MDD∗ + ϵ) ∧ (MSDp ≥ MSD∗ − ϵ).

Proof. We show that for any arbitrary Pareto optimal solution in minimum split and max-

imum diameter D∗, there exists a solution Dp in its ϵ-neighborhood.

• Let MSD∗ (MDD∗) be the minimum split (maximum diameter) achieved by the solu-

tion D∗. Furthermore, let the pair (xs
1, x

s
2) ((xd

1, x
d
2)) correspond to the minimum split

(maximum diameter) distance.

• Set λ+
D∗ such that (xs

1, x
s
2) ∈ Dλ+

D∗+1 and λ−D∗ such that (xd
1, x

d
2) ∈ Dλ−

D∗
.

• Given that the solution D∗ achieves λ+
D∗ and λ−D∗ values in λ+ and λ−, any complete

Pareto optimal set in λ+ and λ− should contain a solution with objective values equal

or better than λ+
D∗ and λ−D∗ . Let Dp be that solution.
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Algorithm 2 Complete Pareto Optimal Set

1: F := ∅
2: D := Minimize(λ−)
3: while true do

4: D := Maximize(λ+, with λ− ≤ Dλ−)
5: F := F ∪ {D}
6: D := Minimize(λ−, with λ+ > Dλ+)
7: if D is null then
8: Break

9: end if

10: end while

11: Return F

• Since λ+
Dp ≤ λ+

D∗ ∧ λ−Dp ≥ λ−D∗ , we conclude that (MDDp ≤ MDD∗ + ϵ) ∧ (MSDp ≥

MSD∗ − ϵ), proving the proposition for an arbitrary Pareto optimal solution.

To find a complete Pareto optimal set in λ+ and λ−, we use a well-known method for

generating complete Pareto optimal sets in bi-criteria problems [66, 267]. We present the

details of using this method for our setting in Algorithm 2. At each step, we need to optimize

one objective while the other is being (strictly) bounded by a threshold at each step. We

propose a modification to the encoding presented in Section 5.4 that supports having a lower

(upper) bound on λ+ (λ−) and optimizing λ− (λ+). In order to focus on a single object,

we dispose of all of the components that are purely responsible for the optimization of the

other one, and in order to enforce a bound on an objective, we add all pairs that are implied

by the bound to be co-clustered (separated) as part of the ML (CL) set. The details of

each case is as follows:

• When we aim to minimize λ− with λ+ ≥ λlb: We dispose of b+w variables, the

clauses in Eq. (5.30), Eq. (5.31), Eq. (5.33), and Eq. (5.34), and the soft clauses in

Eq. (5.38). Next, we add the pairs belonging to the first λlb distance classes to ML.

• When we aim to maximize λ+ with λ− ≤ λub: We dispose of b−w variables, the

clauses in Eq. (5.27) to Eq. (5.29), Eq. (5.32) to Eq. (5.34), and the soft clauses in

Eq. (5.37). Next, we add the pairs belonging to all but the first λub distance classes

to CL.

Since our objectives are both integers, we can simply implement strict inequality by increas-

ing λlb or decreasing λub by 1.

Note that Algorithm 2 is compatible with hard pairwise constraints or soft ones that

have been previously optimized in 2-stage (Section 5.6.2) or 3-stage (Section 5.6.3) schemes.

We only focus on the combination with hard constraints for our experimental studies due

to brevity and because: 1) a non-trivial optimization of soft constraints is likely to shrink

the search space leading to a small and mostly homogeneous Pareto front; 2) Pareto front
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generation allows a domain expert to investigate soft constraint satisfaction and its trade-off

against quality without explicitly optimizing it.

5.8 Experimental Setup

In this section, we describe the details of our implementation, baselines that we compare

against, method that we use for generating constraints, and how and on which datasets we

evaluate our approach.

5.8.1 Implementation

Our approach is implemented in Python and Java and we use the Loandra solver [34] to solve

the encodings that we generate. Loandra is an any-time solver that guarantees optimality

if run to completion, but can also produce intermediate solutions. We set a time limit of

30 minutes every time a call to the solver is made, a feasible solution is salvaged in case

of a timeout if possible. We run experiments on a server with two 12-core Intel E5-2697v2

CPUs and 128G of RAM.

5.8.2 Datasets

We run our experiments on a varied set of datasets ranging in terms of domain, size, and

number of features. Our benchmarks include seven real datasets from the UCI repository

[77] and four synthetic datasets from FCPS [272]. All of our datasets come with a given

number of clusters that we use as an input for our encoding, and a ground-truth labeling

that we use to evaluate our solutions. For each dataset, we fix the depth value to the lowest

number that provides more than twice as many leaves as there are clusters. We normalize the

values of each feature in all datasets to the range [0, 100] so that features with larger values

do not dominate the pairwise distances. The properties of each dataset alongside the chosen

depth values are provided in Table 5.1. The real datasets are selected with emphasis on their

features and how informative and meaningful they are in their corresponding domains. This

consideration is important since feature interpretability, per the discussion in Section 3.7.3,

lends itself to learning interpretable models.

5.8.3 Constraint Generation

To understand the effects of constraints on our approach, we synthetically generate pairwise

clustering constraint sets that vary relative to the size of the dataset. Specifically, for a

given κ value with 0 ≤ κ ≤ |X|−1
2 , we generate a set of κ · |X| random pairwise constraints

following Wagstaff and Cardie [283]: (1) We generate κ · |X| pairs of data points without

repetition; (2) We add each pair to the must-links (ML) constraint set if both data points

share the same ground-truth label and to the cannot-links (CL) set otherwise. To mitigate
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Dataset |X| |F | k d

Iris 150 4 3 3
Wine 178 13 3 3
Glass 214 9 7 4

Ionosphere 351 34 2 3
Seeds 210 7 3 3
Libras 360 90 15 5
Spam 4601 57 2 3

Lsun 400 2 3 3
Chainlink 1000 3 2 3

Target 770 2 6 4
WingNut 1016 2 2 3

Table 5.1: Real (top) and synthetic (bottom) datasets and their properties.

the potential bias due to the random generation of constraints, each experiment is run with

20 different seeds with the overall mean being reported.

5.8.4 Baselines

To evaluate the performance of our approach, we compare its results against its variations

with regard to structure and objective, in addition to baselines from the literature.

Constrained Clustering

Constrained clustering (Problem 7), i.e., finding a clustering with approximated Pareto

optimality of [MD,MS] without restriction to a decision tree, is our first baseline. To solve

constrained clustering using our approach, we remove the tree-related components of the

encoding. Namely, we remove the variables at,j , si,t, zi,t, gt,c and the clauses in Eq. (5.7)

to Eq. (5.18). Instead, we introduce the clauses in Eq. (5.50) that guarantee a well-formed

unary encoding of labels.2

(xi,c,¬xi,c+1) ∀xi ∈ X, c ∈ [2..k − 1] (5.50)

While we do not include local search-based approaches for constrained clustering as

baselines in our experiments, previous work found that they tend to be outperformed by

combinatorial approaches in terms of solution quality and constraint utilization [66].

Maximum Diameter

Our second and third baselines are the variants of Problem 6 and Problem 7 that only

focus on optimizing (an approximation of) the maximum diameter objective. In case of

2 Note that these clauses are redundant in the encoding of tree clustering as the condition is already
enforced for the leaves.
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Problem 7 and no approximation (i.e., ϵ = 0.0), the variant is equivalent to a well-known

baseline formulated in previous works from the literature [67, 66]. In other words, it has

the same set of (feasible and) optimal solutions as the baseline.

To solve the MD-only variations, we remove all MS-related components of the two encod-

ings for Problem 6 and Problem 7. Namely, we remove b+w variables, conditional co-clustering

clauses in Eq. (5.30) and Eq. (5.31), clauses guaranteeing λ∗ to be well-defined in Eq. (5.33)

and Eq. (5.34), and soft clauses modelling the MS objective in Eq. (5.38).

Mixed Integer Optimization

To our knowledge, the model in Bertsimas, Orfanoudaki, and Wiberg [38] is the only ap-

proach in the literature that solves the problem of decision tree clustering by formulating

it as a well-known combinatorial optimization problem, i.e., Mixed Integer Optimization

(MIP). Their model is restricted to one leaf per cluster and optimizes the Silhouette objec-

tive given sufficient time. However, Bertsimas, Orfanoudaki, and Wiberg note that their

model does not scale well, therefore not releasing their code nor presenting any experimental

results. They instead focus on a heuristic procedure that does not have any solution quality

guarantees and cannot naturally support clustering constraints.

Due to the relevance to our work and the lack of similar approaches in the literature,

we aim to provide a comparison against the MIP model. Thus, we have implemented

the model using the Gurobi v10 solver. Note that their model did not originally support

clustering constraints and we extend it to incorporate the pairwise constraints that we

support. Furthermore, we have detected and addressed a series of issues ranging from

minor typographical ones to crucial ones that make it impossible to solve the model. We

provide the details of our implemented version of Bertsimas, Orfanoudaki, and Wiberg’s

MIP formulation for decision tree clustering in Appendix A.

5.8.5 Evaluation

We use the ground-truth labels included in our benchmarks to evaluate the quality of clus-

tering solutions obtained by our approach. To determine how closely our learned clustering

resembles the ground-truth, we use the Adjusted Rand Index (ARI) and the Normalized

Mutual Information (NMI) criteria (Section 5.2.1).

5.9 Experimental Results

In this section, we run an extensive set of experiments to evaluate our SAT encoding for deci-

sion tree clustering with support for constraints. We compare our approach against baselines

(Section 5.9.1), examine the impact of the approximation parameter (Section 5.9.2), study

infeasibility and the impact of the depth parameter (Section 5.9.3), investigate the benefits

of soft constraints (Section 5.9.4), explore the Pareto fronts of our objective (Section 5.9.5),

and examine the effects of pruning and approximation on performance (Section 5.9.6).
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5.9.1 Comparison Against Baselines

In our first set of experimental results, presented in Table 5.2, we solve Problem 6 with

ϵ = 0.1 for ML and CL sets generated with various κ values. The results are then compared

against three baseline variations achieved through removing the tree-clustering restriction

and MS component of the objective, described in Section 5.8.4. We report average ARI

and NMI metrics, average runtimes, and the number of feasible instances across 20 seeds.

Note that a decision tree clustering problem with (consistent) ML and CL sets might be

infeasible for a fixed depth. We exclude infeasible and unknown3 cases from the computed

average ARI and NMI values.

Note that the MIP formulation from Bertsimas, Orfanoudaki, and Wiberg [38], which

we revised and implemented, is absent from our comparison. Our experiments with the MIP

model found that it is unable to find a feasible solution for any of the datasets and the depths

specified in Table 5.2 across multiple runs, both in settings with and without constraints.

This result is consistent with Bertsimas, Orfanoudaki, and Wiberg’s observation on the

limited scalability of their MIP formulation and emphasizes the strong performance of our

approach.

The results in Table 5.2 show that our approach can produce high quality interpretable

solutions with non-zero ϵ values in the time limit. We observe that finding a tree or non-tree

solution that is Pareto optimal in [MD,MS] almost always leads to better ARI and NMI

scores compared to only optimizing MD. The cases where the MD-only objective achieves

better scores mostly correspond to empty ML and CL sets (κ = 0).

Interestingly, we observe that when the tree clustering problem is feasible, it manages to

produce higher quality solutions compared to its non-tree counterpart, constrained clustering

(CC), in both objectives. The exceptions are mostly limited to the Chainlink dataset with

the [MD,MS] objective and the κ = 0 case with the MD objective. It seems unintuitive for

tree clustering to produce higher quality solutions as it is strictly less expressive than CC.

We conjecture that both clustering objectives tend to perform better with tree clustering

because of its inherently restricted yet structured solution space, resulting in potentially

worse objective values but higher ARI scores.

Figure 5.1 summarizes the results from Table 5.2 and highlights the average benefits

of tree clustering (◦), the bi-criteria objective (blue and dotted), and constraints across all

datasets. In the presence of no constraints, the ARI scores of the four approaches are fairly

close. However, adding a moderate number of constraints causes the CC approach with the

MD objective to fall behind significantly, highlighting the importance of using either the bi-

criteria objective or tree clustering. Furthermore, all approaches employing tree clustering

or the bi-criteria objective always achieve better ARI scores when increasing κ. The tree

clustering with bi-criteria approach always outperforms the baselines when any constraint is

present, with the difference most notable with a low number of constraints. The downside to

using the tree clustering approaches, however, is evident in the number of feasible solution

3 Instances where the solver timed out or crashed without finding a feasible solution are considered
“unknown”.
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Figure 5.1: ARI and feasibility results from Table 5.2 averaged over 11 datasets.

Figure 5.2: A Pareto optimal (in [MD,MS], ϵ = 0) decision tree and its corresponding
clustering solution for the Lsun dataset.

decreasing as κ increases, exposing the trade-off between interpretability via decision trees

and satisfaction of user-provided clustering constraints. Note that the number of feasible

solutions corresponds to the tree clustering with the [MD,MS] objective, but the results for

the MD objective are the same in all but two cases.

Figure 5.2 shows a decision tree of depth 2 found as a Pareto optimal (ϵ = 0) clustering

solution for the synthetic Lsun dataset without pairwise constraints (κ = 0). We see that

the solution fails to find the intended clusters in the data and instead focuses on a clustering

with a significantly smaller maximum diameter. Figure 5.3 shows the solution that is found

in a similar setting with just 4 pairwise constraints added (κ = 0.01). We see that the

intended clusters are found and perfect accuracy (ARI of 1.0) is achieved. This example

demonstrates how a minimal number of constraints combined with the structure of decision

trees can significantly improve solution quality. Note that in non-tree approaches, such as

CC or Kmeans with constraints, constraints have lower impact on the points that are not

involved directly. Thus, a larger number of them is required to alter the overall structure of

the solution in a significant way.
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Figure 5.3: A Pareto optimal (in [MD,MS], ϵ = 0) decision tree with κ = 0.01 and its
corresponding clustering solution for the Lsun dataset.

5.9.2 Approximation

Next, we experiment with different values for the approximation parameter ϵ to understand

the trade-off between performance and more precise approximation. We solve Problem 6 for

each dataset and its corresponding highest κ value from Table 5.2 that resulted in 20 out of

20 feasible solutions. We do so to understand approximation in the presence of constraints

but without infeasibility concerns. We choose the [MD,MS] objective and try 4 different

values ranging from 0.01 to 10 for the ϵ parameter. Note that we normalize feature values

to [0, 100], so any value above 10 for ϵ is, intuitively, seen as too extreme.

The impact of the approximation parameter as shown by the results in Table 5.3 are

as expected. Specifically, we see a significant improvement in runtime as ϵ increases for all

datasets except for Libras. Moreover, less accurate solutions are found with larger ϵ values

in all cases except for Seeds and Chainlink datasets. The negative impact on solution quality

is shown to be minimal in most cases, demonstrating the robustness of the tree clustering

algorithm to approximation. The robustness can be due to the structure of decision tree

solutions minimizing the negative impact of assigning more pairs in the same distance class

on the individual treatment of points. Note that since we chose feasible values for κ, we

find only feasible solutions in all but 1 case. This particular instance is also feasible, but

the solver failed to produce a solution due to a timeout.

5.9.3 Depth and Infeasibility

Our next set of experimental results investigates the effects of the depth parameter on quality

and feasibility of decision tree solutions. We solve Problem 6 with three depth values for

each dataset, centered around the values specified in Table 5.1. The results presented in

Table 5.4 show that increasing depth can help solve the infeasibility issue in almost all of

the datasets, but it is not guaranteed to do as it fails to produce any feasible solutions for

the Spam dataset even at a depth of four. Furthermore, the results show that increasing the

depth beyond the point of feasibility will, in all but one case, lead to lower or equal average

ARI and NMI scores. This observation is in line with our claim based on Table 5.2 that

the limited structure of trees improves the clustering quality, since shallow trees are more

restricted than deeper ones.
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5.9.4 Soft Constraints

Results from Table 5.4 have underlined the challenge in balancing solution feasibility and

accuracy when adding constraints to a fixed-depth decision tree. One way to approach this

issue is to address infeasibility through the use of soft constraints that were introduced in

Section 5.6. For our next experiment, we solve Problem 6 with the 1-stage (Section 5.6.1),

2-stage (Section 5.6.2), and 3-stage schemes to soft constraint optimization. For each ap-

proach, we use both non-chained and Euclidean chained variations. We use higher values

of κ for this experiment, as the 2-stage approach is equipped to deal with the infeasibil-

ity due to a higher number of constraints. We report the time spent by the solver in each

stage independently to distinguish which optimization is the most challenging in multi-stage

schemes.

Table 5.5 and Table 5.6 present the results for the non-chained and chained variations

of the 1-stage scheme, respectively. Compared to the results in Table 5.2, the 1-stage

approach achieves slightly worse solutions in feasible instances but manages to produce

solutions in infeasible instances that are more constrained. By maintaining feasibility, it

allows us to continually improve ARI and NMI scores by adding constraints without the

risk of infeasibility. The results for the non-chained and chained variations of the 2-stage

scheme are presented in Table 5.7 and Table 5.8, respectively. We observe that the 2-stage

scheme is also similarly enabling a higher utilization of clustering constraints to improve

accuracy. When comparing against the 1-stage in feasibility and accuracy, we see that each

approach is superior in some cases. The instability in comparison could be due to the

1-stage approach being able to achieve higher objective values in theory but being more

computationally demanding in practice. Table 5.9 and Table 5.10 present the results for the

non-chained and chained variations of the 3-stage scheme, respectively. Similar to before, we

see a higher utilization of constraints that lead to higher quality solutions and an instability

when comparing against the 1-stage and 2-stage schemes. Note that any comparison between

different schemes should be done in caution as they employ different number of calls to the

solver and, as a result, vary in the total time limit that they are given.

In comparison against the non-chained variations, we see that employing the chained

method will usually result in lower or equal average scores. Exceptions include the Spam

dataset for the 1-stage approach and the Ionosphere dataset for the 3-stage approach. The

chained variations are also able to produce less feasible solutions. The number of cases in

which less than 20 feasible solutions are produced increases from 4 to 13 for 1-stage, 4 to

6 for 2-stage, and 5 to 7 for 3-stage schemes. We also report the percentage of must-links

and cannot-links satisfied by each approach. We see that most schemes maintain an above

90% satisfaction for both types of pairwise constraints. The exceptions are 21 cases in

non-chained 1-stage, 26 in chained 1-stage, 20 in non-chaind 2-stage, 28 in chained 2-stage,

24 in non-chained 3-stage, and 39 in chained 3-stage. A comparison shows that chained

variations are able to satisfy less constraints, which matches our expectation as a linearized

satisfaction of links is more limited.



CHAPTER 5. CONSTRAINED CLUSTERING VIA DECISION TREES 119

We observe that the chained method outperforms its non-chained counterpart in terms of

runtime for Chainlink in 2-stage and 3-stage approaches and for Ionosphere and Seeds across

schemes. However, we also see ML-domination, as described in Section 5.6.3, occurring in

cases with a considerable intersection. Specifically, we see the ML and CL satisfaction rates

to converge to 100% and 0%, respectively, as κ is increased for Ionosphere and Spam in 1-

stage and 2-stage and Chainlink in 2-stage schemes, nullifying the improvement in runtime.

In fact, a shorter runtime translates to a higher quality solution only for Ionosphere in

the 3-stage scheme. Overall, our observations suggest that while the chained method is

useful for prioritizing link satisfaction, it is not suitable to be employed for improving the

performance. It can also cause ML-domination where as the non-chained variation do not.

Although, the ML-domination can be addressed and the accuracy can be improved by using

the 3-stage scheme, as evident by Ionosphere, Spam, and Chainlink datasets.

In Figure 5.4, we summarize and combine the ARI scores from Table 5.2, Table 5.5,

Table 5.6, Table 5.7, Table 5.8, Table 5.9, and Table 5.10. We compare in an ascending order

of κ values the multiple soft constraint schemes and their chained and non-chained variations

against the original approach of treating links as hard constraints. We report the number of

feasible solutions within the figure if any of the instances fail to produce a solution, with a

cross mark indicating a failure across the board. The trends visible in the figure matches our

observations from the tables. Namely, all soft constraint approaches can improve solution

quality by incorporating a higher number of constraints without infeasibility. Moreover,

the non-chained methods perform better than their chained counterparts in accuracy and

number of feasible solutions.

5.9.5 Pareto Front Exploration

For our next set of experimental results, we focus on solving Problem 8. We inquire whether

exploring a complete Pareto optimal front leads to significantly higher clustering accuracy

compared to retrieving an arbitrary Pareto optimal solution. To provide a fair comparison

and avoid putting the solutions of Problem 6 at a disadvantage, we consider a global timeout

limit (30 minutes) for generating the Pareto front. A global timeout limit spans over multiple

calls to the solver. Specifically, it limits every call to the solver to the remaining time, i.e., the

global limit minus the overall time spent. Note that Algorithm 2 requires every optimization

step to be optimal. Thus, we stop the algorithm whenever the solver times out and produces

a potentially non-optimal solution or no solution at all. An incomplete front would then

consist of all of the optimal solutions produced up to that point and the potentially non-

optimal last one. We use lower values for κ since a highly constrained instance tends to

converge and have very few solutions in its complete Pareto front.

In Table 5.11, we report the size, maximum ARI score, and maximum NMI score of the

Pareto optimal fronts averaged across seeds. Furthermore, we highlight the number of cases

where a complete Pareto front is successfully generated (Comp.), where an incomplete front

is generated (Inc.), and when no feasible solution is found (Inf.). Lastly, we report average
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ARI and NMI scores from Table 5.2 again to compare against maximum scores across each

front. We observe that finding a complete Pareto optimal front and selecting the best

solution leads to comparable quality when a moderate amount of constraints are present.

In non-constrained (κ = 0) cases however, the best solution of the front is able to achieve

significantly higher scores in 5 datasets. The similar impact of Pareto front generation and

constraints is expected since increasing the constraints forces the front to converge on a few

high-quality solutions. We observe the number of solutions in the Pareto front to almost

monotonically decrease as more constraints are added, with a few minor increases from

κ = 0.1 to κ = 0.25 due to high-quality solutions becoming infeasible and being replaced

with more than one dominated ones. Lastly, we see feasible solutions produced in as many

instances as the singular Pareto optimal solution approach (Table 5.2), with the only minor

improvement occurring for Ionosphere at κ = 0.25.

5.9.6 Ablation

In our last experiment, we study the impact of the smart pairs pruning algorithm (Sec-

tion 5.5) and objective approximation via distance classes (Section 5.3) on the performance

of our approach. We solve Problem 6 in three settings of pruning and non-zero ϵ, non-zero

ϵ with no pruning, and no pruning with zero ϵ. Note that ϵ = 0 corresponds to not utilizing

distance classes and approximation. We omit presenting ablation results for soft constraints

(Section 5.6) since: 1) their final objective optimization is not as challenging due to maximal

constraint satisfaction confining the search space; 2) there cannot be a direct comparison

in number of clauses and runtime in a multi-stage approach, as the result of each stage

can affect the following ones. In addition to validation criteria and runtime, we report the

average number of clauses alongside how many seeds lead to: 1) feasible solutions (Feas.);

2) solver declaring that no solution exists (Inf.); 3) solver terminating without finding a

solution or claiming infeasibility (Unk.); and 4) an out-of-memory error (Mem.).

The results in Table 5.12 show that employing pruning and approximation allows us to

significantly reduce the runtime and the number of clauses. The improvement in performance

translates to finding higher quality solutions in all cases except for Iris and Wine, easy

instances that enjoy a slight benefit in accuracy when approximation of the objective is

not in effect (ϵ = 0). For Libras, Spam, and Lsun, the improved performance can help

us find more feasible solutions and prove infeasibility for more cases. Note that unlike ϵ-

approximation, the smart pairs algorithm is guaranteed not to change the set of feasible

solutions and the set of optimal solutions. However, since we optimize λ− − λ+ and there

can be multiple optimal solutions, the different encoding may still lead to a different solution

with slightly different ARI and NMI scores, even if the timeout limit is not reached.
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5.10 Related Works

The problem of constrained clustering without decision tree restriction has been solved

in Dao, Duong, and Vrain [66] as combinatorial optimization problem. Their approach

supports pairwise links as well as cluster-level constraints including bounds on the size and

local density of clusters. Their focus is on the bi-criteria objective of maximum diameter

and minimum split and the authors demonstrate that their approach can be embedded in

a complete Pareto front generation algorithm. They use Constraint Programming (CP)

and global constraints to outperform the two well-known Branch-and-Bound and Graph

Coloring baselines, with the added benefit of CP expressiveness enabling the encoding of

more complex constraints.

Constrained clustering can also be solved by local search approaches usually based on

k-means. The CVQE algorithm [70] extends k-means with constraint support by adding

penalties for violated constraints to the error function. The MPCK-means algorithm [42] is

also based on k-means and integrates pairwise constraints with unsupervised data through

learning distance metrics. Other clustering approaches such as hierarchical [69] and spectral

[287] have also been extended with support for user-specified constraints.

Requiring a clustering solution to conform to a decision tree adds interpretability by

revealing how each point is assigned to a cluster and which features impacted the decision

making. However, the restriction on the solution space also comes with unavoidable cost to

the clustering objective. Recent literature has proven lower bounds for the increase in cost

and proposed increasingly tight upper bounds via algorithms with guaranteed approximation

factors. Moshkovitz et al. [203] shows that local search approaches can have arbitrarily large

cost and proves a Ω(log k) lower bound factor for k-means and k-medians objectives. They

further present algorithms for O(k)-approximation of k-medians and O(k2)-approximation

of k-means. Gamlath et al. [91] later improved the upper bounds to O(log2 k) and O(k log2 k)

for the k-medians and k-means objectives respectively and proved new lower bound of Ω(k)

for k-means. Relaxed variations of decision trees such as oblique ones are not subject to these

limitations and can be learned to represent partitions founds by non-tree algorithms such

as k-means [90]. Relaxing the decision tree structure could also be beneficial in enabling

more efficient learning algorithms, as is the case with soft decision trees and continuous

optimization [60].

The DL8.5 algorithm presented in Aglin, Nijssen, and Schaus [6] is a decision tree learn-

ing approach based on Branch-and-Bound search and Dynamic Programming. DL8.5 can

optimize an additive cost function for leaves by recursively exploring all possible splits within

a decision tree. In addition to bounding and pruning the search space, caching is used to

improve the search performance through exploiting the fact that the same subset of data

might appear in multiple subproblems. DL8.5 was originally introduced for the problem of

classification but was later shown to also work with an additive cost for clustering [7]. The

cost being optimized is the sum of Euclidean distance for each point and the centroid of its

cluster. DL8.5 for clustering does not support a cluster to be spread across multiple leaves
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and neither can it naturally support constraints due to its search-based framework.

A combinatorial optimization approach to the decision tree clustering problem without

constraints is presented in Bertsimas, Orfanoudaki, and Wiberg [38]. Building upon the au-

thors’ previous decision tree classification work [37], the problem is formulated as a Mixed

Integer Optimization (MIO) instance that optimizes the Silhouette Metric [236]. However,

the authors highlight the lack of scalability of their formulation and instead focus on an

heuristic-based local search algorithm. Their iterative coordinate-descent approach is lim-

ited to one leaf per cluster and approximates a solution in the Silhouette Metric [236] or the

Dunn index [78] validation criteria without any approximation guarantees. The authors’ line

of work in repurposing a model initially conceived for classification to a clustering context

reflects that of ours in Chapter 3 and this chapter. However, the extension of our approach

to clustering differs in the sense that it also adds support for user-provided clustering con-

straints.

5.11 Conclusion and Future Work

We present a MaxSAT encoding of decision tree clustering with pairwise constraints as

the first combinatorial optimization approach to interpretable constrained clustering. Our

approach reuses the direct non-binary branchings first presented in Chapter 3 and equips

it with a clustering objective and support for constraints. Specifically, it optimizes the

well-known bi-criteria objective of maximum diameter and minimum split with guaranteed

ϵ-approximation of a Pareto optimal solution. We also detail how our encoding can be

employed in an iterative algorithm that provides approximations of all, rather than one, of

Pareto optimal solutions. The complete approximation of the Pareto front allows the user

to choose a viable solution based on domain-specific expertise or heuristics.

Our solutions are interpretable as the decision making for placing a data point into

a cluster is transparent. They are also constrained since must-links and cannot-links can

represent domain-specific knowledge that should be adhered to, ranging from instance-level

constraints to higher level constraints regarding clusters that can be translated to pairwise

ones. Using the formulation approach with the declarative combinatorial optimization prob-

lem of MaxSAT allows us to have guarantees on solution quality, flexibility in specifying

constraints, and the ability to spread a cluster amongst multiple leaf nodes. All areas where

most of the current body of work on decision tree clustering, which relies on local search

and heuristics, fail.

We integrate must-links and cannot-links with our objective into the Smart Pairs algo-

rithm to provide a pruning framework that detects redundant and infeasible clauses in the

time of encoding. As a result, not every clause that we describe in the paper will end up in

the instances that we solve, even though there is an equivalency in feasible solutions and the

objective value. Smart pairs demonstrates that formulation in a combinatorial optimization

problem can be pruned in an automated way to improve performance, as long as equivalency

with the original formulation is proven.
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We further add support for soft constraints in 1-stage, 2-stage, and 3-stage approaches

to address the potential issue of infeasibility and pave the way for utilizing a larger amount

of semi-supervision through pairwise constraints. The soft approach to constrained ML

lacks guaranteed enforcement, but is still clear in how constraint satisfaction is optimized

and which constraints are enforced in the end. Our approach can be easily modified to

support hard and soft pairwise constraints simultaneously, with the hard ones representing

strict user-provided guidelines and the soft ones mostly utilized for accuracy. Moreover, our

chained approach to link satisfaction provides means for the user to specify their priority

and influence how constraint satisfaction is optimized.

We experimentally show that we can find interpretable solutions of high quality in short

runtimes, being the first exact approach to do so. We further show that decision trees,

the bi-criteria objective, and pairwise constraints can improve solution quality on their own

and through complementing each other. This is a very important result demonstrating that

restriction to interpretable solutions, surprisingly, improves accuracy, expanding upon one

of the central claims in the literature of interpretable ML [237] and extending it to the

problem of clustering. The improvement can hypothetically be explained by observing that

the natural structure and simulatability in interpretable solutions aptly complements the

clustering objective in aspects that it does not encompass. Moreover, the results show that

clustering constraints improve the solution accuracy in the context of decision tree solutions,

similar to how they do for non-tree ones [283].

Our experiments demonstrate the trade-off between solution quality and feasibility. We

show how the support for soft constraints in our proposed schemes allows us to consider

a larger set of constraints without infeasibility and further improve accuracy. Moreover,

we run the complete Pareto front generation algorithm and show that solutions of higher

quality can be found when there is an absence of constraints. Picking a solution from the

front can be seen as another form of user involvement that can replace the utilization of

constraints in improving accuracy. Lastly, we perform ablation studies and highlight the

impact of ϵ-approximation and Smart Pairs on the size of the produced encodings and, as a

result, performance.

Our work can be extended in multiple interesting directions in the future. Multiple so-

lutions of varying accuracy can have the same objective values of MD and MS. A secondary

criterion, e.g., within cluster sum of squares [51], can be considered and optimized as a sec-

ondary stage to distinguish such solutions. Additionally, experiments can be performed to

study the simultaneous optimization of the bi-criteria objective and soft pairwise constraint

satisfaction. Examples include weighing one objective against the other or producing all

Pareto optimal solutions. In any case where multiple objectives are being optimized, al-

ternative strategies and tools, e.g., multi-objective solvers [143], can be investigated and

empirically evaluated for exploring the space of all Pareto optimal solutions more efficiently.

Another direction to enhance performance is more thorough pruning. The Smart Pairs al-

gorithm can be equipped with more sophisticated algorithms from graph theory to detect

more infeasible and redundant cases. For example, the current version permits the infea-
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sible case in which there are two clusters and three data points with cannot-links between

them. It also does not detect redundancy when there are two clusters and a must-link is

being added between two points that both are connected to a third point with cannot-links.

Lastly, the decision tree encoding can be extended to new objectives and new constraints

with potential integration into the Smart Pairs algorithm in interesting ways.
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Data κ
Tree [MD,MS] Tree MD CC [MD,MS] CC MD

ARI NMI Time(s) Feas. ARI NMI Feas. ARI NMI ARI NMI

Ir
is

0 0.60 0.67 0.85 20 0.60 0.67 20 0.60 0.67 0.70 0.72

0.1 0.83 0.82 0.76 20 0.70 0.71 20 0.82 0.82 0.57 0.61
0.25 0.85 0.84 0.68 20 0.77 0.77 20 0.79 0.79 0.60 0.62
0.5 0.91 0.89 0.68 20 0.87 0.85 20 0.80 0.79 0.58 0.61
1 0.95 0.93 0.70 13 0.94 0.92 13 0.91 0.89 0.68 0.68

W
in

e

0 0.00 0.02 1.79 20 0.14 0.20 20 0.00 0.02 0.17 0.20

0.1 0.71 0.70 1.23 20 0.39 0.42 20 0.51 0.50 0.37 0.38
0.25 0.80 0.78 2.19 20 0.60 0.60 20 0.52 0.51 0.22 0.25
0.5 0.84 0.81 4.10 20 0.75 0.71 20 0.54 0.53 0.18 0.20
1 0.94 0.92 4.00 20 0.90 0.87 20 0.71 0.67 0.20 0.20

G
la

ss

0 0.23 0.38 7.91 20 0.22 0.34 20 0.23 0.39 0.24 0.37
0.1 0.22 0.33 10.63 20 0.19 0.30 20 0.21 0.32 0.22 0.32
0.25 0.22 0.31 75.82 20 0.18 0.29 20 0.16 0.26 0.16 0.24
0.5 0.28 0.35 1098.45 20 0.26 0.35 20 0.15 0.23 0.13 0.21
1 - - 301.54 0 - - 0 0.14 0.20 0.08 0.15

Io
n

os
p

h
er

e 0 0.01 0.02 11.65 20 0.06 0.06 20 0.01 0.02 0.09 0.06

0.1 0.31 0.25 32.77 20 0.11 0.07 20 0.14 0.12 0.04 0.03
0.25 0.51 0.40 664.44 13 0.49 0.38 14 0.21 0.16 0.07 0.04
0.5 - - 57.53 0 - - 0 0.39 0.32 0.10 0.06
1 - - 8.38 0 - - 0 0.78 0.70 0.70 0.62

S
ee

d
s

0 0.71 0.67 1.47 20 0.59 0.58 20 0.68 0.65 0.71 0.69

0.1 0.68 0.66 0.98 20 0.64 0.62 20 0.63 0.62 0.53 0.56
0.25 0.73 0.71 1.34 20 0.72 0.69 20 0.61 0.61 0.51 0.55
0.5 0.79 0.76 1.89 18 0.77 0.74 18 0.62 0.61 0.55 0.58
1 - - 1.18 0 - - 0 0.78 0.76 0.71 0.70

L
ib

ra
s

0 0.18 0.44 1811.31 20 0.18 0.44 20 0.19 0.45 0.14 0.38
0.1 0.18 0.44 1404.89 20 0.15 0.41 20 0.17 0.43 0.14 0.37
0.25 0.17 0.42 1139.53 20 0.14 0.38 20 0.14 0.38 0.11 0.34
0.5 0.16 0.41 787.08 20 0.14 0.37 20 0.12 0.34 0.09 0.30
1 0.16 0.40 1673.42 13 0.14 0.37 12 0.11 0.32 0.08 0.27

S
p

am

0 0.00 0.00 309.24 20 -0.01 0.01 20 0.00 0.00 0.13 0.09

0.1 - - 292.93 0 - - 0 0.06 0.04 0.04 0.03
0.25 - - 194.23 0 - - 0 0.04 0.03 0.05 0.04

0.5 - - 136.92 0 - - 0 0.08 0.05 0.06 0.03
1 - - 105.56 0 - - 0 0.61 0.55 0.62 0.56

L
su

n

0 0.40 0.51 2.04 20 0.40 0.50 20 0.40 0.51 0.38 0.49
0.1 0.90 0.91 1.82 20 0.68 0.69 20 0.74 0.77 0.31 0.33
0.25 1.00 1.00 1.49 20 0.88 0.86 20 0.90 0.90 0.32 0.31
0.5 1.00 1.00 1.45 20 0.95 0.93 20 1.00 1.00 0.31 0.29
1 1.00 1.00 1.22 20 0.98 0.97 20 1.00 1.00 0.49 0.39

C
h

a
in

li
n

k 0 0.24 0.19 6.70 20 0.00 0.00 20 1.00 1.00 0.06 0.05
0.1 0.87 0.80 6.20 19 0.83 0.75 19 1.00 1.00 0.06 0.06
0.25 0.93 0.87 3.84 1 0.90 0.83 1 1.00 1.00 0.03 0.03
0.5 - - 3.33 0 - - 0 1.00 1.00 0.03 0.03
1 - - 3.01 0 - - 0 1.00 1.00 0.63 0.56

T
a
rg

et

0 0.33 0.39 14.16 20 0.31 0.34 20 0.06 0.22 0.38 0.42

0.1 1.00 1.00 6.39 20 0.64 0.60 20 1.00 1.00 0.57 0.54
0.25 1.00 1.00 6.79 20 0.88 0.81 20 1.00 1.00 0.40 0.37
0.5 1.00 1.00 8.99 20 0.95 0.91 20 1.00 1.00 0.23 0.24
1 1.00 1.00 7.46 20 0.98 0.96 20 1.00 1.00 0.44 0.38

W
in

g
n
u

t 0 1.00 1.00 6.50 20 1.00 1.00 20 1.00 1.00 0.16 0.16
0.1 1.00 1.00 3.54 20 1.00 1.00 20 1.00 1.00 0.21 0.18
0.25 1.00 1.00 3.39 20 1.00 1.00 20 1.00 1.00 0.29 0.25
0.5 1.00 1.00 3.37 20 1.00 1.00 20 1.00 1.00 0.49 0.42
1 1.00 1.00 3.29 20 1.00 1.00 20 1.00 1.00 0.82 0.75

Table 5.2: Interpretable tree clustering with constraints for ϵ = 0.1 averaged over 20 runs
and compared against three baselines.
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Dataset κ ϵ Feas. ARI NMI Time (s)

Iris 0.5

0.01 20 0.90 0.88 5.96
0.1 20 0.91 0.89 0.68
1 20 0.90 0.88 1.00
10 20 0.86 0.84 0.94

Wine 1

0.01 20 0.93 0.91 18.37
0.1 20 0.94 0.92 4.00
1 20 0.93 0.91 6.71
10 20 0.91 0.88 3.27

Glass 0.5

0.01 20 0.27 0.33 1238.01
0.1 20 0.28 0.35 1098.45
1 20 0.27 0.34 834.19
10 19 0.24 0.31 366.12

Ionosphere 0.1

0.01 20 0.31 0.24 59.71
0.1 20 0.31 0.25 32.77
1 20 0.28 0.21 37.20
10 20 0.28 0.21 15.25

Seeds 0.25

0.01 20 0.73 0.70 14.72
0.1 20 0.73 0.71 1.34
1 20 0.72 0.70 1.32
10 20 0.75 0.71 1.13

Libras 0.5

0.01 20 0.18 0.42 887.06
0.1 20 0.16 0.41 787.08
1 20 0.18 0.42 974.55
10 20 0.15 0.39 1031.73

Spam 0

0.01 20 0.00 0.00 86.22
0.1 20 0.00 0.00 309.24
1 20 0.00 0.00 35.04
10 20 0.00 0.00 34.01

Lsun 1

0.01 20 1.00 1.00 16.38
0.1 20 1.00 1.00 1.22
1 20 1.00 1.00 1.15
10 20 1.00 1.00 1.12

Chainlink 0

0.01 20 0.10 0.08 22.97
0.1 20 0.24 0.19 6.70
1 20 0.07 0.05 3.21
10 20 0.51 0.47 2.80

Target 1

0.01 20 1.00 1.00 12.92
0.1 20 1.00 1.00 7.46
1 20 1.00 1.00 2.86
10 20 1.00 1.00 2.89

Wingnut 1

0.01 20 1.00 1.00 25.04
0.1 20 1.00 1.00 3.29
1 20 1.00 1.00 1.84
10 20 1.00 0.99 1.85

Table 5.3: Tree clustering with the [MD,MS] objective for different ϵ values averaged over
20 runs.
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Dataset Depth ARI NMI Feas. Time (s)

Iris
2 - - 0 0.55
3 0.90 0.88 20 0.69
4 0.86 0.85 20 0.93

Wine
2 0.90 0.87 1 0.71
3 0.85 0.82 20 4.42
4 0.77 0.75 20 5.25

Glass
3 - - 0 4.61
4 0.29 0.36 20 1166.98
5 0.25 0.31 20 46.48

Ionosphere
2 - - 0 1.83
3 - - 0 59.87
4 0.67 0.55 13 1250.52

Seeds
2 - - 0 0.74
3 0.81 0.77 18 1.91
4 0.76 0.73 20 2.20

Libras
4 0.17 0.40 2 1805.05
5 0.16 0.41 20 814.88
6 0.15 0.39 20 496.58

Spam
2 - - 0 73.70
3 - - 0 140.83
4 - - 0 629.25

Lsun
2 1.00 1.00 20 1.40
3 1.00 1.00 20 1.49
4 1.00 1.00 20 1.68

Chainlink
2 - - 0 2.78
3 - - 0 3.32
4 1.00 1.00 20 5.04

Target
3 - - 0 7.19
4 1.00 1.00 20 8.84
5 1.00 1.00 20 9.60

Wingnut
2 1.00 1.00 20 2.91
3 1.00 1.00 20 3.35
4 1.00 1.00 20 4.03

Table 5.4: Tree clustering with the [MD,MS] objective for different tree depths (κ = 0.5,
ϵ = 0.1) averaged over 20 runs.
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Dataset κ ARI NMI ML% CL%
Solver Time (s)

Feas.
S1

Ir
is

0.1 0.83 0.83 100.00 100.00 0.72 20
0.25 0.87 0.85 100.00 100.00 1.27 20
0.5 0.90 0.88 100.00 100.00 1.30 20
1 0.95 0.93 99.58 99.85 12.59 20
1.5 0.97 0.96 99.44 99.77 42.14 20
2 0.97 0.96 99.47 99.67 159.57 20

W
in
e

0.1 0.69 0.68 100.00 100.00 1.54 20
0.25 0.78 0.76 100.00 100.00 4.03 20
0.5 0.85 0.82 100.00 100.00 8.84 20
1 0.94 0.91 100.00 100.00 7.87 20
1.5 0.97 0.95 100.00 100.00 4.30 20
2 0.98 0.97 100.00 100.00 3.39 20

G
la
ss

0.1 0.22 0.34 100.00 100.00 19.77 20
0.25 0.22 0.31 100.00 100.00 179.09 20
0.5 0.27 0.34 100.00 100.00 1323.76 20
1 0.29 0.34 85.15 97.23 1800.03 20
1.5 0.31 0.37 73.04 95.09 1800.03 20
2 0.33 0.39 68.17 94.34 1800.03 20

Io
n
o
sp

h
er
e

0.1 0.29 0.24 100.00 100.00 53.73 20
0.25 0.49 0.37 99.54 98.96 1221.32 20
0.5 0.66 0.54 96.40 92.22 1800.03 20
1 0.68 0.57 93.69 86.18 1800.03 20
1.5 0.71 0.61 92.87 86.56 1800.03 20
2 0.71 0.60 91.50 84.84 1800.04 20

S
ee
d
s

0.1 0.68 0.66 100.00 100.00 1.42 20
0.25 0.73 0.70 100.00 100.00 2.11 20
0.5 0.81 0.78 99.89 99.93 13.23 20
1 0.91 0.88 98.70 99.12 1246.82 20
1.5 0.91 0.87 98.07 98.88 1316.63 13
2 0.94 0.90 97.59 98.55 1317.04 12

L
ib
ra
s

0.1 0.17 0.43 100.00 100.00 1605.63 20
0.25 0.16 0.41 100.00 100.00 1250.90 20
0.5 0.15 0.39 100.00 100.00 998.27 20
1 0.15 0.38 100.00 100.00 1584.48 20
1.5 0.16 0.39 98.81 99.99 1774.70 20
2 0.15 0.38 89.63 99.87 1800.12 20

S
p
a
m

0.1 0.41 0.32 81.95 72.61 1800.55 20
0.25 0.41 0.32 79.79 66.21 1800.57 20
0.5 0.35 0.27 78.26 57.80 1800.58 20
1 0.18 0.14 84.83 34.79 1800.63 20
1.5 0.23 0.18 74.44 48.66 1800.73 20
2 0.20 0.17 84.22 35.58 1800.89 20

L
su

n

0.1 0.90 0.91 100.00 100.00 2.09 20
0.25 1.00 1.00 100.00 100.00 2.13 20
0.5 1.00 1.00 100.00 100.00 2.66 20
1 1.00 1.00 100.00 100.00 2.76 20
1.5 1.00 1.00 100.00 100.00 2.11 20
2 1.00 1.00 100.00 100.00 1.78 20

C
h
a
in
li
n
k

0.1 0.87 0.80 1.00 1.00 15.59 20
0.25 0.92 0.86 0.99 0.99 641.31 20
0.5 0.93 0.88 0.98 0.99 1246.58 10
1 0.95 0.90 0.98 0.98 1796.83 19
1.5 0.84 0.80 0.92 0.68 1800.06 20
2 0.74 0.71 0.89 0.56 1800.07 20

T
a
rg
et

0.1 1.00 1.00 100.00 100.00 11.35 20
0.25 1.00 1.00 100.00 100.00 13.88 20
0.5 1.00 1.00 100.00 100.00 12.06 20
1 1.00 1.00 100.00 100.00 13.61 20
1.5 1.00 1.00 100.00 100.00 16.18 20
2 1.00 1.00 100.00 100.00 10.60 20

W
in
g
n
u
t

0.1 1.00 1.00 100.00 100.00 2.18 20
0.25 1.00 1.00 100.00 100.00 2.16 20
0.5 1.00 1.00 100.00 100.00 2.15 20
1 1.00 1.00 100.00 100.00 2.96 20
1.5 1.00 1.00 100.00 100.00 2.80 20
2 1.00 1.00 100.00 100.00 2.58 20

Table 5.5: Tree clustering ([MD,MS] objective with ϵ = 0.1) using non-chained 1-stage soft
constraints method, averaged over 20 runs.
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Dataset κ ARI NMI ML% CL%
Solver Time (s)

Feas.
S1

Ir
is

0.1 0.81 0.81 100.00 100.00 0.63 20
0.25 0.85 0.84 100.00 100.00 0.74 20
0.5 0.90 0.88 100.00 100.00 0.74 20
1 0.95 0.93 99.34 99.23 10.09 20
1.5 0.96 0.95 95.88 96.38 236.13 20
2 0.95 0.94 92.49 93.40 376.12 18

W
in
e

0.1 0.73 0.72 100.00 100.00 1.34 20
0.25 0.77 0.75 100.00 100.00 3.36 20
0.5 0.86 0.83 100.00 100.00 8.01 20
1 0.95 0.92 100.00 100.00 4.56 20
1.5 0.97 0.95 100.00 100.00 2.28 20
2 0.98 0.98 100.00 100.00 1.67 20

G
la
ss

0.1 0.20 0.32 100.00 100.00 16.14 20
0.25 0.23 0.31 100.00 100.00 109.17 20
0.5 0.29 0.36 100.00 100.00 1249.39 20
1 0.37 0.39 73.93 99.08 1800.05 20
1.5 0.30 0.38 40.55 99.56 1800.24 20
2 0.28 0.36 25.00 99.69 1800.14 20

Io
n
o
sp

h
er
e

0.1 0.31 0.26 100.00 100.00 32.35 20
0.25 0.48 0.37 99.57 98.22 756.63 20
0.5 0.46 0.38 93.90 49.05 1593.15 14
1 0.10 0.10 98.54 6.59 1727.26 16
1.5 0.05 0.07 99.87 1.69 1199.43 9
2 0.01 0.02 100.00 0.46 1414.61 12

S
ee
d
s

0.1 0.68 0.65 100.00 100.00 1.18 20
0.25 0.73 0.70 100.00 100.00 1.88 20
0.5 0.81 0.77 100.00 99.72 6.20 20
1 0.87 0.83 90.22 96.17 597.80 20
1.5 0.88 0.84 84.50 91.91 1155.85 15
2 0.90 0.87 83.95 92.86 414.86 3

L
ib
ra
s

0.1 0.17 0.43 100.00 100.00 1618.48 20
0.25 0.17 0.41 100.00 100.00 1266.77 20
0.5 0.17 0.41 100.00 100.00 948.22 20
1 0.16 0.39 100.00 100.00 1764.46 20
1.5 0.13 0.36 98.18 100.00 1800.15 20
2 0.15 0.38 86.23 100.00 1800.12 20

S
p
a
m

0.1 0.01 0.01 1.00 0.03 1800.50 20
0.25 0.00 0.00 1.00 0.01 1800.49 20
0.5 0.00 0.00 1.00 0.01 1800.51 20
1 0.00 0.00 1.00 0.00 1800.54 20
1.5 0.00 0.00 1.00 0.00 1770.74 17

L
su

n

0.1 0.89 0.91 100.00 100.00 1.80 20
0.25 1.00 1.00 100.00 100.00 2.70 20
0.5 1.00 1.00 100.00 100.00 2.51 20
1 1.00 1.00 100.00 100.00 2.23 20
1.5 1.00 1.00 100.00 100.00 2.22 20
2 1.00 1.00 100.00 100.00 2.25 20

C
h
a
in
li
n
k

0.1 0.86 0.79 100.00 99.87 8.98 20
0.25 0.91 0.85 86.52 85.84 413.25 19
0.5 0.93 0.88 68.45 76.32 760.56 6
1 - - - - 801.38 0
1.5 - - - - 699.45 0
2 - - - - 658.53 0

T
a
rg
et

0.1 1.00 1.00 100.00 100.00 13.39 20
0.25 1.00 1.00 100.00 100.00 16.38 20
0.5 1.00 1.00 100.00 100.00 14.50 20
1 1.00 1.00 100.00 100.00 11.41 20
1.5 1.00 1.00 100.00 100.00 8.12 20
2 1.00 1.00 100.00 100.00 10.39 20

W
in
g
n
u
t

0.1 1.00 1.00 100.00 100.00 2.60 20
0.25 1.00 1.00 100.00 100.00 2.04 20
0.5 1.00 1.00 100.00 100.00 3.28 20
1 1.00 1.00 100.00 100.00 3.53 20
1.5 1.00 1.00 100.00 100.00 3.74 20
2 1.00 1.00 100.00 100.00 2.85 20

Table 5.6: Tree clustering ([MD,MS] objective with ϵ = 0.1) using chained 1-stage soft
constraints method, averaged over 20 runs.
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Dataset κ ARI NMI ML% CL%
Solver Time (s)

Feas.
S1 S2

Ir
is

0.1 0.85 0.84 100.00 100.00 0.24 0.71 20
0.25 0.85 0.84 100.00 100.00 0.23 0.65 20
0.5 0.91 0.89 100.00 100.00 0.27 0.65 20
1 0.95 0.93 99.56 99.85 0.39 0.68 20
1.5 0.97 0.96 99.40 99.80 0.54 0.57 20
2 0.98 0.97 99.43 99.70 1.18 0.54 20

W
in
e

0.1 0.71 0.70 100.00 100.00 0.36 1.16 20
0.25 0.80 0.78 100.00 100.00 0.53 2.12 20
0.5 0.84 0.81 100.00 100.00 0.91 4.05 20
1 0.94 0.92 100.00 100.00 1.08 3.91 20
1.5 0.97 0.95 100.00 100.00 0.71 1.18 20
2 0.98 0.97 100.00 100.00 0.68 1.02 20

G
la
ss

0.1 0.22 0.33 100.00 100.00 1.74 10.67 20
0.25 0.23 0.32 100.00 100.00 2.24 64.42 20
0.5 0.28 0.36 100.00 100.00 36.77 1060.35 20
1 0.29 0.36 83.52 98.65 1800.61 1559.42 19
1.5 0.36 0.42 74.14 96.41 1800.61 490.84 20
2 0.40 0.43 70.03 95.24 1800.61 206.34 20

Io
n
o
sp

h
er
e

0.1 0.29 0.23 100.00 100.00 5.73 39.72 20
0.25 0.51 0.40 99.91 98.89 575.71 468.46 20
0.5 0.63 0.52 95.83 91.32 1800.72 85.88 20
1 0.70 0.58 92.70 88.36 1800.72 24.26 20
1.5 0.72 0.61 92.25 87.81 1800.72 13.85 20
2 0.73 0.62 91.45 86.42 1800.72 10.67 20

S
ee
d
s

0.1 0.68 0.66 100.00 100.00 0.30 0.90 20
0.25 0.73 0.71 100.00 100.00 0.36 1.27 20
0.5 0.80 0.77 99.89 99.93 1.79 1.84 20
1 0.91 0.87 98.65 99.16 32.85 1.32 20
1.5 0.92 0.89 97.92 99.03 135.83 0.95 20
2 0.94 0.90 97.61 98.77 356.80 0.79 20

L
ib
ra
s

0.1 0.18 0.43 100.00 100.00 37.05 1482.43 20
0.25 0.18 0.43 100.00 100.00 45.52 1189.50 20
0.5 0.15 0.40 100.00 100.00 75.18 762.91 20
1 0.16 0.40 100.00 100.00 170.06 1733.30 12
1.5 0.28 0.51 97.61 99.96 1126.86 1806.85 1
2 - - - - 1662.52 1806.84 0

S
p
a
m

0.1 0.46 0.36 84.02 75.70 1842.85 753.56 20
0.25 0.46 0.36 81.06 70.75 1842.61 487.23 20
0.5 0.41 0.33 79.90 62.88 1843.10 357.49 20
1 0.33 0.27 76.73 58.29 1843.21 200.68 20
1.5 0.23 0.19 79.70 44.01 1843.12 210.11 20
2 0.30 0.24 76.89 52.49 1842.89 175.21 20

L
su

n

0.1 0.90 0.91 100.00 100.00 1.38 1.68 20
0.25 1.00 1.00 100.00 100.00 1.38 1.34 20
0.5 1.00 1.00 100.00 100.00 0.58 1.29 20
1 1.00 1.00 100.00 100.00 0.62 1.07 20
1.5 1.00 1.00 100.00 100.00 0.64 0.89 20
2 1.00 1.00 100.00 100.00 0.72 0.88 20

C
h
a
in
li
n
k

0.1 0.87 0.79 100.00 99.87 2.52 5.16 20
0.25 0.91 0.85 99.13 99.19 15.67 3.60 20
0.5 0.94 0.89 98.73 98.70 68.41 2.56 20
1 0.95 0.91 98.53 98.32 347.40 1.95 20
1.5 0.95 0.91 98.29 98.33 1036.76 1.88 20
2 0.96 0.91 98.23 98.23 1440.14 1.85 20

T
a
rg
et

0.1 1.00 1.00 100.00 100.00 6.55 5.30 20
0.25 1.00 1.00 100.00 100.00 7.55 5.90 20
0.5 1.00 1.00 100.00 100.00 5.90 7.88 20
1 1.00 1.00 100.00 100.00 5.05 6.26 20
1.5 1.00 1.00 100.00 100.00 4.39 5.61 20
2 1.00 1.00 100.00 100.00 4.74 6.39 20

W
in
g
n
u
t

0.1 1.00 1.00 100.00 100.00 2.04 1.98 20
0.25 1.00 1.00 100.00 100.00 2.01 1.80 20
0.5 1.00 1.00 100.00 100.00 1.99 1.80 20
1 1.00 1.00 100.00 100.00 1.98 1.70 20
1.5 1.00 1.00 100.00 100.00 1.99 1.69 20
2 1.00 1.00 100.00 100.00 1.99 1.66 20

Table 5.7: Tree clustering ([MD,MS] objective with ϵ = 0.1) using non-chained 2-stage soft
constraints method, averaged over 20 runs.
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Dataset κ ARI NMI ML% CL%
Solver Time (s)

Feas.
S1 S2

Ir
is

0.1 0.85 0.84 100.00 100.00 0.23 0.73 20
0.25 0.85 0.84 100.00 100.00 0.24 0.65 20
0.5 0.91 0.89 100.00 100.00 0.26 0.66 20
1 0.95 0.93 99.34 99.23 0.40 0.67 20
1.5 0.96 0.94 95.88 96.38 0.55 0.58 20
2 0.96 0.94 89.52 93.99 0.45 0.54 20

W
in
e

0.1 0.71 0.70 100.00 100.00 0.40 1.20 20
0.25 0.80 0.78 100.00 100.00 0.53 2.13 20
0.5 0.84 0.81 100.00 100.00 0.83 4.20 20
1 0.94 0.92 100.00 100.00 0.93 3.92 20
1.5 0.97 0.95 100.00 100.00 0.81 1.24 20
2 0.98 0.97 100.00 100.00 0.84 1.04 20

G
la
ss

0.1 0.22 0.33 100.00 100.00 1.64 10.62 20
0.25 0.23 0.32 100.00 100.00 2.27 61.98 20
0.5 0.28 0.36 100.00 100.00 30.88 1064.52 20
1 0.38 0.40 70.88 99.56 1739.01 1724.04 17
1.5 0.35 0.41 40.41 99.83 1560.61 1396.34 19
2 0.30 0.36 25.80 99.89 1626.20 1138.19 20

Io
n
o
sp

h
er
e

0.1 0.29 0.23 100.00 100.00 8.70 37.52 20
0.25 0.50 0.38 98.97 98.83 645.55 514.49 20
0.5 0.53 0.44 89.18 59.02 1261.87 258.77 20
1 0.23 0.22 96.60 10.30 1005.53 60.27 20
1.5 0.04 0.06 99.75 1.65 175.72 9.86 20
2 0.01 0.02 100.00 0.40 89.96 6.71 20

S
ee
d
s

0.1 0.68 0.66 100.00 100.00 0.32 0.90 20
0.25 0.73 0.71 100.00 100.00 0.41 1.27 20
0.5 0.80 0.77 100.00 99.72 0.90 1.89 20
1 0.87 0.83 90.22 96.17 3.96 1.82 20
1.5 0.88 0.84 83.48 90.47 3.56 1.24 20
2 0.88 0.85 77.07 86.96 2.64 1.03 20

L
ib
ra
s

0.1 0.18 0.44 100.00 100.00 37.38 1482.33 20
0.25 0.17 0.43 100.00 100.00 46.90 1189.38 20
0.5 0.15 0.39 100.00 100.00 77.92 772.54 20
1 0.16 0.40 100.00 100.00 117.58 1735.75 12
1.5 0.28 0.51 99.88 100.00 661.08 1806.90 1
2 - - - - 1566.54 1807.23 0

S
p
a
m

0.1 0.01 0.01 99.94 3.41 1843.51 1042.16 19
0.25 0.00 0.00 99.91 1.38 1742.05 851.32 20
0.5 0.00 0.00 99.83 0.64 1792.59 522.03 20
1 0.00 0.00 99.87 0.24 1836.19 208.77 20
1.5 0.00 0.00 95.98 0.07 1649.84 106.30 20
2 0.00 0.00 97.94 0.03 1453.85 61.09 20

L
su

n

0.1 0.90 0.91 100.00 100.00 1.10 1.66 20
0.25 1.00 1.00 100.00 100.00 0.62 1.32 20
0.5 1.00 1.00 100.00 100.00 0.70 1.28 20
1 1.00 1.00 100.00 100.00 0.73 1.06 20
1.5 1.00 1.00 100.00 100.00 0.72 0.88 20
2 1.00 1.00 100.00 100.00 0.74 0.87 20

C
h
a
in
li
n
k

0.1 0.87 0.79 100.00 99.87 2.18 5.17 20
0.25 0.90 0.84 86.30 84.89 6.88 4.77 20
0.5 0.92 0.87 53.78 79.01 9.91 4.84 20
1 0.42 0.40 67.92 34.84 15.50 3.47 20
1.5 0.05 0.05 96.64 3.68 13.57 2.05 20
2 0.00 0.00 100.00 0.08 15.01 1.95 20

T
a
rg
et

0.1 1.00 1.00 100.00 100.00 9.27 5.55 20
0.25 1.00 1.00 100.00 100.00 5.86 5.90 20
0.5 1.00 1.00 100.00 100.00 7.34 7.97 20
1 1.00 1.00 100.00 100.00 5.28 6.32 20
1.5 1.00 1.00 100.00 100.00 4.57 5.46 20
2 1.00 1.00 100.00 100.00 4.54 6.52 20

W
in
g
n
u
t

0.1 1.00 1.00 100.00 100.00 2.06 1.95 20
0.25 1.00 1.00 100.00 100.00 2.06 1.82 20
0.5 1.00 1.00 100.00 100.00 2.07 1.78 20
1 1.00 1.00 100.00 100.00 2.14 1.77 20
1.5 1.00 1.00 100.00 100.00 2.14 1.71 20
2 1.00 1.00 100.00 100.00 2.21 1.65 20

Table 5.8: Tree clustering ([MD,MS] objective with ϵ = 0.1) using chained 2-stage soft
constraints method, averaged over 20 runs.



CHAPTER 5. CONSTRAINED CLUSTERING VIA DECISION TREES 132

Dataset κ ARI NMI ML% CL%
Solver Time (s)

Feas.
S1 S2 S3

Ir
is

0.1 0.83 0.82 100.00 100.00 0.25 0.17 0.73 20
0.25 0.85 0.84 100.00 100.00 0.24 0.17 0.65 20
0.5 0.91 0.89 100.00 100.00 0.25 0.20 0.67 20
1 0.94 0.93 98.98 100.00 0.32 0.36 0.72 20
1.5 0.96 0.95 98.75 99.94 0.42 0.39 0.62 20
2 0.97 0.95 98.48 99.77 0.91 0.42 0.57 20

W
in
e

0.1 0.71 0.70 100.00 100.00 0.40 0.30 1.20 20
0.25 0.80 0.78 100.00 100.00 0.39 0.47 2.14 20
0.5 0.84 0.81 100.00 100.00 0.67 0.96 4.08 20
1 0.94 0.92 100.00 100.00 1.46 1.67 3.95 20
1.5 0.97 0.95 100.00 100.00 2.05 1.49 1.22 20
2 0.98 0.97 100.00 100.00 2.48 1.56 1.04 20

G
la
ss

0.1 0.22 0.33 100.00 100.00 1.86 1.86 10.51 20
0.25 0.22 0.31 100.00 100.00 1.66 2.18 76.23 20
0.5 0.28 0.35 100.00 100.00 1.62 39.16 1097.62 20
1 0.33 0.38 79.40 100.00 3.05 1800.45 1490.18 16
1.5 0.29 0.36 65.00 100.00 8.91 1800.47 498.11 20
2 0.36 0.41 58.28 100.00 34.43 1800.47 207.79 20

Io
n
o
sp

h
er
e

0.1 0.30 0.24 100.00 100.00 4.59 7.69 32.02 20
0.25 0.50 0.38 99.13 100.00 8.56 617.02 676.74 19
0.5 0.51 0.40 82.42 98.50 794.13 1306.95 133.52 20
1 0.60 0.47 82.62 91.53 1800.72 186.86 18.14 20
1.5 0.66 0.54 84.67 90.32 1800.72 30.15 13.31 20
2 0.59 0.47 80.42 85.58 1800.72 24.68 15.61 20

S
ee
d
s

0.1 0.68 0.66 100.00 100.00 0.33 0.25 0.93 20
0.25 0.73 0.71 100.00 100.00 0.34 0.32 1.30 20
0.5 0.80 0.76 99.54 100.00 0.49 1.45 1.97 20
1 0.87 0.83 94.88 99.87 4.59 6.10 1.69 20
1.5 0.88 0.85 93.66 99.42 152.91 5.91 1.11 20
2 0.90 0.86 93.65 99.26 318.36 4.05 0.95 20

L
ib
ra
s

0.1 0.18 0.44 100.00 100.00 36.51 33.87 1402.16 20
0.25 0.17 0.42 100.00 100.00 40.08 45.87 1138.11 20
0.5 0.16 0.41 100.00 100.00 54.42 85.63 782.67 20
1 0.16 0.40 100.00 100.00 70.06 232.78 1670.91 14
1.5 - - - - 76.25 1002.12 1806.71 0
2 - - - - 86.58 1748.72 1806.74 0

S
p
a
m

0.1 0.36 0.27 69.25 82.52 1843.08 1053.66 698.94 20
0.25 0.46 0.36 73.64 78.17 1843.09 594.76 440.64 20
0.5 0.35 0.60 68.57 70.03 1843.13 542.63 376.67 20
1 0.35 0.26 68.05 67.99 1843.11 374.44 172.61 20
1.5 0.36 0.28 68.50 68.50 1842.94 283.34 157.66 20
2 0.34 0.26 67.96 66.78 1843.19 324.20 147.31 20

L
su

n

0.1 0.90 0.91 100.00 100.00 1.31 1.20 1.70 20
0.25 1.00 1.00 100.00 100.00 0.77 1.04 1.34 20
0.5 1.00 1.00 100.00 100.00 0.67 0.55 1.31 20
1 1.00 1.00 100.00 100.00 0.62 0.72 1.09 20
1.5 1.00 1.00 100.00 100.00 0.62 0.55 0.92 20
2 1.00 1.00 100.00 100.00 0.62 0.58 0.91 20

C
h
a
in
li
n
k

0.1 0.86 0.79 99.92 100.00 1.82 1.05 5.17 20
0.25 0.91 0.84 97.77 99.78 3.80 2.78 3.63 20
0.5 0.93 0.87 96.97 99.26 11.12 1.80 2.51 20
1 0.94 0.90 97.21 98.76 42.97 1.21 1.94 20
1.5 0.95 0.91 97.71 98.52 131.85 0.81 1.90 20
2 0.95 0.91 97.69 98.41 262.17 0.75 1.88 20

T
a
rg
et

0.1 1.00 1.00 100.00 100.00 6.49 6.66 5.42 20
0.25 1.00 1.00 100.00 100.00 8.55 5.55 5.58 20
0.5 1.00 1.00 100.00 100.00 7.47 5.78 7.81 20
1 1.00 1.00 100.00 100.00 5.78 4.21 6.26 20
1.5 1.00 1.00 100.00 100.00 4.82 3.20 5.53 20
2 1.00 1.00 100.00 100.00 4.67 3.14 6.37 20

W
in
g
n
u
t

0.1 1.00 1.00 100.00 100.00 2.02 0.46 1.96 20
0.25 1.00 1.00 100.00 100.00 2.03 0.46 1.82 20
0.5 1.00 1.00 100.00 100.00 2.02 0.47 1.81 20
1 1.00 1.00 100.00 100.00 2.01 0.46 1.72 20
1.5 1.00 1.00 100.00 100.00 2.00 0.46 1.70 20
2 1.00 1.00 100.00 100.00 1.99 0.47 1.66 20

Table 5.9: Tree clustering ([MD,MS] objective with ϵ = 0.1) using non-chained 3-stage soft
constraints approach, averaged over 20 runs.
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Dataset κ ARI NMI ML% CL%
Solver Time (s)

Feas.
S1 S2 S3

Ir
is

0.1 0.83 0.82 100.00 100.00 0.24 0.17 0.73 20
0.25 0.85 0.84 100.00 100.00 0.23 0.17 0.67 20
0.5 0.91 0.89 100.00 100.00 0.24 0.22 0.67 20
1 0.94 0.92 93.30 100.00 0.28 0.39 0.74 20
1.5 0.95 0.93 72.11 99.94 0.37 0.59 0.84 20
2 0.94 0.93 65.41 98.60 0.86 0.59 0.85 20

W
in
e

0.1 0.71 0.70 100.00 100.00 0.39 0.30 1.19 20
0.25 0.80 0.78 100.00 100.00 0.39 0.46 2.13 20
0.5 0.84 0.81 100.00 100.00 0.54 0.84 4.09 20
1 0.94 0.92 100.00 100.00 1.35 1.29 3.96 20
1.5 0.97 0.95 100.00 100.00 1.41 1.54 1.23 20
2 0.98 0.97 100.00 100.00 2.00 1.83 1.04 20

G
la
ss

0.1 0.22 0.33 100.00 100.00 1.46 1.74 10.49 20
0.25 0.22 0.31 100.00 100.00 1.62 2.30 76.26 20
0.5 0.28 0.35 100.00 100.00 1.83 32.55 1098.78 20
1 0.37 0.39 71.62 100.00 2.90 1517.88 1702.93 16
1.5 0.35 0.40 42.40 100.00 9.62 981.22 1292.64 19
2 0.30 0.36 25.99 100.00 31.25 579.55 980.35 20

Io
n
o
sp

h
er
e

0.1 0.30 0.24 100.00 100.00 6.28 6.33 31.93 20
0.25 0.49 0.38 95.23 100.00 6.49 596.21 601.24 20
0.5 0.50 0.38 17.98 97.27 541.35 1100.41 705.40 20
1 0.54 0.42 10.47 59.36 578.95 697.71 463.26 20
1.5 0.58 0.46 17.56 44.25 411.81 324.54 172.11 20
2 0.62 0.51 17.16 36.89 200.74 156.91 107.95 20

S
ee
d
s

0.1 0.68 0.66 100.00 100.00 0.32 0.25 0.93 20
0.25 0.73 0.71 100.00 100.00 0.34 0.34 1.30 20
0.5 0.79 0.76 98.28 100.00 0.45 1.11 2.26 20
1 0.83 0.80 54.27 99.63 4.07 7.78 5.85 20
1.5 0.85 0.81 34.88 97.56 8.23 7.23 2.93 20
2 0.86 0.82 35.06 93.94 11.09 4.70 3.39 20

L
ib
ra
s

0.1 0.19 0.45 100.00 100.00 36.33 31.71 1402.26 20
0.25 0.16 0.41 100.00 100.00 39.86 43.97 1137.15 20
0.5 0.16 0.41 100.00 100.00 47.15 85.99 781.24 20
1 0.16 0.40 100.00 100.00 75.95 213.93 1671.21 14
1.5 - - - - 80.64 910.66 1806.72 0
2 - - - - 90.70 1759.69 1807.01 0

S
p
a
m

0.1 0.27 0.22 1.92 31.48 1170.52 1382.18 1704.55 18
0.25 0.18 0.16 0.78 11.58 852.62 934.08 1266.59 19
0.5 0.16 0.15 0.47 5.94 621.62 832.46 1049.19 20
1 0.10 0.11 0.39 2.95 688.62 725.38 871.57 20
1.5 0.14 0.15 0.26 1.96 690.26 696.10 700.57 20
2 0.11 0.14 0.23 1.58 661.59 794.83 644.36 20

L
su

n

0.1 0.90 0.91 100.00 100.00 1.11 0.73 1.67 20
0.25 1.00 1.00 100.00 100.00 0.59 0.58 1.34 20
0.5 1.00 1.00 100.00 100.00 0.60 0.62 1.30 20
1 1.00 1.00 100.00 100.00 0.70 0.77 1.07 20
1.5 1.00 1.00 100.00 100.00 0.59 0.70 0.91 20
2 1.00 1.00 100.00 100.00 0.61 0.59 0.90 20

C
h
a
in
li
n
k

0.1 0.86 0.79 98.79 100.00 1.80 1.09 5.17 20
0.25 0.89 0.81 38.33 99.04 2.70 3.91 7.76 20
0.5 0.92 0.86 20.89 91.93 4.37 3.32 8.46 20
1 0.91 0.86 12.27 78.53 4.28 2.35 7.31 20
1.5 0.93 0.88 11.11 73.90 3.13 1.78 5.00 20
2 0.93 0.88 9.20 73.04 2.77 1.77 5.32 20

T
a
rg
et

0.1 1.00 1.00 100.00 100.00 7.10 7.85 5.39 20
0.25 1.00 1.00 100.00 100.00 7.37 5.47 5.68 20
0.5 1.00 1.00 100.00 100.00 6.24 5.88 7.88 20
1 1.00 1.00 100.00 100.00 5.29 4.20 6.28 20
1.5 1.00 1.00 100.00 100.00 4.58 3.80 5.41 20
2 1.00 1.00 100.00 100.00 4.51 3.67 6.36 20

W
in
g
n
u
t

0.1 1.00 1.00 100.00 100.00 2.03 0.47 1.96 20
0.25 1.00 1.00 100.00 100.00 2.03 0.49 1.81 20
0.5 1.00 1.00 100.00 100.00 2.02 0.52 1.78 20
1 1.00 1.00 100.00 100.00 2.01 0.57 1.72 20
1.5 1.00 1.00 100.00 100.00 2.00 0.61 1.68 20
2 1.00 1.00 100.00 100.00 2.00 0.67 1.66 20

Table 5.10: Tree clustering ([MD,MS] objective with ϵ = 0.1) using chained 3-stage soft
constraints approach, averaged over 20 runs.
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Figure 5.4: Tree clustering ([MD,MS] objective with ϵ = 0.1) using hard constraints (H) and
1-stage (1S), 1-stage chained (1SC), 2-stage (2S), 2-stage chained (2SC), 3-stage (3S), and
3-stage chained (3SC) soft constraint approaches. In-figure numbers indicate the number of
feasible solutions (with 20 invisible and 0 as ×).
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Dataset κ ARI (F) NMI (F) Size Time (s) Comp./Inc./Inf. ARI (S) NMI (S)

Iris
0 0.89 0.87 7 7.71 20 / 0 / 0 0.6 0.67

0.1 0.87 0.85 1.75 1.98 20 / 0 / 0 0.83 0.82
0.25 0.87 0.86 2.1 2.41 20 / 0 / 0 0.85 0.84

Wine
0 0.43 0.55 3 4.85 20 / 0 / 0 0 0.02

0.1 0.71 0.70 1.4 3.14 20 / 0 / 0 0.71 0.7
0.25 0.77 0.74 1.8 11.22 20 / 0 / 0 0.8 0.78

Glass
0 0.23 0.37 11 39.43 20 / 0 / 0 0.23 0.38

0.1 0.23 0.35 3.05 47.11 20 / 0 / 0 0.22 0.33
0.25 0.27 0.35 3.65 533.59 18 / 2 / 0 0.22 0.31

Ionosphere
0 0.10 0.14 3 63.52 20 / 0 / 0 0.01 0.02

0.1 0.38 0.29 4.3 292.01 20 / 0 / 0 0.31 0.25
0.25 0.51 0.40 0.7 1356.61 5 / 10 / 5 0.51 0.4

Seeds
0 0.69 0.66 5 8.31 20 / 0 / 0 0.71 0.67

0.1 0.71 0.69 2.65 4.44 20 / 0 / 0 0.68 0.66
0.25 0.77 0.74 2.9 7.81 20 / 0 / 0 0.73 0.71

Libras
0 0.17 0.42 0 1808.08 0 / 20 / 0 0.18 0.44

0.1 0.17 0.43 0.5 1777.20 2 / 18 / 0 0.18 0.44
0.25 0.16 0.41 0.6 1663.99 4 / 16 / 0 0.17 0.42

Spam
0 0.00 0.01 6 719.16 20 / 0 / 0 0 0

0.1 - - 0 234.59 0 / 0 / 20 - -
0.25 - - 0 168.26 0 / 0 / 20 - -

Lsun
0 1.00 1.00 3 7.52 20 / 0 / 0 0.4 0.51

0.1 1.00 1.00 4.95 10.42 20 / 0 / 0 0.9 0.91
0.25 1.00 1.00 3.8 7.89 20 / 0 / 0 1 1

Chainlink
0 0.23 0.18 9 38.37 20 / 0 / 0 0.24 0.19

0.1 0.88 0.81 1.3 11.65 19 / 0 / 1 0.87 0.8
0.25 0.93 0.87 0.05 2.45 1 / 0 / 19 0.93 0.87

Target
0 1.00 1.00 9 125.56 20 / 0 / 0 0.33 0.39

0.1 1.00 1.00 7.65 98.13 20 / 0 / 0 1 1
0.25 1.00 1.00 4.1 50.14 20 / 0 / 0 1 1

Wingnut
0 1.00 1.00 1 9.02 20 / 0 / 0 1 1

0.1 1.00 1.00 1 3.65 20 / 0 / 0 1 1
0.25 1.00 1.00 1 3.47 20 / 0 / 0 1 1

Table 5.11: Tree clustering with the [MD,MS] objective (ϵ = 0.1), best of Pareto front (F)
compared against single Pareto optimal solution (S), averaged over 20 runs.
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Dataset ϵ Pruning ARI NMI Time (s) # Clauses Feas./Inf./Unk./Mem.

Iris
0.1 SP 0.90 0.88 0.70 3.49E+04 20 / 0 / 0 / 0
0.1 - 0.90 0.88 2.13 1.02E+05 20 / 0 / 0 / 0
0 - 0.91 0.89 199.24 1.52E+05 20 / 0 / 0 / 0

Wine
0.1 SP 0.85 0.82 4.42 4.81E+04 20 / 0 / 0 / 0
0.1 - 0.85 0.82 6.27 1.53E+05 20 / 0 / 0 / 0
0 - 0.86 0.83 149.16 2.25E+05 20 / 0 / 0 / 0

Glass
0.1 SP 0.29 0.36 1166.21 1.25E+05 20 / 0 / 0 / 0
0.1 - 0.26 0.32 1290.41 5.45E+05 20 / 0 / 0 / 0
0 - 0.24 0.32 1414.21 6.52E+05 20 / 0 / 0 / 0

Ionosphere
0.1 SP - - 59.19 1.51E+05 0 / 20 / 0 / 0
0.1 - - - 63.59 3.95E+05 0 / 20 / 0 / 0
0 - - - 312.83 6.84E+05 0 / 20 / 0 / 0

Seeds
0.1 SP 0.81 0.77 1.91 5.13E+04 18 / 2 / 0 / 0
0.1 - 0.80 0.77 3.86 1.88E+05 18 / 2 / 0 / 0
0 - 0.80 0.77 300.76 2.89E+05 18 / 2 / 0 / 0

Libras
0.1 SP 0.16 0.41 825.30 2.09E+06 20 / 0 / 0 / 0
0.1 - 0.15 0.39 945.47 4.77E+06 20 / 0 / 0 / 0
0 - 0.10 0.32 1460.35 5.07E+06 9 / 0 / 0 / 11

Spam
0.1 SP - - 143.34 3.83E+06 0 / 20 / 0 / 0
0.1 - - - 343.13 4.61E+07 0 / 20 / 0 / 0
0 - - - 2698.46 9.90E+07 0 / 5 / 15 / 0

Lsun
0.1 SP 1.00 1.00 1.48 5.08E+04 20 / 0 / 0 / 0
0.1 - 1.00 1.00 6.13 5.96E+05 20 / 0 / 0 / 0
0 - 0.96 0.93 1686.21 9.90E+05 14 / 0 / 0 / 6

Chainlink
0.1 SP - - 3.26 8.50E+04 0 / 20 / 0 / 0
0.1 - - - 17.13 2.08E+06 0 / 20 / 0 / 0
0 - - - 92.84 4.57E+06 0 / 20 / 0 / 0

Target
0.1 SP 1.00 1.00 8.86 2.61E+05 20 / 0 / 0 / 0
0.1 - 1.00 1.00 61.87 4.96E+06 20 / 0 / 0 / 0
0 - 0.96 0.93 1843.70 6.43E+06 20 / 0 / 0 / 0

Wingnut
0.1 SP 1.00 1.00 3.32 9.41E+04 20 / 0 / 0 / 0
0.1 - 1.00 1.00 18.84 2.14E+06 20 / 0 / 0 / 0
0 - 1.00 1.00 1679.13 4.71E+06 20 / 0 / 0 / 0

Table 5.12: Ablation study ([MD,MS] objective with κ = 0.5) averaged over 20 runs.



Chapter 6

Neural Sequence Generation

with Requirements

6.1 Introduction

In this chapter, we present a framework to solve combinatorial optimization problems by

combining pre-trained neural sequence models with CSPs formulating the hard constraint

aspects of the problem. Our approach enables constrained ML by guaranteeing satisfaction

of constraints for the solutions that are generated by the neural model. Unlike previous

chapters, the declarative combinatorial optimization problem is not responsible for formu-

lating the problem of learning a model as a whole. Instead, it is used to represent the CSP

aspect of a problem that is primarily solved by a pre-trained model with no support for

user-specified constraints. Specifically, the training duties are delegated to deep learning,

while the combinatorial component is used to control the output of the deep model.

Neural sequence models, including recurrent neural networks [198] and transformers

[278], have been successful in solving combinatorial optimization problems [29, 162]. While

typically applied to natural language tasks, neural sequence models can be trained to gen-

erate structured solutions to combinatorial problems either via supervised learning [282]

or more recently via reinforcement learning [170, 162]. Such models are necessarily deep

and complex to be able to make challenging combinatorial decisions. However, their out-

put cannot be reliably expected to conform to specifications, i.e., satisfy hard constraints.

This causes issues for when operational applicability and involvement of human expertise

is required. These models can also produce suboptimal solutions, which is of concern in

applications with a significant emphasis on any slight degradation of the objective value.

A neural sequence model is commonly decoded through iterative next token prediction,

generating the solution one token at a time [264, 23]. A beam search procedure can further

expand iterative production to generate a set of solutions rather than one [87, 61]. Beam

search works well with most sequence generation tasks. Combinatorial tasks, however, of-

138
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ten involve strict requirements that are not guaranteed to be satisfied by approaches that

purely optimize predictive scores such as beam search [63]. A requirement on the neural

sequential generation output can often be formulated as a set of declarative constraints in

a CSP [49]. Depending on the application, requirements may reflect safety or liveness con-

straints, guardrails to ensure appropriate behavior, customizing constraints that reflect laws

in different jurisdictions, or they may include physical or temporal constraints that capture

properties of the domain. In the context of solving combinatorial optimization problems,

the requirement is simply the collective hard constraints of the problem. Constraining ML

solutions to those that adhere to requirements increases their applicability in cases where

rigorous reasoning is demanded to prune unwanted behavior, as the user can formulate and

enforce their expectation of the output. Satisfying such requirements usually needs a global

perspective and meticulous reasoning and thus does not suit a statistical iterative approach

to generation, even if done in large quantities.

We present a modular framework to combine neural sequence generation with a CSP

requirement. Our approach can guarantee requirement satisfaction when applied to any

pre-trained model with no user-specified constraint support. Although a new model can

be trained or fine-tuned towards satisfying requirements while optimizing the objective,

such approach is time-consuming, requires a large amount of specific data for each singular

or combination of requirements, and is not guaranteed to satisfy the requirement for each

generated solution. By utilizing the formulation approach to solving combinatorial problems,

our approach encodes requirements that can be reused, tuned, and combined with one

another without re-training the model. For the purposes of this chapter, we focus on Vehicle

Routing Problems (VRP) as a case study for our approach. We chose VRPs as they are

important combinatorial optimization problems where a wide variety of constraints are

required in their numerous variants. Neural sequence models have been successful in solving

VRPs [162] but only integrate myopic constraints that do not require advanced reasoning.

We solve new VRP variants by combining the prediction model of a simpler variant with

requirements encoded as CSPs.

The contributions of this chapter are as follows:

1. We introduce beam search with cuts (BSC) to solve neural sequence generation when

solutions must adhere to a requirement. Cuts are decided for each partial solution

in the search and prevent the expansion of those that are incapable of satisfying the

requirement. BSC is guaranteed to generate a solution satisfying the requirement, if

one exists.

2. We encode requirements as constraint satisfaction problems. We introduce bin packing

and regular language acceptance as two types of requirements that find application in

multiple settings. We further show how they can be implemented as cuts by solving

the feasibility problem with adherence to a given partial solution using IP or SAT.

3. We combine an existing pre-trained VRP neural model with our two requirement types.

The model’s support for two simpler VRP variants combined with requirements allows
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us to solve three VRP variants that are more complex.

4. We experimentally show that beam search with cuts enables satisfaction of a require-

ment without significant cost to quality, in a short runtime, and without requiring

large quantities of solutions. Moreover, we show that cuts allow us to significantly

tighten requirements while maintaining solution quality. The iterative tightening de-

picts a trade-off until solution quality becomes unstable and, ultimately, infeasibility is

reached. Furthermore, we show that beam search with cuts scales exponentially better

when increasing the solution length or the requirement strength. Namely, standard

beam search exhibits an exponential increase in the number of solutions that it should

generate to satisfy the requirement, while BSC’s performance remains stable. Lastly,

we show that an incremental solving of the CSP instances significantly lowers the time

spent by the solver, improving the overall runtime of BSC.

While our contributions are conveyed and evaluated in the context of VRPs (an important

application area), our methodology for imposing requirements on solutions is general and

can be applied to a variety of neural models and requirements to solve problems in different

settings.

Our beam search with cuts work first appeared in the proceedings of the Seventeenth

International Symposium on Combinatorial Search [249]. The content of this chapter mirrors

our paper, with slight modifications, further elaboration, and a deeper analysis on some of

the discussion points and results.

6.2 Preliminaries

In this section, we provide preliminary information on the problem of neural sequence gen-

eration and how it is typically solved. A neural sequence model generates solutions using

a given alphabet referred to as the tokens, denoted by Σ. The set Σ∗ contains all finite

sequences of tokens and the set P(Σ) contains all probability distributions over tokens. In

Section 6.2.1, we define the next token prediction function. In Section 6.2.2, we describe

the beam search procedure as a decoder for generating sequences. Finally, in Section 6.2.3,

we describe sequence generation with requirements and define constrained decoders.

6.2.1 Next Token Prediction

In this section, we define the next token prediction function and explain how it gives rise

to a predictive score for a sequence. The task of generating a solution sequentially is often

carried out by a local endeavor that selects and appends the next token to an existing

sequence called the partial solution [118]. The local expansion is guided by a function that

predicts the appearance of the next token.

Definition 25 (Next Token Prediction Function). Given a set of tokens Σ and P(Σ) rep-

resenting the set of all probability distributions over Σ, a next token prediction function
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p : Σ∗ → P(Σ) assigns probabilities to tokens for occurring next after observing a sequence

of existing tokens as the partial solution.

Next token prediction is often accompanied by a filtering function that maintains solution

validity by determining the subset of tokens that can appear next at each step. Only

solutions that respect the filtering function are considered throughout this chapter. We

refer to a solution x as complete when a specified termination condition is met.

Definition 26 (Sequence Score). Given a set of tokens Σ and a next token prediction

function p, the score θp(.) of a partial solution x = x1, x2, ..., xk ∈ Σ∗ is defined as the joint

probability of its tokens according to p, i.e., θp(x) =
∏k−1

i=0 p(x1, ..., xi)[xi+1] where p(x)[xi+1]

represents the probability assigned to xi+1 in the distribution specified by p(x).

6.2.2 Beam Search Decoder

In this section, we describe how the next token prediction function (Definition 25) can be

used to decode a neural model and find a sequence as a solution. We further define beam

search as a sequential decoder.

Definition 27 (Sequential Decoder). Given a set of tokens Σ and a next token prediction

function p modelled by a neural network, a sequential decoder ϕ aims to find a complete

solution x ∈ Σ∗ with maximum score by iteratively extending partial solutions through next

token prediction.

We hereafter refer to sequential decoders as simply decoders. A decoder ϕ can be im-

plemented by using p to randomly sample or select the maximum probability token at each

step to iteratively generate a sequence until a complete solution is found. However, greedily

constructing a single solution is highly prone to getting stuck in local minima.

A more comprehensive approach to exploring the solution space involves considering a set

of alternatives simultaneously. The beam search method accomplishes this by maintaining

a set of partial solutions at each step and considering their highest scoring expansions for

the next step [61].

Definition 28 (Beam Search). Given a set of tokens Σ and a next token prediction function

p modelled by a neural network, a beam search decoder ϕbs of width w generates sets of partial

solutions Si at iteration i with i ≤ k. Sk only contains complete solutions, S0 is the singular

set containing the empty string ϵ, and each Si with i > 0 contains at most w solutions of

length i and is recursively constructed using the equation Si = argmax1:w({θp(x.a) |x ∈

Si−1, a ∈ Σ}) where argmax1:w selects the members corresponding to the w highest scores.

The pseudo-code for beam search is presented in Algorithm 3. It is important to note

that the solution length k is not necessarily predetermined and beam search is terminated

when all generated solutions are deemed complete. Once the procedure is finished, the

highest-scoring solution from the set Sk is chosen as the output. The sequence score can

serve as the primary objective of the problem or as a proxy for another objective it aims to
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approximate. In the latter case, the final solution is selected based on the main objective

instead.

Algorithm 3 Beam Search

Input: Set of tokens Σ, Next token prediction function p modelled by a neural network
Parameter: Width w
Output: Solution x ∈ Σ∗

1: S0 = {ϵ} {Add the empty string as the initial solution.}
2: i = 0
3: while Si contains non-complete solutions do

4: S′i = {x.a|x ∈ Si, a ∈ Σ} {Consider all allowed expansions after filtering.}
5: Sort S′i based on descending values of θp.
6: Si+1 = S′i[1 : w] {Keep the w highest scoring solutions for next iteration.}
7: end while

8: Sk = Si

9: return argmax({θp(x)|x ∈ Sk})

6.2.3 Solution Requirements

In this section, we define the notion of solution requirements and constrained decoders.

A requirement imposes a constraint on the solution space, and a complete solution that

satisfies the requirement is referred to as feasible. A constrained decoder is required to find

a solution that is feasible in addition to maximizing the prediction score [13, 63].

Definition 29 (Constrained Sequential Decoder). Given a set of tokens Σ, a next token

prediction function p modelled by a neural network, and a requirement R ⊆ Σ∗, a constrained

sequential decoder ϕc aims to find a complete feasible solution x ∈ R with maximum score

by iteratively extending partial solutions through next token prediction.

A naive approach to building constrained decoders is to utilize beam search as before

and exclude any complete solutions that do not satisfy the requirement at the end. However,

relying solely on beam search provides no guarantees to find any feasible solutions.

6.3 Vehicle Routing Problems

In this section, we discuss Vehicle Routing Problems (VRP) and how neural sequence models

have been used to solve them in previous work. VRPs are a family of optimization problems

aimed at navigating one or multiple vehicles through a set of nodes (locations) while poten-

tially interacting with said nodes along the way through pickups, deliveries, or time-sensitive

tasks [269]. The goal of a VRP is usually to optimize the cost in terms of different aspects

such as distance, duration, or the number of vehicles while respecting capacity, time, or

vehicular constraints. We focus our attention on an established variant of the Constrained

Vehicle Routing Problem (CVRP) alongside two variants based on the Travelling Salesman

Problem (TSP) that we introduce.
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Problem 9 (Constrained Vehicle Routing Problem with Max Tours (CVRPM)). Given a

finite set of demand nodes as 2D coordinates N = {ni |ni ∈ R × R}, a demand function

D : N → N, a depot node nd ∈ R × R, a capacity c ∈ N, and a maximum number of tours

m ∈ N, find a series of tours T partitioning the nodes with |T | ≤ m and ∀x ∈ T :
∑

D(xi) ≤

c to minimize the total distance covered starting from the depot
∑

x∈T dis(nd.x) where xi

is the i-th node in x and dis(x) represents the total distance for traversing x from start to

finish and back to start.

Note that our CVRPM definition is commonly referred to as CVRP in the combinatorial

optimization literature [271, 18]. However, we refer to CVRP as Problem 9 without a

maximum number of tours m. We do so to remain consistent with our baseline and make

the distinction between the problem that we solve and theirs [162].

Next, we introduce two new TSP variants. First, we extend TSP with the notion of

demands from Problem 9. In this variant, there is no depot but we have multiple supply

nodes playing the role of the single depot node from CVRPM. More specifically, they are

providers and the vehicle is resupplied upon each visit with items that should be delivered

to other nodes. Note that we have multiple supply nodes instead of one depot node and

supply nodes are to be visited once but the depot is the starting and ending point of each

tour. Visiting all of the nodes once results in a single Hamiltonian cycle as we have in TSP.

For the second variant, we extend TSP with a regular language specification. Namely, we

remove the sequences of nodes that do not belong to the regular language from consideration.

Regular languages are expressive and flexible paradigms that can be used to specify different

constraints that are commonly added to TSP such as precedence relations [167].

Problem 10 (TSP with Demands (TSPD)). Given a finite set of nodes as 2D coordinates

N = {ni |ni ∈ R×R}, a subset of supply nodes Nd ⊆ N , a starting node n0 ∈ Nd, demands

for non-supply nodes D : N \Nd → N, and capacity c ∈ N, find a complete permutation of

nodes x with minimum total distance covered dis(x) such that x starts with n0 and the sum

of demands in any continuous sequence of non-supply nodes does not exceed the capacity.

Note that having a starting node n0 is not crucial to the problem since a TSP tour can

start and end in any node. However, due to practicality of sequential generation in our

baseline and our own approach, we assume the solution to start with a supply node referred

to as the start.

Problem 11 (TSP with Regular Specification (TSPR)). Given a finite set of nodes as

2D coordinates N = {ni |ni ∈ R × R}, a starting node n0 ∈ N , an alphabet mapping

σ : N → ΣA, and a regular language A of alphabet ΣA, find a complete permutation of

nodes x with minimum total distance covered dis(x) such that x starts with n0 and σ(x)

is accepted by A, where σ(x) is shorthand for applying σ to each xi and concatenating the

results.

Similar to Problem 10, it is not necessary to consider a starting node n0 and we do so

for practical reasons. Note that if a starting node is not specified, it suffices to have an
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(a) CVRPM (Problem 9). The black
node is the depot, the white ones are the
demand nodes with their demands spec-
ified above them, the capacity is 10, and
the maximum number of tours is 3.

(b) TSPD (Problem 10). The black
nodes are the supply nodes, the white
ones are the demand nodes with their
demands specified above them, and the
capacity is 10.

(c) TSPR (Problem 11). The black node is the starting node, the alphabet
mapping of nodes is specified above them, and the regular language is presented
as a DFA. The language is the set of all strings where no 3 consecutive a’s
appear.

Figure 6.1: Examples of VRP variants with valid solutions.

accepting sequence when starting from any node along the tour. Furthermore, note that a

many-to-one alphabet mapping can indicate a division of nodes based on properties such

as containing region, type of interaction, or corresponding party. Such mappings can be

used to formulate specifications concerning safety, fairness, or other regulations as regular

languages. The regular language is assumed to be given as a deterministic finite automata

(DFA) [257].

In Figure 6.1, we present visualizations for the three VRP variants on which we focus

in this chapter. In these examples, we can see that solutions satisfying the additional

constraints, e.g., capacity and regular language ones, are not necessarily optimal in cost.

6.3.1 Solving VRPs with Neural Sequence Models

While traditionally solved by heuristic or exact methods, modern deep learning has also

enabled us to solve VRPs [285] through methods including iterative improvement [296, 190]

and sequence generation [162, 210]. We use the attention-based model presented in Kool,
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Hoof, and Welling [162] both as a non-constrained baseline and as a basis for implementing

our constrained sequential decoder.

Kool, Hoof, and Welling utilizes a deep learning model based on attention layers trained

using REINFORCE [290]. Their model uses nodes of a VRP instance as tokens and is

trained to minimize the total distance covered through next token prediction. A neural-

based approach is commonly not competitive against exact combinatorial ones in solution

quality. In our experiments, the model in Kool, Hoof, and Welling is able to find solutions

whose objective values are typically within 10% to 20% of the best known upper bounds on

optimal values. However, neural-based approaches have the added capability of optimizing

complicated, data-driven objectives that do not have compact mathematical formulations.

Such objectives include those based on historical data, user preference, or prompting.

The algorithm in Kool, Hoof, and Welling guarantees solution validity only with regard

to myopic constraints. In myopic constraints, any partial solution that does not immediately

violate the constraints can be extended to a complete feasible one, i.e., satisfaction of such

constraints does not require global reasoning. More specifically, they use a simple function

to filter out any tokens that cannot be appended to a partial solution due to violating the

constraints.

Kool, Hoof, and Welling demonstrates support for multiple VRP variants including TSP

and CVRP. TSP is equivalent to Problem 10 with no demand and capacity or Problem 11

with no alphabet mapping and regular language specification. CVRP is equivalent to Prob-

lem 9 with unlimited number of tours. Note that solving these two VRP variants with

sequence generation requires serialization of solutions. Namely, a CVRP solution is seen

as a concatenation of tours divided by the token corresponding to the depot and a TSP

solution always starts from a specific node even though it is cyclical. The filtering function

used for TSP guarantees the validity of the solution by excluding the nodes that are already

visited. The filtering function used for CVRP guarantees the validity of the solution by

excluding the non-depot nodes that are already visited and the nodes whose addition would

violate the capacity limit.

6.4 Beam Search with Cuts

In this section, we introduce a variation of the beam search procedure called Beam Search

with Cuts (BSC). Unlike ordinary beam search, BSC allows us to implement a constrained

decoder (Definition 29) that is not agnostic of the demanded requirement. Instead, BSC

performs explicit checks at each step and cuts any partial solutions that cannot be extended

to a complete one satisfying the requirement. As a result, a constrained decoder utilizing

BSC is guaranteed to produce feasible solutions if they exist. We formally define BSC as a

constrained decoder.

Definition 30 (Beam Search with Cuts). Given a set of tokens Σ, a next token prediction

function p modelled by a neural network, and a requirement R, a beam search with cuts
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Algorithm 4 Beam Search with Cuts

Input: Set of tokens Σ, Next token prediction function p modelled by a neural network,
Requirement R
Parameter: Width w
Output: Solution x ∈ Σ∗ or ∅

1: S0 = {ϵ} {Add the empty string as the initial solution.}
2: i = 0
3: while Si contains non-complete solutions do

4: S′i = {x.a|x ∈ Si, a ∈ Σ} {Consider all allowed expansions after filtering.}
5: Sort S′i based on descending values of θp.
6: Si+1 = ∅
7: for all x ∈ S′i do
8: feas = ∃x′ : x.x′ ∈ R ∧ x.x′is complete {Check feasibility via solving the CSP.}
9: if feas then

10: Si+1 = Si+1 ∪ {x}
11: end if

12: if |Si+1| == w then

13: Break
14: end if

15: end for

16: end while

17: Sk = Si

18: if |Sk| == 0 then

19: return ∅

20: else

21: return argmax({θp(x)|x ∈ Sk})
22: end if

decoder ϕbsc of width w is a constrained decoder that generates sets of partial solutions Si at

iteration i with i ≤ k. Sk only contains complete solutions, S0 is the singular set containing

the empty string ϵ and each Si with i > 0 contains at most w solutions of length i and is

recursively constructed using the following equation:

Si = argmax1:w({θp(x.a) |x ∈ Si−1, a ∈ Σ,

∃x′ : x.a.x′ ∈ R ∧ [x.a.x′is complete]})

where argmax1:w selects the members corresponding to the w highest scores. An expansion

x.a is said to be cut if it is removed from contention due to not satisfying ∃x′ : x.a.x′ ∈

R ∧ [x.a.x′is complete].

In the combinatorial optimization literature, cuts commonly refer to (linear) constraints

that are added to the instance to remove infeasible or undesirable solutions from consider-

ation. For example, Benders cuts [101] remove solutions that make the subsequent stages

infeasible and Gomory cuts [103] remove non-integer solutions to relaxations of integer prob-

lems. Canonical cuts [25], also commonly referred to as no-good cuts, are most similar to

the cuts employed in BSC. They enforce a positive distance to a specific solution to remove
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it from contention. Despite the similarity, the cuts in BSC are not no-good cuts as they do

not add constraints to subsequent attempts at finding solutions.

Algorithm 4 presents the pseudo-code for beam search with cuts. Underlined parts are

additions that do not exist in the pseudo-code for ordinary beam search (Definition 28).

Note that cuts are decided at line 8. If, at any iteration, all partial solutions are cut,

the condition at line 18 is triggered and no solution (∅) is returned. In the following, we

elaborate on and analyze the algorithm in multiple aspects:

• CSP cuts: Since we use CSPs to specify solution requirements, we can implement

a BSC decoder by extending beam search with calls to a CSP solver acting as cuts.

Specifically, at each step we check partial solutions in decreasing order of score (line

5), only add them to the next Si (line 10) if they can be extended to a feasible solution

(i.e., they are not cut) (line 8), and stop when w solutions are added (line 12). We

check whether a partial solution needs to be cut by solving the CSP instance with

the additional constraint that the assignment must match our current partial solution

up to the point that it has been decoded. Note that the CSP instance needs to

validate that the extended solution is also complete (i.e., x.x′is complete) in addition

to belonging to R. Thus, it needs to encode the termination condition and the filtering

function (representing myopic constraints) as well as the requirement.

• Incremental CSP Solving: Given a solution length of k and width of w, at least

kw cut decisions are made in a successful run of beam search with cuts. Addition-

ally, all of the calls to the CSP solver share much in common as they are solving

the same requirement conditioned on different partial solutions. The multitude and

repetitive nature of the CSP calls makes our approach amenable to employing incre-

mental solving, a family of techniques aimed at improving the performance through

communication between successive calls. Incremental solving enables storing learned

information that will be useful in detection of both feasible and infeasible instances

in the future. Previous work has utilized incremental CSP solving for pruning infea-

sible partial solutions in problems such as preferential subset selection [48, 43]. In

Section 6.6, we demonstrate how incremental solving can be applied to our SAT-based

requirements.

• Timeouts: Deciding a cut via solving a CSP instance is inherently difficult and can

potentially take a long time. Thus, we use a timeout limit for line 8 to disrupt the

solver if it does not manage to find a feasible solution in time. A partial solution

leading to a timeout is still cut (feas = false) as its feasibility is unclear and it has

not been shown to be extendable to a complete feasible solution.

• Completeness: A BSC decoder employing timeouts is not guaranteed to produce a

feasible solution, even if one exists. This is because cuts due to timeouts might remove

all of the partial solutions that can be extended to complete feasible ones. Thus, if
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there is a timeout in the decoding process, lack of feasible solutions (returning ∅)

cannot be interpreted as infeasibility.

Contrarily, if no timeouts occur or timeouts are not employed at all, a BSC decoder is

guaranteed to produce feasible solutions if any exists. Equivalently, we can state that

given enough time, the BSC decoder will find solutions or correctly declare infeasibility.

These statements are equivalent since timeouts are principally avoidable by dedicating

more time to each CSP call.

Proposition 8 (BSC Completeness). For any width w and CSP requirement R, a

beam search with cuts decoder ϕbsc that is armed with the CSP solver for R given

enough time, is guaranteed to find a complete and feasible solution x ∈ R if one exists,

or to declare infeasibility if not.

Note that Algorithm 4 can be implemented with any CSP encoding a requirement on a

sequential solution. In the next two sections, we introduce two types of requirements and

implement them as CSPs to be inserted into the BSC algorithm.

6.5 Bin Packing Requirement

In this section, we propose bin packing as our first type of requirement. The aim of the bin

packing problem is to partition items into a limited number of subsets while satisfying a

capacity constraint.

Requirement 1 (Bin Packing). Given a set of items I, their weights W : I → N, a bin

capacity c ∈ N, and maximum number of bins m ∈ N, a bin packing requirement Rbin can be

satisfied by a partition B = {B1, B2, ..., Bm} of items such that each bin respects the capacity

constraint ∀Bi :
∑

i∈Bi
W (i) ≤ c.

Bin packing-based requirements can be utilized to solve sequence generation tasks that

involve partitioning elements into subgroups. Such tasks include multiple VRP variants,

scheduling problems, or spatial reasoning challenges.

6.5.1 Application as Cuts

To define feasibility and implement cuts, we need to provide a way in which a sequential

solution is interpreted with regard to a requirement. For a sequence to be interpreted as a

bin packing solution, certain tokens act as dividers with others representing items. A bin is

then every maximal continuous subsequence of items.

We solve CVRPM (Problem 9) and TSPD (Problem 10) using beam search with cuts

employing the bin packing requirement Rbin. Note that the requirement is not specifically

designed for these two problems, nor for VRP problems in general, and can be applied

in a variety of other settings. To solve CVRPM (respectively, TSPD), we utilize the pre-

trained CVRP (respectively, TSP) model from the baseline using next token prediction
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Figure 6.2: An instance of the CVRPM problem (left) with an infeasible partial solution
(top right) and a complete feasible solution (bottom right). Dashed lines appear only in the
complete solution, the crossed out line appears only in the partial solution, and solid lines
belong to both. Tokens in the solution are marked with their corresponding demand and
black tokens represent dividers.

function pcvrp (ptsp). To solve CVRPM, the depot node is the divider token, effectively

equating nodes to items, tours to bins, and demands to weights, with capacities playing the

same role. To solve TSPD, the supply nodes are the divider tokens, effectively equating

non-supply nodes to items, non-supply segments to bins, and demands to weights, with

capacities playing the same role again. Note that a valid solution to CVRP (respectively,

TSP) that satisfies the bin packing requirement is a valid solution to CVRPM (respectively,

TSPD). Moreover, in both cases, the objective is optimizing the total distance which remains

the same between the constrained and non-constrained variants. Thus, BSC is effectively

solving the CVRPM and TSPD problems by combining the bin packing requirement with

CVRP and TSP support from the baseline.

Figure 6.2 depicts an example of solving the CVRPM problem alongside a partial in-

feasible solution and a complete feasible solution. The partial solution is cut since there

is no feasible partition of items in the bin packing requirement conditioned on the existing

assignments. Note that the first segment (bin) in the solution cannot accept any more nodes

(items) since it is sealed off with a divider. The complete solution matches the partial so-

lution except for its last token, showing that slightly steering the generation process using

cuts can address infeasibility.

6.5.2 IP-based Encoding

To implement a bin packing requirement Rbin as a cut in BSC, we need to solve the feasibility

problem for the bin packing requirement given a partial solution. A partial solution, in

CVRPM or TSPD, dictates fixed assignment of a subset of items to bins and a subset of

bins to be closed off from accepting more items. When the partial solution has already

generated tF divider tokens (tours in CVRPM or visits to supply nodes in TSPD), there

are fixed assignments for bins [1, tF + 1] and bins [1, tF ] have been closed off. We denote

the bins with fixed assignments as BF
1 , BF

2 , ..., BF
tF+1. Note that these bins can potentially

be empty. In particular, BF
tF+1 can be empty because its content is yet to be generated.
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We present the following IP encoding to decide feasibility of the bin packing requirement

with the added constraint of conforming to a partial solution. We use binary variables

{ai,j | i ∈ I, 1 ≤ j ≤ m} to represent that item i is assigned to bin j. Constraints in Eq. (6.1)

enforce that each item is assigned to exactly one bin. Constraints in Eq. (6.2) enforce that

the sum of weights for items assigned to a bin is less than the capacity. Constraints in

Eq. (6.3) enforce the bin packing to match the given fixed assignments based on the partial

solution. Lastly, constraints in Eq. (6.4) enforce that the items yet to appear in the partial

solution, are not assigned to the bins that have been closed off.

∀i ∈ I :
∑

j

ai,j = 1 (6.1)

∀j ∈ [1,m] :
∑

i

ai,jW (i) ≤ c (6.2)

∀j ≤ tF + 1, i ∈ BF
j : ai,j = 1 (6.3)

∀j ≤ tF , i /∈
⋃

j≤tF+1

BF
t : ai,j = 0 (6.4)

6.6 Regular Language Requirement

In this section, we propose regular languages as our second type of requirement. Regular

languages are a family of simple formal languages where finite memory suffices for their

detection [257]. Despite their simplicity, they have crucial applications in multiple fields such

as formal verification, synthesis, and planning. They enable the support of a wide range

of specifications including safety, reachability, and grammatical ones. Moreover, modal

logic paradigms such as finite linear temporal logic (LTL-f) can be translated to regular

languages [73]. In Section 6.8.2, Section 6.8.3, and Section 6.8.4, we use several concrete

regular language requirements to solve TSPR (Problem 11).

Any regular language can be represented by a Deterministic Finite Automata (DFA)

and vice-versa. Thus, a regular language requirement is equivalent to requiring the solution

to be accepted by the corresponding DFA. We use the symbol A for both a regular language

and the DFA representing that language, interchangeably.

Requirement 2 (Regular Language). Let A be a DFA with alphabet ΣA, finite set of states

QA, initial state q0 ∈ QA, accept states Q
F
A ⊆ QA, and transition function δA : QA×ΣA →

QA, let also WA ⊆ Σ∗A be a set of strings corresponding to complete solutions. A regular

language requirement RA can be satisfied by w ∈ WA such that ∆(q0, w) ∈ QF
A where ∆(., .)

is recursively defined as follows:

∆(q, w) =





∆(δ(q, a), w′) a ∈ ΣA, w = a.w′

q w = ϵ
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Note that, as discussed in Section 6.4, a requirement should encode the termination

condition and the filtering function of the sequence generation model as well. For Require-

ment 1, this is implicit in the formulation because all of the items should partake in the

bin packing. In Requirement 2, however, we explicitly include this by limiting the set of

candidate solutions to WA, representing the set of all complete solutions. Employing CSPs

allows us to encode a wide array of termination conditions and filtering functions as the

w ∈ WA constraint.

6.6.1 Application as Cuts

Similar to the interpretation that we provided in Section 6.5, we describe how a sequential

solution is interpreted in the context of Requirement 2. The alphabet mapping function

σ is applied to every token in the solution and the resulting string is used as input to be

accepted or not by the DFA.

We solve a TSPR (Problem 11) instance with regular language A using beam search

with cuts employing the regular language requirement RA. We use alphabet mapping σ to

construct the set of candidate inputs WA in the requirement RA. Specifically, WA contains

all σ(x) sequences where x is a permutation of all nodes in the problem.

Similar to bin packing, Requirement 2 is not particular to this problem and can be uti-

lized to solve a variety of VRP and non-VRP problems. From the baseline, we use the model

for solving TSP and the next token prediction function ptsp. Note that a valid solution to

TSP that satisfies the regular language requirement (the corresponding string is accepted by

the DFA) is a valid solution to TSPR, and the two variants share an optimization objective.

Thus, BSC is effectively solving TSPR by combining the regular language requirement with

the TSP support from the baseline.

In Figure 6.3, we present a TSPR instance with an infeasible partial solution and a

complete feasible solution. The partial solution is cut because it cannot be extended to a

complete solution corresponding to a string accepted by the DFA. Note that an arbitrary

extension can satisfy the requirement. But since the set of strings are limited to WA, the

partial solution can only be extended by aaa, resulting in a non-accepting string. Similar to

our CVRPM example (Figure 6.2), we see how cutting an infeasible extension of a partial

solution can guide it towards a complete feasible one.

6.6.2 Encoding

To implement a regular language requirement RA as a cut in BSC, we need to solve the

DFA acceptance problem for A conditioned on a partial solution. Adherence to the partial

solution dictates that the input to A should start with a sequence wF of length lF that

corresponds to the output of applying the alphabet mapping to the partial solution. We use

the number of nodes |N | as the length of the input as a complete TSP solution contains all

nodes exactly once. To guarantee that the input belongs to WA, for each member of the

input alphabet a ∈ ΣA we count the number of nodes n such that σ(n) = a and denote
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Figure 6.3: An instance of the TSPR problem (top left) with its DFA specification (top
right), an infeasible partial solution (bottom left), and a complete feasible solution (bottom
right). Dashed lines appear only in the complete solution, the crossed out line appears only
in the partial solution, and solid lines belong to both. Tokens in the solution are marked
with their corresponding member of the alphabet. The regular language represented by the
DFA consists of all strings where the second token (after the starting node) and the last
token are the same in the member of the alphabet to which they are mapped.

the number as Wa. Note that it suffices to enforce the number of appearances to make sure

that the input corresponds to a permutation of all nodes.

We present the following SAT encoding to solve the problem of DFA acceptance while

adhering to a partial solution. We use variables {di,a | 1 ≤ 1 ≤ |N |, a ∈ ΣA} to represent

that the i-th position in the string is a, i.e., wi = a. Note that we only model the string

that is to be accepted by the DFA and not the solution itself. The correspondence between

the two is guaranteed by enforcing the Wa values. Moreover, we use variables {si,q | 1 ≤

1 ≤ |N |, q ∈ QA} to represent that the DFA is transitioned to state q after observing

w1, w2, ..., wi. Note that encoding the initial state is implicit as it is pre-determined.

Next, we add disjunctive clauses (in parentheses), cardinality clauses (using the inequal-

ity symbol ≤), and assumptions (in brackets) to model how the DFA operates on its input

and whether it accepts it. Clauses in Eq. (6.5) and Eq. (6.6) guarantee that exactly one

member of the alphabet is chosen at each step. Clauses in Eq. (6.7) and Eq. (6.8) guarantee

that exactly Wa appearances exist for each a ∈ ΣA. Clauses in Eq. (6.9) and Eq. (6.10)

guarantee that exactly one state is visited at each step. Clauses in Eq. (6.11) guarantee that

the first state visited after the initial one is according to the transition function, and clauses

in Eq. (6.12) enforce the same validity of transition for all of the next steps according to

their previous states. Clauses in Eq. (6.13) guarantee that the last state visited is an accept

state. Lastly, the assumptions in Eq. (6.14) guarantee that the beginning of the solution

match wF and consequently the given partial solution.
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∀i : (
∨

a∈ΣA

di,a) (6.5)

∀i :
∑

a∈ΣA

di,a ≤ 1 (6.6)

∀a ∈ ΣA :
∑

i

di,a ≤ Wa (6.7)

∀a ∈ ΣA :
∑

i

¬di,a ≤ |N | −Wa (6.8)

∀i : (
∨

q∈QA

si,q) (6.9)

∀i :
∑

q∈QA

si,q ≤ 1 (6.10)

∀a ∈ ΣA : (¬d1,a ∨ s1,δ(q0,a)) (6.11)

∀1 < i, q ∈ QA, a ∈ ΣA : (¬si−1,q ∨ ¬di,a ∨ si,δ(q,a)) (6.12)

(
∨

q∈QF
A

s|N |,q) (6.13)

∀i ≤ lF : [di,wF
i

] (6.14)

Note that adherence to the partial solution needs to be added as assumptions rather

than clauses, since it changes for each call to the solver. Employing assumptions allows

incremental SAT solving because the remaining of the encoding is unchanged for all of the

successive calls. Incremental learning carries over learned clauses, that are independent of

each partial solution, to future calls to the solver. These clauses are related to the inherent

properties of the DFA acceptance problem and can effectively keep track of feasible and

infeasible partial solutions, potentially improving the performance of successive calls to a

considerable extent.

6.7 Experimental Setup

In this section, we go over the setup for producing our experimental results to evaluate beam

search with cuts. We describe the problems and baseline in our setting, the tools used in

our implementation, and the datasets that we test our approach on.

6.7.1 Setting

Through our experiments, we investigate whether beam search with cuts can effectively equip

existing neural models with the ability to satisfy hard constraints. We focus our attention

on VRPs, a well-known family of combinatorial problems that involve a variety of hard

constraints. VRPs have been heavily studied in neural approaches to solve combinatorial

problems. We use one of the existing approaches, namely, the attention-based model in Kool,

Hoof, and Welling [162], as our baseline to solve CVRPM (Problem 9), TSPD (Problem 10),
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and TSPR (Problem 11) and compare the results against our approach. The objective

function to minimize in all of the problems is the total distance.

Note that the model in Kool, Hoof, and Welling does not directly support solving these

problems and instead solves the corresponding simplified variants without the hard con-

straints, i.e., CVRP and TSP, respectively. We decode the baseline model using standard

beam search with a large value for width. Doing so allows us to generate a large number

of solutions for the non-constrained variant, in the hope that some of them satisfy the hard

constraint as well. Note that this approach is not guaranteed to produce feasible solu-

tions. Moreover, all of the infeasible generated solutions are disregarded after the search is

terminated and do not affect the reported values.

6.7.2 Implementation

We also use the model in Kool, Hoof, and Welling as the pre-trained model in our beam

search with cuts framework. We combine their model with bin packing requirements encoded

in IP and regular language requirements encoded in SAT. We solve IP instances using the

Gurobi solver [112] version 10, and SAT instances using PySAT [135] with Gluecard 4 solver.

Gluecard 4 is a solver based on Glucose 4, extended with direct support for cardinality

clauses. Gluecose 4 itself is based on Minisat 2.2 [80]. Both solvers are allocated a time

limit of 10 seconds for each call. Note that a low timeout limit is chosen because, as

discussed in Section 6.4, potentially numerous calls to the solver is made in each run of the

BSC algorithm. Our results are produced on a server with two 12-core Intel E5-2697v2 and

128G of RAM.

6.7.3 Datasets

To cover a wide range of challenges, we use an established dataset from the literature but

also synthesis our own instances. We use the instances proposed in Uchoa et al. [271] for

CVRPM. Due to the difficulty in solving the corresponding IP encodings, we omit instances

with a maximum number of tours larger than 20. To synthesize our own instances, we follow

the procedure described in the baseline [162]. We synthesize instances for TSPR and TSPD.

All of our synthesized instances are randomized using 10 different seeds and the results are

averaged over seeds unless noted otherwise.

6.8 Experimental Results

In this section, we experimentally evaluate beam search with cuts in its ability to produce

high quality sequential solutions that satisfy the given requirement. Our goal is to under-

stand whether the additional effort in solving CSP requirements and making cuts is worth

it, or the baseline approach of standard beam search with large quantity is already good

enough to satisfy requirements. Furthermore, we aim to understand the trade-off between

feasibility in requirements and the solution quality, i.e., whether enforcing satisfaction comes
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with significant cost to quality. Lastly, we explore ways to improve the performance of the

beam search with cuts procedure.

6.8.1 Sequence Generation with Requirements

For our first experiment, we solve Problem 9 (CVRPM) for instances in Uchoa et al. For

our approach, we use a bin packing requirement that enforces a maximum number of tours.

As discussed, we omit instances with a maximum number of tours larger than 20. We run

the standard beam search decoder with a comparatively large width (8096) and our beam

search with cuts approach with significantly lower width (4).

We observed that in 9 out of 27 instances, no generated solutions using the standard

beam search were able to satisfy the maximum number of tours requirement. Contrarily,

beam search with cuts, with a lower width value, was able to find feasible solutions in

all cases. This disparity indicates that requirement satisfaction in BSC cannot simply be

compensated for by using a higher width value in BS. Table 6.1 contains the BS and BSC

results for the 9 unsatisfied cases. We report the required maximum number of tours m

alongside the best value that each approach was able to achieve. Additionally, we include the

best total distance amongst the feasible solutions generated by BSC in relative comparison

against the best from BS (∆dis. (%)) with a negative value indicating an improvement

in BSC over BS. Our results show that despite the lower width and the added benefit of

satisfying the requirement, BSC was able to achieve solutions of comparable total distance,

with even significant improvement in some cases. Furthermore, we observe that ordinary

beam search shows higher runtimes in the majority of cases, with BSC taking longer only

if a significant number of cuts are needed to prune infeasible solutions. While the runtimes

can be further improved with parallelized or GPU-based methods, the results still indicate

the intractability of simply increasing the width to satisfy requirements. Table 6.2 contains

the BS and BSC results for the 18 satisfied cases. The results match our expectation that

the high width used in standard beam search leads to better quality solutions in all but one

case. Aligned with our observation in the infeasible cases, BSC achieves better runtime in

all instances because it does not need large width to satisfy the requirement.

Width Parameter

To better understand the effects of the width parameter, we use beam search with cuts in

three configurations to solve the same 9 instances where standard BS failed to produce a

feasible solution. The configurations consist of: a beam width of 4, a larger beam width of

64, and a hybrid approach referred to as sub-width. The sub-width approach is a variation of

our BSC algorithm that only guarantees a fraction of the partial solutions to be extendable

to complete feasible ones. Specifically, we consider a sub-width value (= 4) in addition to

width (= 64) and we solve the CSP problem starting from the highest score as many times

as needed in order to fill the sub-width portion with solutions that can lead to feasibility.

The partial solutions shown to be infeasible will then be disregarded and the remaining
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Instance Beam Search Beam Search with Cuts
(|N |,m) Time (s) m Time (s) m ∆dis. Cuts

(134,13) 26.7 14 45.1 13 0.8% 168
(157,13) 35.7 14 14.9 13 -12.2% 17
(190,8) 49.3 11 14.4 8 -23.9% 52
(209,16) 60.7 17 28.3 16 2.0% 19
(214,11) 61.7 12 27.0 11 5.7% 92
(233,16) 73.4 17 384.6 16 20.1% 219
(256,16) 89.3 17 630.4 16 9.0% 408
(367,17) 185.6 18 84.4 17 -0.6% 6
(411,19) 236.7 22 116.7 19 -14.6% 44

Table 6.1: Beam search (width=8096) against beam search with cuts (width=4) on select
instances from Uchoa et al. for which BS fails to generate a feasible solution.

Instance Beam Search Beam Search with Cuts
(|N |,m) Time (s) m Time (s) m ∆dis. Cuts

(106,14) 26.93 14 9.34 14 0.75% 2
(110,13) 19.92 13 8.60 13 1.53% 0
(115,10) 20.88 10 8.11 10 5.69% 23
(120,6) 21.67 6 6.33 6 0.48% 0
(129,18) 25.46 18 13.13 18 1.36% 3
(139,10) 28.10 10 9.71 10 1.99% 4
(143,7) 28.69 7 8.50 7 6.20% 0
(162,11) 35.89 11 13.21 11 1.66% 0
(167,10) 38.43 10 13.98 10 3.24% 0
(186,15) 46.43 15 24.42 15 3.17% 0
(204,19) 64.86 19 36.60 19 5.25% 0
(237,14) 80.15 14 34.60 14 0.19% 0
(261,13) 86.71 13 38.87 13 7.37% 0
(280,17) 99.40 17 57.76 17 0.75% 0
(284,15) 104.05 15 49.75 15 1.37% 0
(308,13) 118.88 13 53.45 13 -3.54% 0
(327,20) 140.90 20 82.62 20 3.00% 0
(331,15) 146.51 15 61.70 15 0.80% 0

Table 6.2: Beam search (width=8096) against beam search with cuts (width=4) on select
instances from Uchoa et al. for which BS manages to generate at least one feasible solution.

width will be filled with untested ones. To extend the BSC pseudo-code (Algorithm 4) with

sub-width capability, line 8 is circumvented and feas is set to true on the condition that

|Si+1| ≥ ŵ, with ŵ being the sub-width value.

The results for our experiment on the three width parameter configurations is presented

in Table 6.3. We report the same values that we did in Table 6.1. Note that we omit reporting

the number of tours achieved as all approaches are able to satisfy the given specification in

all instances. As expected, the approach with a width of 64 and the hybrid approach are

both able to produce solutions with better distance compared to a width of 4 in all but two
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instances. Interestingly, we observe that the hybrid approach is closer in runtime to the

lower width as opposed to the higher one, despite employing a significantly more number of

cuts compared to the lower width approach. In two instances, employing sub-width leads

to even more cuts compared to larger width. The high number of cuts is hypothetically

due to the high number of infeasible but high quality partial solutions that are introduced

from the section of the search that is not checked for feasibility. Due to being left unchecked

for potentially multiple iterations, the infeasibility check for these solutions can be straight-

forward, explaining the low runtime to number of cuts ratio.

Instance Beam Search with Cuts
(|N |,m) Width Time (s) ∆dis. Cuts

(134,13)
64 918.5 -1.6% 7609

64-4 90.1 -0.6% 2397
4 45.1 0.8% 168

(157,13)
64 180.6 -12.7% 178

64-4 24.0 -12.7% 147
4 14.9 -12.2% 17

(190,8)
64 189.3 -24.1% 1136

64-4 56.4 -23.6% 2186
4 14.4 -23.9% 52

(209,16)
64 372.7 2.4% 192

64-4 40.2 0.2% 175
4 28.3 2.0% 19

(214,11)
64 405.2 0.8% 1126

64-4 40.5 0.5% 282
4 27.0 5.7% 92

(233,16)
64 4869.6 18.2% 4172

64-4 441.5 17.7% 3528
4 384.6 20.1% 219

(256,16)
64 8652.7 5.7% 6541

64-4 735.2 6.1% 1814
4 630.4 9.0% 408

(367,17)
64 1258.4 -1.5% 505

64-4 123.5 -1.5% 277
4 84.4 -0.6% 6

(411,19)
64 1700.4 -15.6% 466

64-4 251.6 -16.8% 1610
4 116.7 -14.6% 44

Table 6.3: BSC with different width configurations (sub-width indicated by -) on select
instances from Uchoa et al. for which BS fails to generate a feasible solution.
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6.8.2 Tightening Requirements

In our second experiment, the goal is to understand the limits of feasibility and the trade-off

between challenging requirements and solution quality. Thus, we avoid fixing the require-

ment as part of the input and instead use BSC to satisfy incrementally tighter requirements

until no feasible solution exists. We use this approach to solve Problem 10 (TSPD) for syn-

thesized instances where the demand for each non-supply node is randomly selected from

a uniform distribution. We use a bin packing requirement and tighten it by decreasing the

capacity c. Moreover, we solve Problem 11 for synthesized instances where an equal number

of nodes are randomly mapped to each member of the alphabet. We use a regular language

requirement represented by the DFA Asi . The requirement enforces that in the TSPR solu-

tion x, there cannot be i successive visits to nodes that all map to the same member of the

alphabet by σ. This requirement can be tightened by decreasing the maximum successive

visits i.

We first run a standard beam search and observe the lowest c value for TSPD or the

lowest i value for TSPR that any of the generated solutions satisfy. This value represents

the tightest requirement that BS can satisfy and acts as a starting point. We iteratively

tighten the requirement (by decreasing c or i) and use BSC to solve the tighter cases until

we fail to generate a feasible solution.

The TSPD results are presented in Figure 6.4 (top) and the TSPR results in Figure 6.4

(bottom). The horizontal axes indicate how much tighter the requirement is, compared to

the starting point. Namely, a value of zero for ∆ indicates using BS (width=8096) and

positive values for ∆ indicates using BSC (width=4). Moreover, larger ∆ values equate

to tighter requirements and lower c or i values. The vertical axes show the total distance

(objective value) of the solutions. Each line (color) represents an instance with a different

seed.

The results show that BSC, even with lower width, is able to reduce capacity by a margin

of 10 to 30 across instances, and reduce the maximum number of successive visits by up to 5

on some instances, with relatively minor impact on total distance. In both cases, we see that

tightening the requirement too much will result in a sudden jump in total distance before

reaching infeasibility. In all instances, the infeasible runs contain no timeouts, guaranteeing

that the declaration of infeasibility is valid and there cannot exist any feasible solutions. In

TSPD, we see that highly challenging requirements also exhibit instability in total distance.

This observation, alongside the decline of quality, can be indicative of the fact that the

search is too constrained to explore solutions of high predictive scores.

6.8.3 Scaling Problem Size

In our next experiment, we study the impact of solution length and requirement strength on

the ability of BS and BSC to produce feasible solutions. We solve Problem 11 (TSPR) for

synthesized instances where an equal number of nodes are randomly mapped to each member

of an alphabet of size 6. We use a regular language requirement represented by the DFA AP
i



CHAPTER 6. NEURAL SEQUENCE GENERATION WITH REQUIREMENTS 159

(a) TSPD.

(b) TSPR.

Figure 6.4: Iterative tightening of the requirement against solution quality, from beam
search (∆ = 0, width=8096) to beam search with cuts (∆ > 0, width=4) until infeasibility.
Different colors represent randomly-generated synthetic instances using different seeds.

that is the combination of DFAs Ap
1 to Ap

i . The language of Ap
i consists of solutions x, where

there are not two successive nodes xj and xj+1 such that σ(xj) = ai and σ(xj+1) = ai+1

with ai and ai+1 being the i-th and i + 1-th members of the alphabet. Combining multiple

DFAs into one allows us to quantify and control the requirement strength. Note that we can

combine DFAs and evaluate their joint acceptance by simply considering the DFA product.

First, we use standard beam search to solve instances of size 24 (i.e., solution length)

with AP
1 to AP

5 as requirements. We start from a width of 1 and double the width every

time BS fails to generate a feasible solution. Second, we solve instances of size 12, 24, and

36 with AP
3 as requirement and double the width in case of infeasibility as before. For

all cases, we report the average logarithm of the lowest width that was able to satisfy the

requirement. For comparison, we solve all cases again using BSC with a width of 4. Note

that doubling the width is not required for BSC as it is complete with regard to satisfying

requirements at any width.

The results, provided in Table 6.4, show that with a linear increase in the number of

combined DFAs in the requirement, there is an almost linear increase in the logarithm of

the lowest width required for BS. When the requirement is fixed, a similar linear relation

exists between the length of the solution (number of nodes) and the logarithm of the lowest

width required. The trends show that the beam search decoder needs to produce an expo-
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nentially larger number of solutions in order to satisfy a stronger requirement or satisfy the

same requirement for a longer solution. Beam search with cuts, however, is able to satisfy

combined requirements and produce longer solutions with an almost linear increase in cuts

and negligible cost to runtime.

|N | R
Beam Search Beam Search with Cuts

log(w) Cuts Time (s)

24

P1 2.7 2.8 1.81
P2 4.4 6.4 1.79
P3 6.8 8.4 1.80
P4 8.9 12.4 1.78
P5 10.5 15.4 1.87

12
P3

1.2 3.5 1.73
24 6.4 8.4 1.80
36 11.1 16.7 1.95

Table 6.4: Minimum width required in log-scale for BS against the number of cuts and time
used by BSC (width=4) for iteratively stronger requirements and longer solutions.

6.8.4 Incremental CSP Solving

In our last experiment, we investigate how incremental SAT solving can enhance the per-

formance of beam search with cuts. We solve Problem 11 (TSPR) for synthesized instances

where an equal number of nodes are randomly mapped to each member of an alphabet (ΣA)

of size 4. We use a regular language requirement represented by the DFA AW . Acceptance

by AW states that within any window of length 8 in the solution, there should be at least

one appearance for every member of the alphabet through the mapping σ.

We run the BSC algorithm for width values of 4 and 16 and different instance sizes.

For the incremental runs, we allow the solver to carry information (i.e., learned clauses)

forward to successive calls. In the non-incremental runs, we wipe the SAT solver’s slate

clean after each call. We report the total time that is purely spent on solving SAT instances

for comparison. Note that we only report the number of cuts once as the two approaches

behave exactly the same with regard to cuts since no timeouts are involved. Moreover, we

omit the information on solution quality as the two approaches produce the exact same

solutions for the same reason.

The results presented in Table 6.5 show that the incremental approach is able to improve

solve time in all cases. Furthermore, the relative difference in solve time grows monotonically

as we increase the size of the instance or the width of BSC, closely correlating to the number

of cuts in both cases. Note that increasing the width or the solution length results in

making more calls to the solver, which generally amplifies the improvement when employing

incremental solving.
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|N | Width Cuts
Solve Time (s)
Non-Inc. Inc.

12
4 1.2 1.59 0.45
16 4 6.00 1.56

24
4 14.5 13.95 2.45
16 64.5 57.00 7.62

36
4 40.9 39.58 5.59
16 143.7 147.59 14.94

48
4 66 89.65 10.94
16 233.4 345.05 32.09

60
4 94.9 150.17 15.28
16 332.1 565.47 33.92

Table 6.5: Solve time of incremental and non-incremental SAT solving for beam search with
cuts.

6.9 Related Works

A recent example in combining neural sequence models with combinatorially specified con-

straints is presented in Lafleur, Chandar, and Pesant [170]. The authors base their work

on the algorithm in Jaques et al. [148] which tunes sequence models by using reinforcement

learning to optimize an added reward function as well as the predictive scores. The algo-

rithm in Lafleur, Chandar, and Pesant replaces hard-coded penalties with specifications in

constraint programming (CP), claiming that it better suits the problem of music generation

which both papers focus on. Specifically, belief propagation is used, which is a heuristic

estimating the marginal probability of value-variable pairs that participate in feasible so-

lutions. The marginal probability and the number of violations are then treated as signals

that, when optimized, guide the sequential generation towards solutions that are feasible

in music theory constraints. All the while, simultaneously optimizing the predictive scores

from the original model guarantees that the generated melodic lines also reflect the style

of a given corpus. The shift from hard-coded penalties to CP constraints enjoys the same

benefits that we argue for when using the formulation approach to solving combinatorial

optimization problems. Namely, the declarative nature allows flexibility and modularity in

specification. Some of the potential issues with the work in Lafleur, Chandar, and Pesant

include: (1) the lack of guarantee in finding feasible solutions, because the final product still

relies on deep learning models and has feasibility as only one of its optimized objectives;

(2) the non-trivial task of finding a neural model capable of satisfying a given CP specifi-

cation, and training such a model which is resource- and time-consuming; (3) the potential

cost to solution quality due to manipulation of predictive scores with marginal feasibility

probabilities; (4) the lack of accuracy and reliance on heuristics that comes with using belief

propagation; and (5) the limitation to belief propagation which is only supported in the CP

problems, excluding a variety of other standard combinatorial problems that can be used to

specify CSPs. The work in Yin, Cappart, and Pesant [299] expanded upon and improved
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this work in the aspects of CP specification, evaluation of violated constraints, and reward

signals.

A more limited but common set of requirements imposed on neural sequence models are

lexical constraints. Lexical constraints require a set of phrases to appear in the output and

are significantly less expressive than requirements encoded as CSPs. The work in Hokamp

and Liu [122] achieves constrained beam search with lexical constraints by dividing the

partial solutions in each iteration based on their number of satisfied constraints. Their

algorithm, referred to as grid beam search, is shown to significantly improve tasks such as

translation in interactive and non-interactive scenarios. The approach in Post and Vilar

[227] also divides the search based on satisfied constraints count, but utilizes dynamic beam

allocation to improve the performance by reducing the complexity of the search from linear to

constant in the number of the constraints. A more sophisticated approach, which categorizes

partial solutions based on the specific set of satisfied constraints rather than merely the

count, is presented in Anderson et al. [13]. A finite-state machine encodes the constraints

as a whole by representing each possible satisfaction status as a state and each appearance

of a word as a transition. The size of the machine, and the complexity of the search as

a result, can be exponential in the number of constraints. The authors use this approach

to caption images with the enforced inclusion of certain keywords. Lexical constraints

can also be supported by augmenting the predictive scores in the beam search to lean

towards the target words, as presented in Pascual et al. [221]. Similar to our work, all

of the aforementioned beam search-based approaches to satisfying lexical constraints do

not require re-training the model. Instead, they structure the decoding procedure towards

constraint satisfaction, facilitating modularity and application to different neural models

and constraints. Alternative approaches to satisfying lexical constraints include modifying

the output through stochastic sampling [200] or gradient-guided [247] edits.

Lastly, standard beam search can also be used to agnostically solve neural sequence gen-

eration with requirements. This approach, referred to as complete any-time beam search

(CAB), consists of multiple runs of standard beam search. The width of the search, and the

number of solutions as a result, is doubled at each iteration until a feasible solution is found.

The main benefit of CAP is its simplicity and flexibility in application to any neural model

and any requirement represented in a variety of paradigms such as CSPs, formal languages,

and even hardcoding. The major downside in utilizing CAB is the lack of feasibility guar-

antee and any optimization or guidance towards satisfying the requirement. Recent work

in Cohen and Beck [63] has shown CAB to exhibit fat- and heavy-tailed behavior, similar

to other complete search algorithms (e.g., [105, 62, 83]). The authors propose random-

ized restarts by adding noise to the input of the neural model, mitigating the heavy-tailed

behavior and improving performance across four tasks.
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6.10 Conclusion and Future Work

In this chapter, we present an approach to use combinatorial problems for constrained ML.

Namely, we propose the beam search with cuts framework that allows us to combine pre-

trained neural sequence models with requirements. Requirements are formulated as CSPs

into declarative combinatorial problems that do not have an optimization aspect. Our al-

gorithm enables constrained decoding without relying on re-training the neural models for

this purpose, even guaranteeing requirement satisfaction. The plug-and-play nature of our

approach is evident in our proposed requirements that are applicable in multiple settings.

We introduce and implement the bin packing requirement in IP and the regular language

requirement in SAT. Utilizing the two combinatorial problems demonstrates the variety

of CSPs in different specifications that our algorithm can support. We use a pre-trained

model from recent work and our two implemented requirements to solve three VRP variants

as a case study. Note that neither our framework nor our requirements are particularly

tailored for VRP. We showcase beam search with cuts using VRP but also pave the way

for application to other combinatorial, or generally sequential, problems that can be solved

using constrained generation with neural models. When solving combinatorial optimiza-

tion problems, the division of responsibility between neural sequence generation and CSP

requirements can be roughly viewed as decomposing the problem into its optimization and

hard constraints components. While the objective is optimized using deep learning, the

feasibility aspect is in turn handled by a formulation approach to combinatorial reasoning.

Through our experiments, we show that cuts in beam search enable satisfaction of re-

quirements where standard beam search fails. Even in cases where beam search is able to

satisfy requirements, we show that it requires an exponentially larger width as the length

of the solution or the strength of the requirement increases. Contrarily, BSC’s performance

remains stable as the instances get more challenging, highlighting the importance of explic-

itly solving feasibility problems. Furthermore, we show that satisfaction of requirements

does not necessarily come with a significant impact on quality, and can even improve the

objective value in some cases. This demonstrates that constraining ML solutions is not

compromising their quality, and is aligned with the same argument that we made for in-

terpretable ML in Chapter 3, Chapter 4, and Chapter 5. We also experimentally depict

the trade-off between feasibility and solution quality, and show that BSC can satisfy con-

siderably tighter requirements with negligible cost to quality, while also correctly declaring

infeasibility in severe cases. Lastly, we investigate ways to improve the performance by: (1)

checking feasibility for only a portion of partial solutions; and (2) employ incremental SAT

solving to transfer information between calls. Both approaches are shown to be successful in

improving runtime, though the former can slightly impact solution quality both positively

and negatively.

Our approach can be developed in multiple interesting directions. We can maintain

records of equivalency between partial solutions as the model is being decoded, e.g., two

partial TSPD solutions that have visited the same nodes in different orders are equivalent.
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Doing so would allow us to avoid explicit checks for deciding the feasibility of a partial

solution, when the result for an equivalent one is cached and can be queried. This technique

improves the performance in a similar vein that incremental solving does, but is independent

of the solver’s capability for solving the instances incrementally. The more explicit approach

to incremental solving can also empower the expert user with a greater level of control to

to customize the equivalency relations, potentially with precise formulations. Equivalency

checks can also cut solutions that are of lower quality, e.g., higher total distance, in order

to improve the search or increase the diversity of the results. Compared to the standard

infeasibility cuts, the ones based on equivalency more closely resemble no-good cuts [25] from

the literature, since they add a constraint and prevent equivalent solutions to be considered

in future.

In this chapter, we decided to cut partial solutions causing timeouts to maintain com-

pleteness. However, there also exists arguments for keeping these solutions as they might

represent interesting edge cases that are barely feasible but high in quality. A BSC algo-

rithm that keeps timed out partial solutions is incomplete. However, completeness can be

achieved using a hybrid approach similar to sub-width (presented in Section 6.8.1). In such

an approach, a fraction of search only keeps solutions that are guaranteed to be feasible,

while the other part also keeps timed out solutions for exploratory purposes. Another tweak

that leads to losing completeness is to use incomplete cuts, i.e., those that detect a sub-

set of infeasible partial solutions. Constraint propagation in constraint programming is an

example method that can be used to implement incomplete cuts, significantly improving

performance compared to solving CSP instances to completion. Another example is combi-

natorial local-search methods that try to find feasible solutions but are not guaranteed to

do so even if one exists. Local search is also considerably faster than fully solving a CSP

instance. Similar to before, a hybrid approach can be utilized to have a complete algorithm

even when incomplete cuts are employed.

Furthermore, our approach can be extended by implementing new types of requirements

such as those based on scheduling, set cover, or coloring constraints. It can also be extended

in application to other neural sequence models in areas such as planning or program synthesis

where neural sequence models have been successful and could significantly benefit from

support for guaranteed satisfaction of hard constraints. Lastly, cuts can be added to the

beam-stack search procedure [310], a variant of beam search where backtracks are also

utilized. Using backtracks helps mitigate the impact of leading the search towards a sub-

optimal space due to employing cuts.



Chapter 7

Conclusion

7.1 Summary

Common ML models such as deep neural networks and boosted trees can be challenging to

interpret by humans and/or lack the ability to specify and enforce constraints. Such models

do not meet the human-compatibility and transparency demand in applications where mis-

takes are costly and expert auditing is necessary. In contrast, in this dissertation we proposed

using combinatorial optimization problems to achieve interpretable and constrained ML by

formulating interpretable models, different classification and clustering objectives, and con-

straints representing user knowledge, requirements, and/or training considerations. The

combinatorial approach is rigorous and has theoretical guarantees on quality and satisfac-

tion of specifications. The wide range of problems that we solved using different declarative

combinatorial optimization problems demonstrates that they can, and should, play a crucial

role in the future of AI. Our collective approaches provide a framework that extends the

current ML landscape with complex reasoning and enhances trust in ML solutions to give

confidence to developers and end users that the models are acting as intended.

One aspect of the work presented in this dissertation is training ML models by for-

mulating the training as a combinatorial optimization problem. We focused on using the

declarative combinatorial optimization problem of MaxSAT, and its decision variant SAT,

to learn inherently interpretable models in Chapter 3, Chapter 4, and Chapter 5. We signif-

icantly improved the existing state-of-the-art encodings and solved some problems for the

first time, demonstrating the enhancement potential in existing formulations of ML prob-

lems. The improvements are far from trivial and are mostly due to shifts in perspective

such as: (1) designing encodings for settings that better suit ML solutions rather than those

that are closely associated with SAT, e.g., directly supporting numerical features rather

than binarizing them; (2) alternative approaches to optimizing objectives, e.g., modeling

how much a diagram can be reduced rather than directly modeling its size; and (3) em-

ploying preprocessing or multi-stage schemes to alleviate the computational burden on a

single call to the solver, examples include pruning or finding a feasible subset of constraints.

165
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Using declarative combinatorial optimization problems provided the theoretical guarantee

of finding optimal solutions for clustering and solutions that are optimal with regard to

the training data for classification. Note that optimality is only reached and proved given

sufficient resources such as time and memory. However, most solvers for declarative combi-

natorial optimization problems provide provable upper and/or lower bounds on the optimal

objective value in case of a timeout. Using declarative combinatorial optimization prob-

lems was also shown to allow repurposing components and encoding different constraints

and objectives to solve a wide variety of problems. Included in those are objectives further

optimizing the interpretability of our models, e.g., by size minimization. The formulation

approach also enables the possibility of further improving the performance of our approaches

by using more efficient solvers in the future. A shared conclusion throughout these chapters

is that our approaches are able to produce highly accurate interpretable solutions in short

runtimes. Additionally, the interpretability does not significantly compromise solution qual-

ity. In fact, it often enhances it in cases where a solution could benefit from limitation to a

structure. This observation is consistent with the literature, but is extended to new settings

in our work.

The other aspect of our work is using combinatorial problems to formulate and satisfy

ML constraints. When we learned a model as a combinatorial optimization problem, we

specified the constraints within the same problem so that a solution is forced to adhere

to the constraints. We employed this approach in Chapter 3 to enforce constraints that

prune overfitting models and in Chapter 5 to enforce constraints based on domain expertise.

Constraints can also be formulated independently as a CSP and accompany models that

are pre-trained by other approaches such as deep learning. We employed this approach in

Chapter 6 to guarantee inference-time constraint satisfaction and extend rigorous reasoning

capabilities of a neural sequence model. Even though we focused on a specific case study, we

proposed a novel modular framework that treats pre-trained models and CSP requirements

as interchangeable components, providing a new perspective in combining them to solve

complex problems in multiple settings. Using combinatorial models to formulate constraints

provides the theoretical guarantee of satisfaction, whether the formulation includes the

model itself or not. Overall, we observed how constraints can be utilized to serve different

purposes in ML such as enhancing training, enabling expert audit, or elevating models in

terms of combinatorial reasoning. In each of these cases, we concluded that constraint

satisfaction does not significantly compromise solution quality despite limiting the solution

space. Contrarily, it can improve solution accuracy, and even objective value in non-exact

approaches.

This dissertation as a whole has demonstrated the capability of employing combinato-

rial optimization problems towards realizing interpretable and constrained ML, with each

chapter acting in support of this objective by proposing an algorithm to solve a key problem.

Thesis Statement. Formulating machine learning tasks as declarative combi-

natorial optimization problems enables learning a wide variety of interpretable
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and constrained machine learning models, providing theoretical guarantees and

often improving solution quality.

7.2 Contributions

In this section, we summarize the contributions of this dissertation, categorized by chapters.

Chapter 3: Optimal Decision Tree Classification

1. We solved the problem of interpretable classification with decision trees by using

a novel SAT-based encoding with support for min-depth and max-accuracy objec-

tives. Our encoding directly supports branching for numerical and categorical features,

avoiding a quadratic increase in size as a result of binarizing non-binary features.

2. Our approach was shown to significantly outperform the state of the art on datasets

with mostly numerical features and provide anytime solutions of higher quality. It was

also shown to consume significantly less memory, particularly compared against the

approaches based on caching branch-and-bound search.

3. We showed that direct encoding of categorical features enables power set branching,

leading to more expressive solutions. Such solutions were shown to be of higher quality,

leading to higher training and testing accuracies.

4. We extended our objective to support different costs for different cases of misclassi-

fication. The support for cost-sensitive learning was showed to significantly improve

balanced accuracy when training on imbalanced datasets.

5. We added support for constrained ML by encoding minimum support and minimum

margin pruning constraints. The pruning was shown to improve generalization to

unseen data despite limiting the solution space.

Chapter 4: Compact Binary Decision Diagrams for Classification

1. We solved the problem of interpretable classification with binary decision diagrams

with a novel SAT-based encoding. We reused the basis of our decision tree encoding

with direct support for non-binary features and focused on maximum accuracy as the

objective. Our approach initially models a non-reduced BDD, which can subsequently

be reduced by assigning labels to empty terminals and merging equivalent nodes.

2. Through our experiments, we showed that our BDD encoding improves the state of

the art in runtime and, in case of a timeout, in solution accuracy.

3. To improve compactness and, as a result, interpretability, we extended our encoding

by modelling the final size to which the BDD can be reduced. We used the size as a

secondary objective to optimize simultaneously, or in a post-processing stage by only
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affecting empty terminals. We observed that size optimization in both cases results in

more compact solutions while maintaining accuracy.

4. We extended our encoding to directly learn diagrams rather than learning non-reduced

BDDs first. We focused on multi-dimensional BDDs, a family of diagrams that em-

ploy multi-dimensional branching and are more expressive than BDDs using the same

number of branchings. We experimentally showed that multi-dimensional BDDs scale

better than BDDs due to their expressiveness and ability to utilize more features

towards higher-quality solutions in compact sizes.

Chapter 5: Constrained Clustering via Decision Trees

1. We solved the problem of interpretable clustering with decision trees to optimality

for the first time in the literature. We used a novel SAT-based encoding that ex-

tends the basis of our decision tree classification approach with ϵ-approximation of a

Pareto-optimal solution in maximum diameter (MD) and minimum split (MS) criteria.

We also added support for constrained clustering by encoding pairwise user-provided

constraints.

2. Our experimental results showed that we can find interpretable solutions of high qual-

ity in short runtimes. It was further shown that tree clustering improves the non-tree

counterpart in evaluation metrics, despite limiting the solution space by considering

interpretability. The pairwise constraints and the bi-criteria objective were also shown

to improve quality, with any combination of the three factors further magnifying the

improvement.

3. We joined our bi-criteria objective and pairwise constraint encodings in smart pairs,

a novel pruning framework that detects and removes redundant or infeasible clauses.

Smart pairs, along with the approximation of the objective, is shown to significantly

boost performance leading to higher quality solutions.

4. We found a trade-off between solution accuracy and infeasibility in the presence of

user-provided constraints. Thus, we further extended our encoding by support for

soft constraints, that are encouraged rather than required to be satisfied. We pro-

posed 1-stage, 2-stage, and 3-stage schemes that consider different orders of prioriti-

zation for soft constraint satisfaction and the clustering objective. We experimentally

showed that soft constraints can improve accuracy by enabling a higher level of semi-

supervision without the risk of infeasibility.

5. We used our encoding in an iterative algorithm to find approximations to all of the

Pareto-optimal solutions in the bi-criteria objective, rather than only one. Our experi-

ments showed that computing the Pareto front leads to finding higher-quality solutions

in instances with less pairwise constraints.
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Chapter 6: Neural Sequence Generation with Requirements

1. We introduced the beam search with cuts procedure to solve the problem of con-

strained neural sequence generation. Our approach can combine any pre-trained neu-

ral sequence model with a requirement encoded as a CSP, resulting in a decoder that

guarantees the satisfaction of the given requirement. BSC works by employing explicit

feasibility checks for partial solutions, referred to as cuts.

2. We proposed the versatile and universal requirements of bin packing and regular lan-

guage acceptance, and implemented them as cuts in IP and SAT, respectively.

3. We focused on three VRP variants as the case study for our approach. We solved these

variants by using BSC to combine the support for simpler variants in a pre-trained

neural model and our two implemented requirements.

4. We experimentally showed that BSC can satisfy requirements in a short runtime and

without significant cost to solution quality. We also showed that BSC is capable of

satisfying increasingly tight requirements until they become infeasible.

5. We compared BSC against standard beam search as the length of the solution or

the strength of the requirement is increased. The results showed that BSC scales

exponentially better than its standard counterpart.

6. We investigated improving the performance of BSC by employing incremental solv-

ing when satisfying a requirement encoded in SAT. The results showed a significant

improvement in the solver runtime, which was further amplified for longer solutions.

7.3 Future Work

In the main body of the dissertation we showed how combinatorial optimization problems

can be used to learn inherently interpretable models with the capacity to enforce constraints

but also be used in conjunction with deep learning models by formulating constraints only.

In the same vein, we group interesting directions for future work into multiple paradigms,

including the two aforementioned ones. For each paradigm, we highlight some of the high-

level benefits and challenges and include some example ideas. Note that the following

discusses a more general view of the next steps regarding the topic of this dissertation, and

more concrete and incremental future work was already discussed in each individual chapter.

7.3.1 Combinatorial Optimization for Learning Inherently Inter-

pretable Models

This approach and its strengths and weaknesses were comprehensively discussed in the first

three chapters. However, an exciting next step is to merge the three encodings into a uni-

fied framework for using SAT to learn inherently interpretable models. An elegant merge
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is possible because the approaches share and reuse the fundamental aspects of encoding

branchings and tree-like decision structures. The unified framework can easily be modular

in interchanging solution formats, constraints, and objectives. Example problems that were

not supported in our original approaches but can be solved using this framework include but

are not limited to: (1) decision tree clustering with direct support for categorical features

and power set branching; (2) clustering using oblivious decision trees or BDDs; (3) BDD

classification with minimum support or margin constraints and cost-sensitive learning ob-

jectives; and (4) multi-dimensional branchings in decision trees. A unified framework also

paves the way for implementing new components such as: (1) clustering objectives, e.g., sum

of (squared) distances; (2) solution formats, e.g., decision lists or sets; and (3) constraints,

e.g., fairness specifications. The added components can readily interact with the existing

ones, enabling applicability to multiple settings yet to be imagined.

The work on implementing the toolset for the unified framework of using SAT to learn

decision trees and diagrams has already begun. Our goal is to redesign our implementations

into a coherent architecture and provide a user-friendly interface that can communicate with

the existing common libraries and be easily integrated into a user’s project. The well-defined

architecture fosters continuous development of new features and capabilities.

Another interesting direction is to formulate more complex inherently interpretable mod-

els into combinatorial optimization problems. A straight-forward extension of decision trees

are random decision forests [121], where an ensemble of trees classify a given data point

with the majority of predictions dictating the final label. Our SAT-based encoding can ex-

tend its support to optimal random decision forests, an area that has seen interest in recent

work [5]. An encoding for an entire ensemble can be constructed by concatenating multiple

tree encodings and merging the assigned labels for each point. However, more elaborate

structures can be investigated where multiple trees share some branchings in predetermined

connections.

Decision trees can also be expanded upon by employing more expressive branchings. An

IP-based formulation can easily be extended to support multivariate branchings where a

linear combination of features is employed rather than one [37]. The extension is not easy

for SAT-based methods due to their lack of support for numerical variables. Multivariate

branchings can be further increased in expressiveness by employing a more comprehensive

model of computation. Namely, it can be replaced with an arbitrary expression of math-

ematical operators, represented by a syntactic tree. This approach would be, in spirit,

similar to multi-dimensional branching as they both employ multiple features and assign

the branching values based on an inner tree.

7.3.2 Combinatorial Optimization for Post-hoc Interpretability

Combinatorial optimization problems can also be employed to learn interpretable models in

a post-hoc manner, focused on understanding existing models or using black-box models as

an intermediate to training data due to their superior scaling. Recent literature has focused
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on post-hoc interpretability for explaining a model as a whole, or its particular behavior in

the neighborhood of a given data point [268, 233, 226, 109]. Our SAT-based approach can

trivially support post-hoc interpretability through sufficient sampling of (local or global)

data points and labels assigned by the model. A more interesting yet ambitious idea is

to encode an objective into our approach that aims to replicate a neural model’s behavior

directly rather than via sampling. Such an optimization is likely to be computationally

costly, but can still be applied to replicate and replace a part of the model in a neural-

symbolic manner. For an example, post-hoc interpretability can be utilized to replace the

very last layer in a deep network, explaining decisions based on features that have been

learned by the previous layers combined. Conceptually, achieving interpretability in this

approach could, for example, explain classification as a cat drawing by the existence of a

circle with two triangles on top.

Post-hoc interpretability has also been investigated in the area of deep reinforcement

learning. A common approach is again to sample points from the Q function to fit a decision

tree mapping states to preferred actions [10]. However, an arbitrarily accurate decision tree

in this aspect can still perform disastrously, as one wrong action can derail the agent from

acquiring future rewards. Other approaches in the literature construct the decision tree

policy by direct communication with the environment or the Q function [235, 274, 294].

An approach based on combinatorial optimization can provide guarantees on replicating

a Q function while also addressing the issue of scalability by focusing on an abstraction

of the state space. More specifically, the problem of finding a decision tree policy on the

abstraction and a lower and upper bound on the reward value objective can be formulated

into a combinatorial optimization problem. The lower bound is what can be achieved by

the decision tree policy alone within the abstraction, and the upper bound is what can be

achieved under the assumption that the policy performs as well as the original Q function

in cases where the abstraction no longer holds. An iterative approach can refine and expand

the abstraction until a termination condition, e.g., lower and upper bounds being sufficiently

close, is met.

7.3.3 Combinatorial Constraint Formulation for Pre-trained Mod-

els

In addition to explaining them in a post-hoc manner, combinatorial components can also

help constrain deep learning models into desired behaviors or specifications. In Chapter 6,

we presented a search procedure that constrained the output of a pre-trained neural se-

quence model by repeatedly solving the feasibility problem for constraints as the solutions

are being generated. However, the literature on neural sequence models is not limited to

one-time iterative generation, there also exists approaches that edit a generated or existing

solution to denoise [232], debug [128], or refine [113] it and even to enforce lexical constraints

[200]. Editing a sequence facilitates a more global view on the solution as a whole, but usu-

ally requires more complex models. Inspired by this perspective, our modular approach to
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combine pre-trained black-box models with CSP requirements can be reconceived. Specif-

ically, we can have an approach in which solutions are generated first and then edited to

satisfy the requirements. An obvious candidate for the objective function in the editing

stage is a criterion akin to edit distance. However, slightly editing the original solution is

not guaranteed to maintain high predictive probability. For example, replacing one of the

starting tokens can affect the multiplicative score throughout the rest of the sequence. A

more elaborate approach is to allow a back-and-forth in which the neural model tries to

generate a solution that resembles the current one, e.g., matches a maximal prefix, after

each edit. The search can then be terminated once a predefined condition is met, e.g., the

edits become too minimal. If the back-and-forth approach is employed, the objective func-

tion for the editing stage can be more complicated and based on the history of all generated

solutions. It can use similarity to all previously generated segments or optimize lower and

upper bound estimates on the sequence score.

A more structured variation of the back-and-forth approach is to use the CSP solver to

determine a point to which the solution generation needs to backtrack. A backtrack can

be triggered when the generation is terminated or a violation is (belatedly) detected. Note

that the backtrack point is optimized to be maximal so as not to disregard any feasible

solutions unnecessarily. This approach is effectively a depth-first search to solve the feasibil-

ity problem, where the branching heuristic is dictated by the neural model. Deep learning

has been utilized towards branching heuristics in the literature, but the purpose is usually

to guide the search towards feasible parts of the search space and improve performance

[168, 158, 259], as is the case for more traditional heuristics. In this context, however, the

neural model heuristic is implicitly optimizing an objective function that is based on the

neural model. We can formalize the involvement of the learning component into the search

procedure even further by treating it as a constraint that guarantees a lower bound for

the predictive quality of a solution. In that case, the procedure could evolve into a more

complex task like a constraint programming instance. The neural sequence model could

be integrated as a custom constraint, potentially with custom constraint propagation if the

model supports non-iterative decoding as well.

7.3.4 Constrained Machine Learning Through Witness Generation

Another approach to constrained ML is to explicitly train a model with constraint sat-

isfaction as an objective [170, 148]. One potential way to enrich this line of work is by

using an idea similar to chain-of-thought prompting. In the context of large language mod-

els, chain-of-thought refers to a technique where the model is prompted to show its work.

Chain-of-thought has been shown to improve the accuracy of reasoning as it divides the

task into digestible segments for the model. A similar idea in constrained generation is to

demand the neural model to simultaneously generate a witness for why the solution satisfies

the given constraint. This approach can enhance the rigorous reasoning capabilities of a

deep learning model, but also provide easily verifiable witnesses which help demonstrate
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to humans and machines how constraints are satisfied. In the context of interpretability,

this approach is reminiscent of the family of approaches that facilitate understanding the

behavior by providing additional information, e.g., similar points from training data [58]

or parts of an image that most contributed to a classification [245]. An example of this

approach would be to satisfy the regular language requirement (presented in Section 6.6)

by demanding the neural sequence model to generate the trace of DFA states as a witness.

Doing so would require training the model on a set of sequences that are augmented with

their corresponding traces of states.

Requiring a neural model to produce a witness as to why its output satisfies a require-

ment can also be applicable for the reinforcement learning (RL) problem. Constrained ML

via relying on witness generation is even more suitable to RL compared to sequence gen-

eration, as RL solutions are open-ended policies and not finite sequences which external

combinatorial components like cuts in BSC can navigate. Constraints in RL can some-

times be integrated into reward functions and formal specifications for rewards have been

explored in recent work by using reward machines [133] that are expressive enough to rep-

resent regular languages. Reward machines can be combined with the witness generation

approach to extend their support to non-deterministic machines. Namely, the neural model

can output the next state that the machine should transition to at each step, resolving

the non-determinism between transitions, in addition to selecting actions to perform. Sup-

port for non-deterministic machines can enable full LTL [276] specifications as represented

by general Büchi automata [99] which are strictly more expressive than their deterministic

counterparts. Non-determinism can also significantly reduce the size of the reward machines

and the policy as a result, because a deterministic equivalent to a non-deterministic machine

can be exponentially larger. Lastly, non-determinism can allow a more well-defined satisfac-

tion of regular specifications in the context of infinite behaviors. Specifically, the model can

declare when the finite behavior, that is claimed to belong to the regular language, ends.

Contrarily, a deterministic reward machine can reward an agent for satisfying the regular

language numerous times, even if the intended point of termination yields a non-accepting

sequence of actions.



Appendix A

Revised MIP Encoding of

Decision Tree Clustering

Baseline

In this section, we present a revised version of the decision tree clustering MIP formulation

presented in Bertsimas, Orfanoudaki, and Wiberg to be used as a baseline against our

approach presented in Section 5.4. We change the original model to maintain notational

consistency, fix typographical mistakes, address various logical issues that are crucial for

one’s ability to solve the model, and extend the model with support for pairwise constraints.

The variables used to represent different aspects of the model are as follows:

• si: The s(i) variables in the Silhouette objective.

• qi: The b(i) variables in the Silhouette objective, namely the average distance between

points and their second closest cluster.

• ri: The a(i) variables in the Silhouette objective, namely the average distance between

points and their cluster.

• mi: max(b(i), a(i)) in the Silhouette objective.

• γit [Binary]: Cluster (leaf) t is the 2nd closest cluster to xi.

• cit: The distance between xi and cluster (leaf) t.

• zit [Binary]: xi belongs to cluster (leaf) t.

• Kt: The size of cluster (leaf) t.

• ajt [Binary]: Feature j is chosen at branching node t.

• dt [Binary]: Branching node t is activated.

174
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• bt: Threshold at branching node t.

• lt [Binary]: Leaf node t is activated.

The following set of linear and quadratic constraints model the objective (Eq. (A.1)), the

relation between Silhouette values (Eq. (A.2) to Eq. (A.4)), the selection and distance to the

second closest cluster (Eq. (A.5) to Eq. (A.7)), the distance to each cluster (Eq. (A.8) and

Eq. (A.9)), the size of each cluster (Eq. (A.10) and Eq. (A.11)), the activation of branching

nodes (Eq. (A.12) to Eq. (A.14)), the activation of leaf nodes (Eq. (A.15) and Eq. (A.16)),

and the branchings leading up to appearance at leaves (Eq. (A.17)-(A.19)). Note that Nmin

specifies the minimum number of points appearing at each active leaf (minimum support).

See Bertsimas, Orfanoudaki, and Wiberg [38] for a detailed discussion on the role of each

constraint. The clauses in Eq. (A.20) and Eq. (A.21) are new to the model and guarantee

the satisfaction of must-links and cannot-links, respectively. The range of integer and real

variables are specified in Eq. (A.22) to Eq. (A.25).
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minimize −
1

|X|

∑

xi∈X

si (A.1)

subject to simi = qi − ri, ∀xi ∈ X (A.2)

mi ≥ qi, ∀xi ∈ X (A.3)

mi ≥ ri, ∀xi ∈ X (A.4)

qi =
∑

t∈TL

γitcit, ∀xi ∈ X (A.5)

∑

t∈TL

γit = 1, ∀xi ∈ X (A.6)

γit ≤ (1 − zit), ∀xi ∈ X, t ∈ TL (A.7)

ri =
∑

t∈TL

citzit, ∀xi ∈ X, t ∈ TL (A.8)

citKt =
∑

xj∈X

zjt|xi − xj |, ∀xi ∈ X, t ∈ TL (A.9)

γit ≤ Kt, ∀xi ∈ X, t ∈ TL (A.10)

Kt =
∑

xi∈X

zit ∀t ∈ TL (A.11)

∑

j∈F

ajt = dt, ∀t ∈ TB (A.12)

0 ≤ bt ≤ 100dt, ∀t ∈ TB (A.13)

dt ≤ dp(t), ∀t ∈ TB − {1} (A.14)

zit ≤ lt, ∀t ∈ TL (A.15)∑

xi∈X

zit ≥ Nminlt, ∀t ∈ TL (A.16)

∑

t∈TL

zit = 1, ∀xi ∈ X (A.17)

aTmxi ≥ bm − 100(1 − zit), ∀xi ∈ X, t ∈ TL,m ∈ AR(t) (A.18)

aTmxi + ϵs ≤ bm + (100 + ϵs)(1 − zit), ∀xi ∈ X, t ∈ TL,m ∈ AL(t) (A.19)

zit = zjt, ∀t ∈ TL, (i, j) ∈ ML (A.20)∑

t∈TL

(zit − zjt)(zit − zjt) ≥ 1, ∀(i, j) ∈ CL (A.21)

ajt, dt ∈ {0, 1}, ∀j ∈ F, t ∈ TB (A.22)

zit, lt ∈ {0, 1}, ∀xi ∈ X, t ∈ TL (A.23)

γit ∈ {0, 1}, ∀xi ∈ X, t ∈ TL (A.24)

bt ≤ 100, ∀t ∈ TB (A.25)

The model presented above is different from the original one in various ways. We have

categorized our modifications into three groups based on their nature and significance:

• Changes in the notation:

– Iterating over points: i = 1, ..., n to xi ∈ X

– Iterating over features: j = 1, ..., p to f ∈ F
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– Distance between two points: dij to |xi − xj |

– The epsilon value used in modelling branchings (to avoid confusion with the

epsilon used for approximating objective in our method): ϵ to ϵs

• Typographical errors:

– The first dimension of the zit in Eq. (A.23): p to n

– Sum index in Eq. (A.8): ∀t ∈ TL to t ∈ TL

– Branching nodes in Eq. (A.18) and Eq. (A.19): TB to TL

– Index of b variables in Eq. (A.18) and Eq. (A.19): bt to bm

• Logical issues of the model:

– The big M constant in Eq. (A.7) serves no purpose: removed M .

– Gurobi does not allow division to be used in Eq. (A.2) and Eq. (A.9): replaced

divisions with their equivalent multiplication. Note that the divided-by-zero cases

should be monitored to maintain the correct semantics.

– Eq. (A.5) allowing qi to be arbitrarily large will trivialize the objective: changed

≥ to =.

– Not having Eq. (A.10) will allow empty clusters to be selected as the second

closest cluster: added Eq. (A.10).

– Since ϵs is multiplied by aTm on the left hand side of Eq. (A.19), it is possible

for points to be directed to both left and right children, if a branching node is

disabled: changed aTm(xi + ϵs) to aTmxi + ϵs.

– Not having a constant upper bound for bt variables causes runtime issues: added

Eq. (A.25).

• Modifications to match our model:

– The original model does not support must-links and cannot-links: added Eqs.

(A.20) and (A.21).

– Constraints Eq. (A.13), Eq. (A.18), and Eq. (A.19) need to be modified for a

feature normalization to [0, 100] rather than [0, 1]: changed dt to 100dt, (1 − zit)

to 100(1 − zit), and (1 + ϵs) to (100 + ϵs), respectively.
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[147] Mikoláš Janota and António Morgado. “SAT-based encodings for optimal decision

trees with explicit paths”. In: International Conference on Theory and Applications

of Satisfiability Testing. Springer. 2020, pp. 501–518.

[148] Natasha Jaques et al. “Tuning Recurrent Neural Networks with Reinforcement Learn-

ing”. In: 5th International Conference on Learning Representations, ICLR 2017,

Toulon, France, April 24-26, 2017, Workshop Track Proceedings. 2017.

[149] Jiaming Ji et al. “Ai alignment: A comprehensive survey”. In: arXiv preprint arXiv:2310.19852

(2023).

[150] Ellis L Johnson, George L Nemhauser, and Martin WP Savelsbergh. “Progress in

linear programming-based algorithms for integer programming: An exposition”. In:

Informs journal on computing 12.1 (2000), pp. 2–23.

[151] Milos Jovanovic et al. “Building interpretable predictive models for pediatric hos-

pital readmission using Tree-Lasso logistic regression”. In: Artificial intelligence in

medicine 72 (2016), pp. 12–21.

[152] Stasys Jukna. “A note on read-times branching programs”. In: RAIRO-Theoretical

Informatics and Applications 29.1 (1995), pp. 75–83.

[153] Faisal Kamiran, Toon Calders, and Mykola Pechenizkiy. “Discrimination aware de-

cision tree learning”. In: 2010 IEEE international conference on data mining. IEEE.

2010, pp. 869–874.

https://arxiv.org/abs/2103.01378
https://arxiv.org/abs/2103.01378
https://arxiv.org/abs/2103.01378


BIBLIOGRAPHY 189

[154] Narendra Karmarkar. “A new polynomial-time algorithm for linear programming”.

In: Proceedings of the sixteenth annual ACM symposium on Theory of computing.

1984, pp. 302–311.

[155] John D Kelleher, Brian Mac Namee, and Aoife D’arcy. Fundamentals of machine

learning for predictive data analytics: algorithms, worked examples, and case studies.

MIT press, 2020.

[156] L.G. Khachiyan. “Polynomial algorithms in linear programming”. In: USSR Compu-

tational Mathematics and Mathematical Physics 20.1 (1980), pp. 53–72. issn: 0041-

5553. doi: https://doi.org/10.1016/0041- 5553(80)90061- 0. url: https:

//www.sciencedirect.com/science/article/pii/0041555380900610.

[157] Elias Khalil et al. “Learning combinatorial optimization algorithms over graphs”. In:

Advances in neural information processing systems 30 (2017).

[158] Elias Khalil et al. “Learning to branch in mixed integer programming”. In: Proceed-

ings of the AAAI conference on artificial intelligence. Vol. 30. 1. 2016.

[159] Donald E Knuth. The Art of Computer Programming, Volume 4, Fascicle 1: Bitwise

Tricks & Techniques; Binary Decision Diagrams. Addison-Wesley Professional, 2009.

[160] Ron Kohavi. “Bottom-up induction of oblivious read-once decision graphs”. In: Ma-

chine Learning: ECML-94: European Conference on Machine Learning Catania, Italy,

April 6–8, 1994 Proceedings 7. Springer. 1994, pp. 154–169.

[161] Ron Kohavi and Chia-Hsin Li. “Oblivious decision trees, graphs, and top-down prun-

ing”. In: IJCAI. Vol. 2. 1995, pp. 1071–1077.

[162] Wouter Kool, Herke van Hoof, and Max Welling. “Attention, Learn to Solve Routing

Problems!” In: ICLR. 2018.

[163] Bernhard H Korte et al. Combinatorial optimization. Vol. 1. Springer, 2011.

[164] Sotiris Kotsiantis and Dimitris Kanellopoulos. “Association rules mining: A recent

overview”. In: GESTS International Transactions on Computer Science and Engi-

neering 32.1 (2006), pp. 71–82.

[165] Sotiris B Kotsiantis. “Decision trees: a recent overview”. In: Artificial Intelligence

Review 39.4 (2013), pp. 261–283.

[166] R Krishnan, G Sivakumar, and P Bhattacharya. “Extracting decision trees from

trained neural networks”. In: Pattern recognition 32.12 (1999).

[167] Mikio Kubo and Hiroshi Kasugai. “The precedence constrained traveling salesman

problem”. In: Journal of the Operations Research Society of Japan 34.2 (1991),

pp. 152–172.

[168] Vitaly Kurin et al. “Can q-learning with graph networks learn a generalizable branch-

ing heuristic for a sat solver?” In: Advances in Neural Information Processing Systems

33 (2020), pp. 9608–9621.

https://doi.org/https://doi.org/10.1016/0041-5553(80)90061-0
https://www.sciencedirect.com/science/article/pii/0041555380900610
https://www.sciencedirect.com/science/article/pii/0041555380900610


BIBLIOGRAPHY 190

[169] Ryo Kuroiwa and J Christopher Beck. “Domain-independent dynamic programming:

Generic state space search for combinatorial optimization”. In: Proceedings of the

International Conference on Automated Planning and Scheduling. Vol. 33. 1. 2023,

pp. 236–244.
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decision trees: A survey”. In: ACM Computing Surveys (CSUR) 54.10s (2022), pp. 1–

36.

[209] Nina Narodytska et al. “Learning Optimal Decision Trees with SAT.” In: Interna-

tional Joint Conference on Artificial Intelligence (IJCAI). 2018, pp. 1362–1368.

[210] MohammadReza Nazari et al. “Reinforcement Learning for Solving the Vehicle Rout-

ing Problem”. In: NeurIPS. 2018, pp. 9861–9871.

[211] Daniel A Neira et al. “New compact integer programming formulations for the multi-

trip vehicle routing problem with time windows”. In: Computers & Industrial Engi-

neering 144 (2020), p. 106399.

[212] George L Nemhauser. “Integer programming: The global impact”. In: (2013).

[213] Robert Nieuwenhuis, Albert Oliveras, and Cesare Tinelli. “Abstract DPLL and ab-

stract DPLL modulo theories”. In: International Conference on Logic for Program-

ming Artificial Intelligence and Reasoning. Springer. 2005, pp. 36–50.

https://api.semanticscholar.org/CorpusID:201666566
https://api.semanticscholar.org/CorpusID:201666566


BIBLIOGRAPHY 193

[214] Artur Niewiadomski et al. “Applying modern sat-solvers to solving hard problems”.

In: Fundamenta Informaticae 165.3-4 (2019), pp. 321–344.

[215] Siegfried Nijssen and Elisa Fromont. “Mining optimal decision trees from itemset

lattices”. In: SIGKDD International Conference on Knowledge Discovery and Data

Mining (KDD). 2007, pp. 530–539.

[216] Siegfried Nijssen and Elisa Fromont. “Optimal constraint-based decision tree induc-

tion from itemset lattices”. In: Data Mining and Knowledge Discovery 21.1 (2010),

pp. 9–51.

[217] Nils J Nilsson. Artificial intelligence: a new synthesis. Morgan Kaufmann, 1998.

[218] Laurent Orseau and Levi HS Lelis. “Policy-guided heuristic search with guarantees”.

In: Proceedings of the AAAI Conference on Artificial Intelligence. Vol. 35. 14. 2021,

pp. 12382–12390.

[219] Emilio Parisotto et al. “Neuro-Symbolic Program Synthesis”. In: ArXiv abs/1611.01855

(2016). url: https://api.semanticscholar.org/CorpusID:15904815.

[220] Peter S Park et al. “AI deception: A survey of examples, risks, and potential solu-

tions”. In: Patterns 5.5 (2024).

[221] Damian Pascual et al. “Directed beam search: Plug-and-play lexically constrained

language generation”. In: arXiv preprint arXiv:2012.15416 (2020).

[222] Santiago Paternain et al. “Constrained reinforcement learning has zero duality gap”.

In: Advances in Neural Information Processing Systems 32 (2019).
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