REUSING WORK AND AVOIDING REDUNDANT WORK IN PROPOSITIONAL LOGIC
SOLVERS

by

Randy Hickey

A thesis submitted in conformity with the requirements
for the degree of Doctor of Philosophy

Department of Computer Science
University of Toronto

© Copyright 2024 by Randy Hickey



Reusing Work and Avoiding Redundant Work in Propositional Logic Solvers

Randy Hickey
Doctor of Philosophy

Department of Computer Science
University of Toronto
2024

Abstract

Boolean satisfiability (SAT) is a fundamental and well-studied problem in computer science. Many practical
applications in industry and in other areas of computer science rely on the speed of SAT solvers and other
related propositional logic solvers. When running SAT solvers, one can often observe a lot of repeated com-
putations and redundancy during the solvers’ execution. Although there have been many ideas to address this
redundancy and make SAT solvers more effective throughout the years, there still remains a lot of redundant
work that can be easily observed and identified in state-of-the-art solvers, such as repeated propagation steps,
finding cores extremely similar to one another, etc. In this thesis, we set out to identify some of this redundant
work and then propose methods to eliminate it. Aside from proving our techniques work in theory, we also
demonstrate their effectiveness empirically, by implementing them in multiple state-of-the-art solvers and
improving their performance on a wide set of benchmarks that are standard in the field.

The first technique addresses assumption-based SAT, and more specifically the redundancy in the unit
propagation process of the assumptions. Our technique was to make a simple change from the standard way
of unit propagating assumptions and unit propagate them all at once. This led to a dramatic improvement in
the performance of mutliple complete MaxSAT solvers.

The next main technique addresses the redundancy that occurs every time a SAT solver backtracks and
continues its redescent down the search tree, where it will reconstruct most of the same assignment trail again.
In order to address this, we introduced a simple technique to store the assignment trail separately and used it
to re-construct the trail without doing all of the unit propagation steps that otherwise would have occurred.
This improved multiple state-of-the-art SAT solvers.

Our last technique addresses the redundancy that occurs during anytime MaxSAT solving, where it turns
out what incomplete MaxSAT solvers often do is find multiple MaxSAT solutions consecutively that are
extremely similar to one another. By using the Large Neighbourhood Search (LNS) framework, we devel-
oped an algorithm for anytime MaxSAT which sets up the MaxSAT problem as an instance of incremental
MaxSAT and searches an entire neighbourhood of solutions exhaustively, while removing some redundant
computations. This technique managed to improve the performance of the best performing anytime MaxSAT

solvers.
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Chapter 1

Introduction

1.1 Motivation

Boolean satisfiability (SAT) is a fundamental problem in computer science which seeks to determine whether
or not any truth assignment satisfies a propositional logic formula. Many problems in computer science can be
solved efficiently by converting them into propositional logic formulas and then solving them with a modern
SAT solver [1]]. Over the last two decades, state-of-the-art SAT solvers have gone from solving real-world
problems with hundreds of variables to solving real-world problems with millions of variables. Because
of this progress, there are increasingly many applications of SAT solvers, including software and hardware
verification [2]], verifying robustness of machine learning models [3]], proving theorems from combinatorial
mathematics [4]], and many others. Apart from real-world applications, SAT solvers are an important compo-
nent of many other tools used to solve computationally hard problems, including Bounded Model Checkers
(BMC) [5]], Model Counters (#SAT) [6], SAT Modulo Theory (SMT) solvers [7]], pseudo-boolean solvers [§],
and more. This makes improving the efficiency of SAT solvers incredibly important, since it helps each of

these tools become more efficient as well. In the words of a pioneer in computing, Donald Knuth [9]:

"The SAT problem is evidently a killer app, because it is key to the solution of so many other

problems."

Improving SAT solvers is difficult, which has been made apparent throughout the last two decades of
the SAT Competitions where often the best solver wins by solving at most only a few more instances than
its competitors. This is perhaps summed up best by the following quote from Gilles Audemard and Laurent

Simon, two pioneers in the field [[10]].

"We must also say, as a preliminary, that improving SAT solvers is often a cruel world. To give an
idea, improving a solver by solving at least ten more instances (on a fixed set of benchmarks of a
competition) is generally showing a critical new feature. In general, the winner of a competition

is decided based on a couple of additional solved benchmarks."

Yet, these small incremental improvements made to SAT solvers year after year, along with some true
breakthroughs every once in a while, gradually accumulate and lead to massive improvements in the capabil-
ity of solvers over a longer time frame. This does not only apply to SAT solving, but extends to other areas of

propositional reasoning as well. Take, for example, MaxSAT solving [[11}|12]], which plays an important role
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in this thesis, where the jumps in the number of problems solved have been even larger than those realized
in SAT solvin Although it is difficult to advance the state-of-the-art MaxSAT solvers with one new idea,
since the MaxSAT Competitions are usually decided by only a handful of solved instances each year, the
cumulative improvements have added up over the last decade or so to make massive differences. None of the
MaxSAT solvers that were competitive from 10-15 years ago would be competitive with the state-of-the-art

solvers today on any broadly representative set of benchmarks.

Redundant Work

Much of the work done in SAT solvers is repetitive, especially when working on formulas generated by
real-world problems which tend to have symmetries, patterns, and structure. Lots of influential work has
been done over the last few decades to address these inefficiencies and remove some of the redundancy,
including clause learning [[13[], various forms of preprocessing [|14], incremental SAT solving techniques
[15]], and others. However, in spite of this progress, there still remains a lot of repetitive computation done
even in state-of-the-art modern SAT solvers. Additionally, SAT solvers perform unit propagations and other
operations extremely quickly, but much of this information is discarded and only a tiny amount is used to
compute heuristics that direct the solver in the future. The main issue with this repetitive work is that it can
show up very often throughout the execution of the solver, resulting in a dramatic slowdown, and making
problems which could otherwise be tackled by the solver become infeasible in a realistic amount of time and
memory.

This redundant work we are referring to can be best illustrated by tracing through the execution of a
propositional logic solver and observing what computations are being made and what computational results
are being discarded. Some examples of redundant work that can be observed when tracing through the
execution of propositional logic solvers include extracting the same unsatisfiable core multiple times (in the
context of MaxSAT), reconstructing the same sequence of inferred variable assignments over and over again
(in the context of SAT), and searching through the same clauses multiple times after each assumption (in the

context of incremental SAT). These are among the issues that we set out to address in this thesis.

1.1.1 Objective

There are two main ways we will reduce the redundant work performed by SAT solvers. The first way
involves exploiting previous computations the solver made in order to prevent the solver from having to re-
perform those computations over and over again. The second way is to notice some redundant work that
solvers generally perform and prevent it ahead of time, such as by altering the order that computations are
done in. The objective of this thesis is to introduce new techniques to improve the performance of SAT
solvers, and other related propositional logic solvers, by both exploiting previous computations the solver has
made and eliminating redundant work the solver will perform in the future.

We will not limit ourselves to only pure SAT solving in this thesis, because the ability to reuse compu-
tations and avoid redundant work also extends to other propositional logic solvers, such as MaxSAT solvers
[12], MUS extractors [16]], incremental SAT, and incremental MaxSAT [17]. Although each of those propo-
sitional logic solvers is built on top of a SAT solver and can benefit from the SAT techniques we introduce,

some other techniques we introduce will not necessarily operate in the SAT solver directly, but will reduce

I'The slides presented at the 2018 MaxSAT Evaluation (https://maxsat-evaluations.github.io/2018/mse18-talk.pdf) have more discus-
sion on this.
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some of the redundancy that occurs outside of the SAT solver as well.

Thesis Statement: Techniques to reduce redundant work in a propositional logic solver can dra-
matically improve the performance of the solver.

1.2 Scope

Although we are mainly dealing with improving SAT solvers and other propositional reasoning solvers related
to SAT, this thesis can be of interest to other communities, particularly in other areas of automated reasoning
or operations research. Of course, because there are so many applications of SAT solving, the improvements
we make in this thesis could lead to improvements in other areas that rely on the performance of these
solvers. However, we are mainly trying to improve the performance of these propositional reasoning solvers
themselves on a wide range of benchmarks, rather than focusing on any specific type of benchmarks or
applications.

The work in this thesis is very empirically based, meaning we evaluate the success or failure of our
ideas by their performance, i.e., how well they improve the number of problems we can solve with state-of-
the-art solvers. It may seem as if there is too much emphasis on improving results in competition settings
on benchmarks used in the competitions, whether it is the SAT competition or the MaxSAT competition,
throughout each chapter of this thesis. While the competitions themselves are not inherently important, they
provide a setting that is fair for all solvers to compare against each other. Furthermore, the competition
benchmarks come from a wide range of applications which have been picked by a group of experts specific
to the field and deemed important and relevant. Our purpose is to introduce techniques which will be useful
beyond the competition setting, hopefully in real-world and industrial settings to solve new problems that
would otherwise not be solved, but the competition settings and benchmarks provide us the fairest way to test
and compare the effectiveness of our ideas against alternatives.

We always prove the soundness of each technique we introduce, as it is important that the techniques not
only work in practice but also in theory. This is because the rapid advances in the capabilities of propositional
reasoning solvers means that larger and more difficult instances will be of interest in the near future. By
proving the soundness of our techniques now, we reduce the chance that our techniques cause bugs in the
future. Although we will introduce some interesting propositions that require proving at times, and we will
have to prove other non-trivial properties about the techniques we introduce, we do not expect this work
to be as relevant to advancing the theoretical computer science literature. However, just as theory inspires
empirical work, empirical work can inspire theory, and so some of the ideas in this thesis may also be of
interest for theoreticians to the effect that they might inspire them to fill gaps we left open, or come up with

new theorems that relate to our work.

1.3 Summary of Contributions

Below is a brief summary of the research contributions we have made while developing this thesis. We will
first list the published papers that are relevant before going on to describe the contributions that will appear
in each chapter of this thesis.
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1.3.1 Relevant Publications

* Randy Hickey and Fahiem Bacchus. "Speeding up assumption-based SAT." Theory and Applications
of Satisfiability Testing—SAT 2019: 22nd International Conference, SAT 2019, Lisbon, Portugal, July
9-12, 2019.

¢ Randy Hickey and Fahiem Bacchus. "Trail saving on backtrack." Theory and Applications of Satisfia-
bility Testing—SAT 2020: 23rd International Conference, Alghero, Italy, July 3—10, 2020..

* Randy Hickey and Fahiem Bacchus. "Large Neighbourhood Search for Anytime MaxSAT Solving."
31st International Joint Conference on Artificial Intelligence-IJCAI 2022, Vienna, Austria, July 23-29,
2022.

1.3.2 Speeding Up Assumption-Based SAT (Chapter 3)

Assumption-based SAT solving is an essential tool in many applications of SAT solving, especially in in-
cremental SAT solving. For example, assumption-based SAT solving is used when solving MaxSAT, when
computing minimal unsatisfiable subsets and minimal correction sets, and in various inductive verification
applications. The minisat SAT solver [18]] introduced a simple technique for extending a SAT solver to allow
it to handle assumptions by forcing the SAT solver to make the assumed literals its initial decisions. This
approach persisted in almost all SAT solvers making it the most commonly used technique for handling as-
sumptions. We will explain some deficiencies in this approach that can hinder its efficiency, and provide a
very simple modification that fixes these deficiencies. We will also examine the issue of repeated work when
the solver backtracks over the assumptions, e.g., on restarts or when a new unit clause is learnt, and develop a
new method for avoiding this repeated work that addresses some deficiencies of prior approaches. This tech-
nique managed to improve the state-of-the-art solvers from two different applications of assumption-based
SAT: MUS extraction and MaxSAT solving.

1.3.3 Trail Saving on Backtrack (Chapter 4)

Part of the work in speeding up assumptions dealt with saving portions of the trail in the assumptions decision
levels in order to re-use them later. However, there was still no way to re-use portions of the trail from outside
of the assumption decision levels. This inspired us to extend the idea of "trail savings" to save portions of the
trail more generally at all decision levels for regular SAT solving (i.e., non-incremental SAT solving).

A CDCL SAT solver can backtrack a large distance when it learns a new clause, e.g, when the new learnt
clause is a unit clause, the solver has to backtrack to level zero. When the length of the backtrack is large, the
solver can end up reproducing many of the same decisions and propagations when it redescends the search
tree. Different techniques have been proposed to reduce this potential redundancy, e.g., partial/chronological
backtracking and trail reusage on restarts. In this chapter we present a new trail saving technique that is not
restricted to restarts, unlike prior trail saving methods. Our technique makes a copy of the part of the trail that
is backtracked over. This saved copy can then be used to improve the efficiency of the solver’s subsequent
redescent. Furthermore, the saved trail also provides the solver with the ability to look ahead along the
previous trail which can be exploited to improve its efficiency. Our new trail saving technique offers different
tradeoffs in comparison with chronological backtracking and often yields superior performance. We also

show that our technique is able to improve the performance of several state-of-the-art solvers.
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1.3.4 Large Neighbourhood Search for Anytime MaxSAT Solving (Chapter 5)

Moving beyond SAT solving and incremental SAT solving, another area that has algorithms with many repeti-
tive computations is anytime MaxSAT solving, where the aim is to return a good (but not necessarily optimal)
solution in a short amount of time. Many of the algorithms used for anytime MaxSAT solving operate by
continually taking the best solution found so far and trying to improve it slightly. This often results in finding
multiple solutions to the MaxSAT problem that are very similar to one another (i.e., the truth assignments
are the same for most of the variables in each solution). By formulating an algorithm as an instance of incre-
mental MaxSAT (where a MaxSAT solver is called iteratively on a group of very similar MaxSAT problems),
one could more easily try to exploit some of this repetition. This led us to coming up with a new algorithm
for anytime MaxSAT solving, using a well-known technique called Large Neighbourhood Search (LNS) (|19,
20)], and later we will see how this algorithm can be viewed as an instance of incremental MaxSAT.

We will present this method [21]] for applying LNS to improve anytime (MaxSAT) solving by introducing
a neighbourhood selection policy which shows good empirical performance. We will show that our LNS
solver can often improve the suboptimal solutions produced by other anytime MaxSAT solvers. When starting
with a suboptimal solution of reasonable quality, our approach often finds a better solution than the original
anytime solver can achieve. We will demonstrate that implementing our LNS solver on top of three different
state-of-the-art anytime solvers improves the anytime performance of all three solvers within the standard
time limit used in the incomplete tracks of the annual MaxSAT Evaluation. Finally, we will show how LNS
for MaxSAT can be viewed as an instance of incremental MaxSAT and exploit some of the repetition between
MaxSAT calls.

1.4 Impact of Contributions

Some of the ideas in this thesis have been applied successfully by others since their original publication.
The assumptions techniques described in Chapter 3 were implemented in UWrMaxSat [22]], the winner of
the 2020 weighted track of the MaxSAT evaluation, while trail saving from Chapter 4 has been extended to
SMT solving [23] and also seems to have helped inspire ideas used in Incremental Lazy Backtracking [[24].
However, many of the best solvers have not yet implemented these ideas and there remains great potential
to extend some of them to other applications. Our own experiments confirm that using LNS, as detailed in
Chapter 5, still improves the state-of-the-art anytime MaxSAT solvers, but follow-up work attempting other

possible neighbourhoods is needed.

1.5 Dissertation Outline

The first chapter of this thesis, the introduction, provided motivation for why the problem of redundant work
in propositional logic solvers is worth addressing, summarized the contributions we have made, and gave an
outline of the remainder of the dissertation.

The second chapter of this thesis will give some general background that will be useful when reading the
remainder of this thesis. Although a more detailed background section containing definitions and notation
will appear within each of the technical chapters, the second chapter will introduce some key concepts of
modern SAT solving and MaxSAT solving algorithms for the benefit of the reader.

The next three chapters of this thesis will be technical chapters which will outline the main contributions
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that the published research from this thesis has produced. The third chapter will be devoted to a method
we proposed [25]] to speed up the unit propagation of assumptions by avoiding repetitive work in the unit
propagation process. The fourth chapter will be devoted to trail saving [26], which automatically restores
some of the unit propagation steps performed before the last backtrack. The fifth chapter of this thesis will
be devoted to applying a Large Neighbourhood Search (LNS) algorithm [20] to "anytime" MaxSAT [21]].
In each of these technical chapters, we will describe the new technique we are proposing in detail, prove
its soundness, provide pseudocode for its efficient implementation, and show empirically that it improves
multiple state-of-the-art solvers from the domain it is being applied to. We also made the code implementing
each of our ideas freely available to download.

Finally, in the last chapter of this thesis we will make some concluding remarks about our findings and

provide some potential ideas for future research.



Chapter 2

Background

2.1 SAT Solving

Satisfiability is the problem of determining whether or not there is an assignment to each of the variables in
a logic formula which makes it evaluate to frue. However, a lot of the attention historically in satisfiability
has been restricted to the satisfiability of propositional logic formulas, and for the remainder of this thesis
whenever we refer to "satisfiability" or "SAT ", we are referring to the satisfiability of a propositional logic
problem. Furthermore, most of the focus within propositional satisfiability has been on the satisfiability of
logic formulas in Conjunctive Normal Form (CNF). Whenever we refer to a SAT problem, a SAT instance, a
CNF, or a SAT formula, we are referring to a Boolean logic formula in conjunctive normal form.

We will now define what a CNF formula is. As we are dealing with Boolean logic formulas, all variables
are Boolean. A literal is a Boolean variable (which is called a positive literal) or its negation (which is
called a negative literal). A clause is the fundamental building block of CNF formulas, and it is defined to
be a disjunction of literals (and only a disjunction of literals). A clause can contain no literals, in which
case it is considered the empty clause, and always evaluates to false. Finally, a CNF formula is defined
to be a conjunction of clauses (and only a conjunction of clauses, meaning no other logical connectives are
permitted). A CNF formula can contain no clauses, in which case it is considered vacuously true.

It is sometimes useful to refer to a formula as a set of clauses, and it is to be understood that this set
represents a conjunction of the clauses it contains. Similarly, it is sometimes useful to refer to a clause as
a set of literals, and it is to be understood that this set represents a disjunction of the literals it contains.
Going a step further, it can sometimes also be useful to refer to a clause as an ordered list of literals, and it
is to be understood that this ordered list not only represents the underlying clause (i.e., a disjunction of its
literals), but also puts an ordering on the literals. This is sometimes useful for referring to the order in which
certain algorithms will access each literal. For this we will use parentheses around a list of literals; i.e. (z,y)
represents the clause « V y and more specifically represents an ordering of the literals where x is before .

An assignment to a SAT problem gives a truth value to every variable (i.e., each variable can only be true
or false). It is sometimes convenient to discuss the truth value of a literal as well, and it should be understood
that the truth value of a positive literal is equal to the truth value assigned to its underlying variable and the
truth value of a negative literal is equal to the negation of the truth value of its underlying variable. A solution
to a SAT problem is a truth assignment which makes the formula evaluate to true (i.e., makes every clause in
the formula evaluate to true). There can be multiple possible solutions to a particular formula.
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SAT is NP-complete [27]], meaning all NP-complete problems can be encoded into SAT in polynomial
time. While there is no known polynomial time algorithm for SAT, as mentioned above, SAT solvers are
very fast on most industrial instances, thanks in large part to the conflict-driven clause learning algorithm,
which we will discuss next. Aside from industrial instances, random instances and specially crafted instances
containing only a few hundred variables can be intractable for any known SAT solver. Aside from NP-
complete problems, SAT solvers are sometimes used to solve problems beyond NP, especially when used in
conjunction with another algorithm or when called repeatedly as in incremental SAT applications, which we
will discuss later.

2.1.1 CDCL algorithm

The main algorithm used in state-of-the-art SAT solvers, and used by the majority of applications which
use SAT solvers, is the conflict-driven clause learning (CDCL) algorithm. Unless otherwise stated, it should
be assumed for the remainder of this thesis that whenever we refer to a SAT solver, we are referring to a
SAT solver that uses the CDCL algorithm. We will review some of the concepts of the CDCL algorithm
below, but a more complete source to read about CDCL is the chapter on that topic [28] in the Handbook
of Satisfiability. Some other SAT algorithms are relevant to the field and work on very specific types of
instances, but are not as relevant to this thesis. These algorithms include stochastic local search, lookahead
solvers, binary-decision-diagram based algorithms, and others. A good source to read about these algorithms
is the Handbook of Satisfiability [7]].

CDCL solvers take CNF formulas as input and start with a preprocessing phase, where techniques to
simplify the formula are executed before the main search begins. These techniques include bounded variable
elimination, subsumption, and others. The preprocessing phase is also where the simplification of the CNF
formula happens, such as eliminating tautologies and making variable assignments which are trivially forced.
For a more thorough overview of preprocessing in SAT solvers, consult the Handbook of Satisfiability [14].

Next is the main search, where the algorithm will assign truth values to variables either 1) by performing
unit propagation or 2) by making decisions. A decision is when a variable is selected by the solver’s heuristics
and assigned according to the solver’s policy, as opposed to being forced (which we will define shortly), and
typically solvers will have to make many decisions before satisfiability of the formula can be determined. A
partial truth assignment is maintained via a trail, which is an ordered list of all literals that are made true in
the order they were assigned (by either decision or by unit propagation). The trail is a critical data structure,
and might be accessed billions of times before satisfiability of the formula is determined, thus maintaining its
efficiency is of utmost importance throughout the introduction of all techniques in this thesis.

Whenever a clause ¢ has all of its literals except one (let that literal be ) falsified by the current partial
assignment, it is called unit (or a unit clause), and the solver will assign [ to true. We refer to this process
as [ being forced (or unit propagated), and we call c a reason for [ when c is the clause that became unit to
force [. Reasons for each propagated literal are important to keep track of because they help us learn clauses
during conflict analysis, as we will discuss shortly.

The entire process of detecting unit clauses and forcing the appropriate literals is referred to as unit
propagation and it is one of the most critical parts of the solver to keep running as fast as possible. SAT
solvers can perform millions of propagations per second, and we will try to maintain the speed or even
improve the speed of unit propagation when introducing any new techniques throughout this thesis. Instead
of searching through all clauses to detect which clauses are unit during unit propagation, what modern solvers

do is mark two unassigned literals in every clause to be watchers of the clause, and then only check if a clause
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is unit when one of these watchers becomes false. This is known as the two-watched-literal scheme and was
introduced in the Chaff solver [29].

When there are no more unit clauses in the formula, unit propagation is over and the algorithm then makes
a new decision (i.e. assigns a variable by decision). Every assigned variable is given a decision level, which
is defined as equal to the number of decisions on the trail up to and including itself. Note this means that all
propagated literals also have a decision level, and whenever a decision d forces a literal [/, d and [ will have
the same decision level.

Next, we will talk about what happens when the solver makes decisions that can not possibly lead to a
solution. Whenever a clause has all of its literals falsified by the current partial assignment, it is referred to as
the conflict, and we say that the solver (or the trail) is under conflict (alternatively, we can say in contradiction
or has reached a dead-end). This is where clause learning, the main feature of CDCL, happens. The conflict is
then resolvecﬂ against the reasons of literals appearing before it on the trail up to some fixed point. The final
resolvent is called a learnt clause and is added to the formula. This learnt clause will block all future partial
assignments which falsify it from being explored, saving potentially exponentially many explorations. Learnt
clauses [13]] form the basis of the CDCL algorithm, and their introduction is arguably the most important
component [30] of modern solvers that enable their efficiency.

In order to undo the conflict (i.e., restore the current partial assignment to a point where the trail was not
under conflict), a backtrack must occur, where some number of literals are unassigned. Once a literal is
unassigned, it no longer has a reason clause attached to it. When backtracking, at least all of the literals on
the trail from the current decision level are unassigned (and often times more than just the current decision
level will be unassigned, depending on the learnt clause and the type of learning scheme the solver is using).
During a backtrack, either all of the literals on a decision level must be unassigned or none, and before all
literals from a decision level are unassigned, all literals from greater decision levels must be unassigned first.

A restart is triggered periodically by the solver and forces the solver to backtrack all the way to deci-
sion level O after a conflict. The solver’s heuristics will determine when a restart is done, with the purpose
being to give the solver a chance to avoid searching in one particular part of the search space for too long.
Frequent restarts have been shown to be beneficial in practice. For a detailed discussion on restarts and their
effectiveness, consult the Handbook of Satisfiability [28]].

Eventually as the solver continues to execute its main search and find conflicts, too many learnt clauses are
saved which can slow down unit propagation or use too much memory. The reason too many learnt clauses
can slow down unit propagation is because when unit propagating a literal [, all clauses on {’s watchlist need
to be accessed. Even in practice, exponentially many learnt clauses can be collected before the satisfiability of
a formula is determined. Thus periodically, some of the learnt clauses need to be deleted and this is referred to
as garbage collection [31]). It should be noted that garbage collection technically makes the CDCL algorithm
incompleteﬂ but in practice it is necessary. The most common metric for deciding which clauses to keep and
which to delete is based on Literal Block Distance (LBD) score, which was first proposed in the paper that
introduced Glucose [32]. The decision level of each literal in a learnt clause is counted, and the number
of different decision levels for that learnt clause is its LBD score. The clauses with higher LBD scores are

deleted before the clauses with lower LBD scores.

"Two clauses are resolved by the resolution rule in logic. The resolution of clause ¢; = (z1 V A) with clause co = (—x1 V B),
where A and B can be any disjunction of literals, results in a resolvent A V B.

2The algorithm becomes incomplete because there may exist a group of learnt clauses which are all needed simultaneously to prove
unsatisfiability, but this group might never have a chance to exist simultaneously if one or more of these clauses continue to be deleted
during garbage collection.
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2.2 Assumption-Based SAT

Een and Sorensson [18]] introduced a SAT solver called minisat in 2003, which became the most widely used
SAT solver of its time and is still used in some applications today. Among other things, minisat implemented
the Variable State Independent Decaying Sum (VSIDS) variable selection heuristic in a much more efficient
way, was arguably the first CDCL solver to have a clean interface that allowed for simple extensions, and in-
troduced the idea of assumptions to act as an incremental SAT interface. The latter contribution, assumptions,
is what we will describe below. Assumptions play an important role in multiple parts of this thesis.

In incremental SAT solving, a sequence of very similar SAT formulas are solved one after another in what
we will refer to as episodes or invocations. Since the formulas are very similar, many of the learnt clauses
from one formula can be useful for solving subsequent formulas.

If the sequence of formulas are such that new clauses are added in between episodes but no clauses are
ever removed (so that each formula builds on the last one), learnt clauses may be reused; i.e., if a learnt clause
is implied by a formula F, it is also implied by F' A C, where C'is a conjunction of new clauses. However,
many applications do not only add clauses but also require temporarily fixing the truth values of a set of
variables in one episode and then fixing the truth values of a different set of variables in the next episode. For
example, suppose in one episode the user wishes to solve F' A A1, where A; is a conjunction of some literals,
and then wishes to solve F' A Az in the next episode. If A; is not a subset of A and the user simply adds
the literals in A; as unit clauses to F', then clauses learned from F' A A; would not necessarily be implied by
F A As, so they would have to be discarded.

Assumptions solve this problem. The user supplies the list of literals that they want to be forced to be
true for this episode and the solver then uses these assumption literals as its initial decisions. Thus, the SAT
solver ensures that these literals are made true as required by the user. After making all of the assumptions
true, the solver is then free to decide on the other variables. If while making the assumptions true the solver
runs into a conflict, it will return that the episode is “unsatisfiable under assumptions”. It can then do conflict
analysis (i.e. a series of resolutions) to compute a final conflict clause consisting of only negated assumption
literals. The final conflict clause is entailed by the formula, so it contains the negations of those assumptions
which were unable to be jointly satisfied along with the formula. Since the assumptions were never added to
the root formula as unit clauses, all learnt clauses remain valid for the next episode

Assumptions are also used in conjunction with relaxation variables to activate or deactivate a clause
during incremental SAT. For a clause c, a relaxation variable r is one such that it can be added to the clause
to form a new clause ¢, = ¢ V r that replaces c during a particular invocation. In order to activate this clause
during an invocation, r would be assumed false (i.e., we usually say we assume —7), thus forcing the original
clause c to be made true during this invocation (in order for this invocation to be satisfiable). In order to
deactivate this clause during an invocation,  would be assumed true, thus ¢ would not necessarily be forced
to be true in order for this invocation to be satisfiable.

It is clear that the idea of using assumptions was incredibly successful since the majority of incremental
SAT applications either used minisat directly or implemented minisat-like assumptions into a different SAT
solver. There have been attempts since then to improve the way in which assumptions are handled by SAT
solvers, which we will discuss in future chapters, and one of the fundamental contributions of this thesis is to

improve the efficiency of unit propagating assumptions (discussed in Chapter 3).

3When the assumptions are decisions, each learnt clause will be entailed by F' (and possibly contain assumptions). If, instead, the
assumptions had been forced and added to the formula, then each learnt clause would be entailed by F* A A but not necessarily entailed
by F', and thus may not be eligible to be reused in future episodes.
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2.3 MaxSAT Solving

MaxSAT plays an important part in multiple chapters of this thesis. Classical MaxSAT is the problem of
determining the maximum number of clauses which can be satisfied by any possible truth assignment to
a CNF formula. It is often the case that we want not only the number of clauses that can be satisfied,
but also the particular truth assignment that satisfies that number of clauses. MaxSAT solvers allow us to
solve optimization problems while taking advantage of SAT solving technology, since SAT solvers are used
frequently inside most MaxSAT solvers.

However, modern MaxSAT solving is mainly focused on what was traditionally known as partial MaxSATﬂ
In partial maxsat, there are two sets of clauses, the hard clauses, which must be satisfied by the solution, and
the soft clauses, which do not necessarily have to be satisfied by the solution. The problem then becomes to
find the assignment that satisfies the maximum number of soft clauses while satisfying all of the hard clauses.
All instances used in this thesis will have both hard clauses and soft clauses, unless otherwise specified.

Modern MaxSAT solving is also becoming increasingly focused on what was traditionally known as
weighted partial MaxSATEl In weighted partial MaxSAT, each soft clause is given a real-numbered weight
and the problem is to determine the truth assignment that maximizes the total satisfied weight (where satisfied
weight refers to the sum of the weights of the clauses that are satisfied), as opposed to just satisfying the
maximum number of clauses. It should be understood that whenever we refer to MaxSAT in this thesis, we are
referring to partial weighted MaxSAT, unless otherwise stated. Unweighted instances still play an important
role in analyzing data, and thus we will separate weighted and unweighted instances where appropriate. A
truth assignment that satisfies all of the hard clauses is called a feasible solution.

Partial MaxSAT is F PV P -complete, meaning MaxSAT can be solved with a polynomial number of calls
to an NP-oracle (e.g., a SAT solver) and any problem in the FPN* class can be encoded into MaxSAT. In
fact, unweighted MaxSAT can actually be solved with a logarithmic number of calls to an NP oracle [33]],
however this is not the case when we introduce weights.

An equivalent way of defining MaxSAT is to determine the truth assignment that minimizes the falsified
weight (where falsified weight refers to the sum of the weights of the clauses that are falsified) instead of
maximizing the satisfied weight. Because of the convention in the field to define MaxSAT this way, this is
the definition we will use as well. It is more convenient under this definition to replace the word weight with
cost, which is what we will usually do as well. Similarly, when we refer to an optimal solution in the context
of MaxSAT, it should be understood that we are referring to both the particular assignment that falsifies the
minimum total cost along with that total cost itself. It should be noted that there can be multiple optimal
solutions to a MaxSAT problem.

A MaxSAT solver is called a complete solver when it is guaranteed to terminate with an optimal solution,
and it is called an incomplete solver otherwise. Incomplete solvers are still useful in some contexts, as they
aim to more rapidly find low cost solutions that are not necessarily optimal. For some instances, it is almost
impossible to find an optimal solution in a reasonable amount of time, so finding a good solution can be better
than not finding one at all. Anytime MaxSAT solving aims to find the lowest cost solution possible within a
given time limit. Incomplete solvers are typically more useful in the context of anytime solving.

Many MaxSAT algorithms make use of a SAT solver, usually by relaxing the MaxSAT instance in some
way to become a SAT instance, and solving it with a SAT solver. For most of those algorithms, many such

SAT instances would be solved, so the use of assumptions makes things more efficient. Relaxing the MaxSAT

4This is not true in theoretical computer science, as the majority of MaxSAT literature there is still focused on classical MaxSAT.
5 As previously noted, this is not the case in theoretical computer science.
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formula into a SAT formula commonly involves removing some of the soft clauses in the MaxSAT formula
according to some policy and then making the remainder of the soft clauses hard. For example, a MaxSAT
formula with hard clauses H and soft clauses S = {s1, s, S3, ..., 5, } that gets relaxed by removing s; and
s2 would become the SAT formula H U {ss, ..., s, }, where the costs of all soft clauses are ignored in the new
SAT formula.

Other algorithms relax the MaxSAT formula into a SAT formula not by ignoring some of the soft clauses
as above, but instead by restricting the relaxed SAT formula with the addition of cardinality constraints. A
cardinality constraint [8] in our context is a logical formula which restricts the number of variables that
can be assigned a particular truth value to some fixed number, and this logical formula is then converted into
clauses. For example, a cardinality constraint which forces at most 1 of the variables x, y, z to be assigned
true could be represented by the clauses {x, =y, -z}, {y, @, -z}, {z, 7z, ~y}. We will go over some of the
main algorithms used in the MaxSAT solvers that are relevant to this thesis below.

2.3.1 MaxSAT algorithms

The two main complete algorithms for MaxSAT that will be discussed will be implicit hitting-set based
algorithms and core-guided algorithms. For a complete overview of these algorithms, a good source to
consult is the Maximum Satisfiability chapter in the Handbook of Satisfiability [12]]. Branch-and-bound is a
third complete algorithm for MaxSAT, but will not be as relevant to this dissertation.

Both the implicit-hitting set algorithm and the core-guided algorithms rely on the concept of an unsat-
isfiable core. An unsatisfiable core (also sometimes referred to as just a "core" for simplicity) of a SAT
formula is a subformula (i.e., a set of clauses where each clause is contained in the SAT formula) that is itself
unsatisfiable. By definition, this means a satisfiable formula has no cores. In the context of MaxSAT, when
an unsatisfiable core is referred to, it is often understood that we are only referring to the set of soft clauses
that are contained within the coreE] For the remainder of this thesis, when we refer to a core or unsatisfiable
core, we are only referring to the set of soft clauses contained in the unsatisfiable core. An unsatisfiable
formula can have many different cores. A core can be extracted from a final conflict clause, since algorithms
which are using cores would only make assumptions on relaxation variables (i.e., variables used to activate
or de-activate a clause, as discussed in Assumption-Based SAT above). Any superset of a core is also a core.
Thus, we are usually interested in obtaining minimal cores when possible, and a core which is a superset of
another core is not desirable (since it does not provide any new information).

The implicit-hitting set algorithm relies on repeatedly relaxing the MaxSAT formula into a SAT formula
by removing a minimum cost hitting set of the collection of found cores, until the relaxed SAT formula is
satisfiable. Each time the relaxed SAT formula returns unsatisfiable, a core is extracted and added to the
collection of cores. A hitting set of cores is a set of soft clauses which covers each core (by covering, it is
meant that at least one clause in the core also occurs in the hitting set). A minimum cost hitting-set of a
set of cores is the set of soft clauses that has the lowest combined cost and covers every core in the set of
cores. Once the relaxed SAT formula is satisfiable, the solution to the relaxed SAT formula corresponds to
a solution to the MaxSAT formula (i.e., the corresponding MaxSAT solution has the same truth assignment
for each variable that the relaxed SAT solution has). Optimizations and different variations exist for the two
main solvers that have used this approach, MaxHS [34] and LMHS [35].

0The reason we exclude the hard clauses from an unsatisfiable core is for convenience, because the algorithms used to "relax" cores
in MaxSAT do not operate on any hard clauses. Of course, the set of soft clauses of a core alone are not necessarily unsatisfiable, but the
union of the set of soft clauses of a core with the set of all hard clauses is guaranteed to be unsatisfiable.
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In the core-guided algorithms, a SAT solver is repeatedly called on a relaxed SAT formula that continues
to change each iteration. When the relaxed SAT formula is unsatisfiable and returns a core, a cardinality
constraint allowing one of the clauses in that core to become false is added to the formula, and the process
is repeated until enough of the formula has been restricted for the SAT solver to solve the relaxed SAT
formula. Similarly to the implicit-hitting-set algorithm, the solution to the relaxed SAT formula corresponds
to a solution to the MaxSAT formula. There are several variations of core-guided algorithms that have been
successful, including MSU3 [36], OLL [37]], and others.

The two main incomplete algorithms we will discuss in this thesis are stochastic local search and linear-
sat-unsat search (LSU). There are many other heuristics and algorithms, but most of the competitive anytime
solvers use the linear-sat-unsat algorithm as a base for their solver (or call another solver at some point that
uses linear-sat-unsat search). Several of the solvers also use stochastic local search at some point in their
execution.

In the linear-sat-unsat search (LSU) algorithm [38]], a SAT solver is called with all of the soft clauses
in the formula relaxed at first, to get a feasible solution. After that, a cardinality constraint is added to the
formula so that another solution can be found whose cost is better (i.e., lower) than the last solution found.
This continues until the SAT solver returns unsatisfiable, at which time the solution can not be improved any
further. There are also many heuristics and improvements on top of LSU that have been developed over the
years, including boolean multilevel optimization (BMO) [39], polarity selection heuristics [40|], and others.
Although the algorithm described above is technically complete, some of these improvements do more than
just searching for a better solution each iteration, and as a result make the algorithm incomplete.

In stochastic local search [41]], a clause is typically chosen and, subsequently, a variable within that clause
is chosen. This variable’s value is then flipped, which means if it was assigned true it becomes false, and if
it was assigned false it becomes true. The selections of the clause and variable to flip depend on heuristics,
but usually one is looking to satisfy more clauses with the variable flip (or in the MaxSAT case, trying to
satisfy a group of clauses with greater total weight). The main implementation of stochastic local search
that is used by the best anytime MaxSAT solvers is satlike [42]]. Satlike makes several modifications to the
stochastic local search algorithm to make it more appropriate for MaxSAT, including focusing mainly on soft
clauses instead of hard clauses at first, and then gradually increasing the consideration of the hard clauses

when feasible solutions are not being found.

2.4 Cactus Plots

For many years in the literature, cactus plots were typically used in publications to compare SAT solvers to
one another (and also, to compare MaxSAT solvers to one another). Recently, there has been a consensus
to switch to cumulative distribution function plots (which flips the "Time" and "Instances Solved" axes and
aligns more with the standard in other fields). However, at the time of publication of most of the work in
this thesis, cactus plots were the standard, so that is what we will use to display our results in the technical
chapters.

In a cactus plot, the total number of instances solved is along the x-axis, and the time taken to solve those
number of instances is along the y-axis. First, all problems are sorted by the amount of time they took to
solve (from smallest to largest). Then for the nth problem solved from a set of benchmarks, another point
on the graph is made with the y coordinate equalling the time it took to solve all n problems (where each

problem is solved on its own). This can sometimes cause confusion from those outside of the field looking
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Figure 2.1: Example cactus plot for solvers named A, B, and C. C solves its first 7 problems faster than A and
B solve their first 7 problems, respectively, but C takes longer than A and B to solve more than 7 problems.
A solves n problems faster than B for all n.

at graphs wondering which solver performs best. The solver whose graph is more quickly moving along the
x-axis than it is along the y-axis (i.e., the graph with a slope closer to 0) is performing better. In the example
cactus plot in Figure 2] A is performing better than B the entire way; C starts off performing better than
both A and B for solving < 7 instances, but ends up performing worse than both A and B for solving > 8
instances.



Chapter 3

Speeding Up Assumption-Based SAT

3.1 Introduction

3.1.1 Motivation

A wide range of applications of SAT solving rely on assumption-based incremental SAT solving. This in-
cludes algorithms for bounded model checking (BMC), e.g., [43} |44, 45, 46]; minimum unsatisfiable set
(MUSes) extraction, e.g., [47} 48|16l 49], computing minimal correction sets (MCSes), e.g., [50,147,|51,152];
and solving maximum satisfiability (MaxSAT), e.g., [53} 54} 55, |56 |57} 58} 159].

Assumption-based SAT involves requesting the SAT solver to find a solution that also satisfies a specified
set of assumptions, encoded as a conjunction of literals. Assumptions are particularly useful in incremental
SAT solving, where the SAT solver is called on a sequence of formulas that are closely related to each
other. Each formula could be solved by invoking a new instance of the SAT solver; but then information
computed during one solving invocation (e.g., learnt clauses) cannot easily be exploited in subsequent solving
invocations. The idea of incremental SAT solving is to use only one instance of the SAT solver for all of
the formulas so that all information computed when solving the previous formulas can be retained to make
solving the next formula more efficient. In this case, we can monotonically add clauses to the SAT solver or
use different sets of assumptions to specify each new formula to be solved. With assumptions, for example,
we can add or remove certain clauses by adding to those clauses a new literal /. When we assume —/¢ these
clauses become active (added to the formula), and when we assume £ these clauses become inactive (removed
from the formula).

The most common technique for supporting assumptions in SAT solvers was proposed in a paper by
Eén and Sorensson [46] and implemented in the minisat solver [60]. This technique involves forcing the
SAT solver to make as its initial decisions the assumed literals. This approach is still used in the most com-
monly available SAT solvers handling assumptions, including minisat [60], Glucose [61]], Lingeling [62]], and
CryptoMiniSat [63]. However, as we will explain in detail later, this approach can suffer from unnecessary
overhead when enforcing the assumptions. In particular, a clause which is made unit by the assumptions may
have to be accessed numerous times (on the order of the number of literals that the clause contains) before the
unit propagation process recognizes that it is unit, whereas it seems like the unit propagation process should
be able to recognize this right away. This leads to a lot of redundant work not only the first time through the

unit propagation of the assumptions, but every time the solver backtracks into or past the assumptions levels

15
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(and then has to reconstruct those levels) as well. One of the main contributions of this chapter is to introduce

an extremely simple and light-weight technique for eliminating this redundancy.

3.1.2 Summary of Our Contributions

There has been previous work on improving assumption-based SAT solving [61} |64, |65} |66]]. However, in
contrast to the techniques presented in other papers [64} 65, [66] the techniques we present in this chapter
are much more light-weight. By this we mean two things: (1) our techniques are much easier to implement,
e.g., no major new data-structures or algorithms are needed; and (2) our techniques yield good performance
improvements on relatively easy instances that the SAT solver can solve in about two hundred seconds or
less. In contrast, the heavy-weight techniques [64, |65, |66] are more complex to implement and the empirical
evidence presented in these papers indicate that they often slow the SAT solver down on easier instances.
These heavy-weight techniques do, however, often pay off (sometimes dramatically) on harder instances for
which the SAT solver needs many hundreds or even thousands of seconds. So although our techniques con-
tinue to improve SAT solver performance on harder instances, the improvements they yield on such instances
are unlikely to be as great as these heavy-weight techniques.

This is an important contrast as assumption-based SAT solving is applied in a diverse set of application
areas. In model-checking applications the instances are often very large and very hard, and on these types of
instances the heavy-weight techniques they describe can be very effective [65]]. The application area we are
most interested in, however, is MaxSAT solving. In that domain some solvers, e.g., MaxHS, use SAT solving
to solve quite simple SAT instances [[67], and the key to performance is SAT solver throughput, i.e., solving
many instances quickly. Other MaxSAT solvers like RC2 [|68] solve harder SAT instances than MaxHS,
but most of these instances still take less than a few hundred seconds. We demonstrate that our techniques
speed up both MaxHS and RC2, enabling both of these state-of-the-art solvers to solve more instances. Our
techniques also speed up the MUS extraction tool Muser [16], showing that there is potential for this idea to
work in other similar assumption-based SAT applications.

In particular, we present two light-weight techniques for speeding up assumption-based SAT solving.
Our first technique is to enqueue all of the assumptions at once in one decision level, rather than the standard
technique of sequentially making each assumption a decision and performing unit propagation after each
decision. We show that the standard technique can suffer from unnecessary overhead that enqueueing all at
once eliminates. We also provide an extensive empirical verification of the effectiveness of this simple idea.
Our second technique is to develop a way to save and reuse the assumptions levels of the trail, both during
the same SAT solving invocation and between different SAT solving invocations. Although our techniques
are not technically sophisticated, they have a significant advantage in that they are very cost-effective: they

are easy to implement and provide a non-trivial performance improvement.

3.1.3 Chapter Outline

In the rest of this chapter we will first give some necessary background. We will then motivate our first
technique by demonstrating that the standard way of dealing with assumptions can incur overheads that are
easily fixed by our approach. After describing some previous related work, we will then present our second
technique which saves reusable parts of the trail when the assumptions are backtracked over. We will also

show how "assumptions-level trail savings" can be realized between two SAT solving invocations that use
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different sets of assumptions. Finally, we present empirical results that demonstrate that our techniques

provide non-trivial performance improvements.

3.2 Background

We assume the reader is familiar with conflict-driven clause learning (CDCL) SAT solvers [69] and the
concepts of unit propagation and conflict analysis. Please refer to Chapter 2 of this thesis and Chapter 4
of the Handbook of Satisfiability [[70] for more detailed explanations. Below we will introduce some more

specific notation and definitions that will be useful for the remainder of this chapter.

3.2.1 Conflict Clauses

When given an input CNF formula F', a SAT solver can produce either a satisfying truth assignment, or
conclude that F' is unsatisfiable. Assumption-based SAT solving extends the capacity of the SAT solver by
asking it to solve F’ subject to a set of assumptions A which must be a set of literals. Now the SAT solver
must either find a truth assignment satisfying F' A A (i.e., a truth assignment satisfying F' that also makes
all of the literals in A true), or it must conclude that F' A A is unsatisfiable. Furthermore, and most critical
in many applications, when F' A A is unsatisfiable the SAT solver must return a clause C' such that (1) C
contains only negated literals of 4, i.e., A | =C and (2) F' = C. Putting (1) and (2) together we obtain
F | —A. We call any clause C that satisfies (1) and (2) a conflict clause for A. For any such clause C,
every model of F' must falsify at least one of the literals of A whose negation is contained in C'

It should be noted that the conflict clause C returned by the SAT solver need not be the smallest pos-
sible conflict clause. That is, there could be a smaller clause C’, where C’ ¢ C, satisfying the above two
conditions, but the SAT solver did not compute it. C'is also not necessarily minimal, meaning there could
be another clause C”" C C which satisfies the above two conditions. In many applications the size of the
returned conflict is important for performance: the shorter the returned conflict clause is, the more effective

it tends to be for the application.

3.2.2 Unit Propagation

Modern SAT solvers use a two-watch-literal scheme [29] to effect efficient unit propagation. Treating a clause
C as an indexed array of literals, the minisat scheme is to delegate the first two literals in the clause, C'[0] and
C[1], as the watchers. Associated with every literal ¢ is a list of all clauses that ¢ is currently a watcher for,
watchlist(¢). Hence, for clause C, C[0] = £ or C[1] = £ if and only if C' € watchlist({).

CDCL SAT solvers utilize a trail containing the current path of the search tree being explored. This path
consists of the set of literals currently assigned true. Let val(¢) denote the assigned truth value (¢{rue or
false) of literal ¢. Hence, the trail contains a sequence of literals ¢1, ..., ¢ such that val(¢;) = true for
1 < ¢ < k. The literals on the trail are divided up into decision levels starting at zero. Decision level zero
contains literals implied by the input formula F'. Subsequent decision levels are started by finding a new
unvalued literal d that the SAT solver decides to make true (a decision literal). The trail’s decision level is
then incremented and that literal is then enqueued; i.e., it is assigned the value true and it is added to the
end of the trail. Whenever a literal is enqueued, its decision level is the trail’s current decision level, so the

decision literal d starts a new decision level in the trail.
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The SAT solver keeps a unit-prop pointer to the last literal on the trail that has been unit propagated. The
literals on the trail between the unit-prop pointer and the end of the trail have not yet been unit propagated.
So whenever new literals are added to the trail, the suffix of un-propagated literals grows. Before the next
decision is made, the SAT solver unit propagates every un-propagated literal on the trail moving the unit-prop
pointer forward. This process might enqueue new literals, but it eventually terminates (by finding a conflict,
or by running out of literals to unit propagate). After all literals have been unit propagated, the SAT solver
starts a new decision level. Hence, all literals enqueued by unit propagation are at the same level as the most
recent decision. If a conflict (a clause falsified by the trail) is found, unit propagation is terminated and the
solver backtracks after learning a new clause. If all variables have been valued, the SAT solver terminates
and returns “satisfiable”.

The process of unit propagating a literal ¢ involves examining all clauses in watchlist(—{) to determine
if any of them have become falsified or unit (i.e., all but one literal in the clause has been falsified). A
clause cannot become unit unless one of its watches has become false, hence it is sufficient to check only the
clauses in watchlist(—¢) when ¢ is made true. If the clause C' € watchlist(—£) has become falsified, then
unit propagation can stop and clause learning and backtracking can occur. If C' has become unit with sole
remaining unfalsified literal z, then x can be enqueued if it is not already on the trail. Determining if C' has
become falsified or unit requires examining the non-watcher literals in C' (i.e., from C[2] onwards) until a
non-false non-watcher literal x is found. In the worst case this requires examining all literals in C' (except
for C[0] and C[1]). If such a literal = is found, it replaces ¢ as one of C’s watches. That is, x and ¢ are
swapped with each other in C, and C is removed from watchlist(—¢) and placed on watchlist(—z). If no
such z exists, then if C"s other watch is unvalued that makes it the sole remaining non-false literal in C' and

it can be enqueued; otherwise if C’s other watch is already false, C' has become falsiﬁedﬂ

3.3 Enqueueing all Assumptions at once

In this section, we will introduce the main technique we are contributing in this chapter and show a side-by-
side comparison of how it works against how the standard approach works.

3.3.1 Standard Approach

Let the input formula be F' and the assumptions A = {ay,...,ax}. The standard technique of supporting
assumptions [46] used in most modern SAT solvers is to require that the SAT solver choose a; as the decision
literal whenever it starts decision level ¢ for 1 < ¢ < k. If q; is already true the SAT solver increments the
decision leve and continues to the i41-th decision, i.e., an empty decision level is added to the trail. If a;
is already false, then it is the case that the previous :—1 assumption decisions were sufficient to imply —a;.
So C = (—ay,...,—a;) is already a clause such that F' = (—ay,...,—a;) and A = —C. Thatis, C'is a
conflict clause for A. However, by conflict analysis (described in more detail below) a shorter conflict than
C can typically be computed. Otherwise a; is still unvalued, and it is enqueued as a new decision. After
all assumptions are enqueued and unit propagated, the SAT solver is free to make decisions according to its

normal heuristics.

'Quick checks to determine if C' is already satisfied can be made first by checking data in the watch data structure and checking if
the clause’s other watch is true.

2Incrementing the decision level for assumptions that are already true is for bookkeeping purposes only, so that the decision level at
the end of deciding on all assumptions is equal to one more than the total number of assumptions.
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Since A always becomes a prefix of the trail, if a satisfying model is found then that model must satisfy
F N A. Otherwise, eventually a conflict will be found that forces —a; for some j at some level ¢ where ¢ < j.
In that case the SAT solver will backtrack to level 7 and add —a; as a new unit implicant. Then when the
SAT solver descends again to level j, it will find that a; is already false and will invoke conflict analysis to
compute and return a conflict clause over A. Note that irrespective of the satisfiability status of F' A A, the
SAT solver during its search might learn any number of new clauses that cause new unit implicants to be
added into the assumption levels (levels ¢ < k). Each such new implicant at level ¢ will cause the SAT solver
to undo the decisions a;y1, . .., ag, after which it will have to make those decisions again as it re-descends
the search tree.

This backtracking into the various assumption levels to add new implied literals and then having to redo
the remaining assumption decisions is the first inefficiency of the standard technique. In some applications,
particularly in MaxSAT solving, there can often be thousands of assumptions, so this inefficiency can have a
significant impact. Example[I]shows that this inefficiency can potentially induce an overhead that is quadratic

in the number of assumptions.

Example 1 Let the assumptions A = {aa,...,a,} be processed by the SAT solver in this order, and the
input formula F consist of three sets of clauses: (1) {(—ay, 2}, 22)|i =1...n}, (2) {(~yi, ~z})|[i =1...n},

and (3) {(z},-22)i = 1...n}. Furthermore, assume that after setting the assumptions, the SAT solver’s

branching heuristic selects variables y, . . .,y in that order before any of the variables 21,23, ..., 2}, 22,
and follows a default phase of first setting each literal to true.
On its first descent the SAT solver will assume aq, ..., a, in the first n decision levels. None of these

decisions cause any unit propagations. Then it will select y as its n+1-th decision. The literal —z1 will be
implied by unit propagation from the clause (—yy,—z1) in set (2). Then the literal —z% will be implied from
the clause (2}, —2%) in set (3). This will falsify the clause (—ay, 2}, 23) in set (1). The 1-UIP clause (—ay, 2})
will be generated from resolving the conflict (—ay, 21, 23) against the reason clause (z1,—-2?) for =z2. This
will cause the SAT solver to backtrack to level 1, where both z1 and —y; will be unit implied.

After this the SAT solver will repeat setting as, . .., a, as assumptions, and at decision level n+1 will
select 15 as the decision literal. Applying the same reasoning as before, except with the clauses (—yo, —23),
(23,-2%), and (—ay, 23, 23), we see that again the SAT solver will backtrack to level 1 where it will add the
unit implicants z3 and —ys. This would continue to happen n times, giving rise to the SAT solver making the

assumption decisions O(n?) times before concluding that all clauses of F are satisfied.

The second inefficiency of the standard technique arises from the observation by Gent [71] that the unit
propagation scheme used in most modern CDCL solvers can visit the literals of the same clause O(n?)
times in the worst case, where n is the length of the clause, when descending a single branchE] This second
inefficiency arises from having to move a clause from one watch list to another O(n) times and each time

having to scan O(n) literals in the clause, as shown in Example

Example 2 Let the assumptions A = {a1,...,a,} be processed by the SAT solver in this order. Consider
the length n clause C' = (x,—ay,—ag, ..., ~a,_1). The two watchers are x (at C|0]) and a; (at C[1]). The
assumption a; is enqueued first by the SAT solver, and when unit propagated C € watchlist(—ay) will be
checked from C[2] onwards for a new non-false non-watcher. This search will find —as at position C[2] and

make it a new watch by swapping —a; (at C[1]) and —asy (at C[2]) and placing C' in watchlist(—az). The

3Gent’s solution to this inefficiency will be discussed later.
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Figure 3.1: The propagate routine searching for a new watcher for clause C' of Example[2] when each assump-
tions is made at a separate decision level and unit propagated before moving to the next assumption. The first
two literals are the current watcher literals and the line shows the span of literals traversed in searching for a
replacement watcher. Truth values are above each literal; “F” represents false, “T” represents true, and “U”
represents unassigned.

assumption ag will be enqueued next, and C' € watchlist(—az) will be searched again, this time from C|2]
to C[3], before a new watch, —ag is found at C[3). Literals —ay (at C[1]) and —as (at C[3]) will be swapped
and C placed in watchlist(—ag). When the i-th assumpution a; is made, C will be on watchlist(—a;), and
positions C[2] to C[i + 1] will be searched until finding —a; 1 as a new watch at position C[i + 1]. Literals
—a; (at C[1]) and —a; 41 (at C[i+ 1)) will be swapped and C placed in watchlist(—a;1). In total, in making
the first n assumptions the SAT solver will have to visit O(n?) literals in C to finally conclude that x is unit
implied by the assumptionsﬂ Figure illustrates this process.

3.3.2 New Approach

The technique we propose for fixing both of these inefficiencies is very simple. After all literals at level zero
have been unit propagated, the SAT solver increments the decision level and enqueues all assumptions
at decision level 1, after which it performs unit propagation. So all assumptions are placed on the trail at
the top of level 1, and unit propagation is performed only after all assumption literals are on the trail and have
been assigned the value true.

If, when processing the assumptions, the SAT solver finds one a; that is already true, then a; must have
been made true at level O since unit propagation has not yet been run at level 1. That is, a; is already on the
trail in level 0 and we do not need to enqueue it again, so we can skip it. Similarly, if a; is already false then
—a; must have been made true at level 0, so F' = (—a;) and the SAT solver can return the conflict clause
(—ai).

Enqueueing all assumptions at level 1 also necessitates a change to the SAT solver’s analyzeFinal routine,
which is called in the standard technique to compute a conflict clause when an assumption a; is about to be
enqueued as the i-th decision and is discovered to be false. We will describe those changes below, but first
we explain how our technique fixes the two inefficiencies identified above.

With our technique all assumptions are at level 1, so if a new unit implicant of the assumptions is found

during search, that clause will cause a backtrack to level 1. None of the assignments in level 1 will be

4This description follows the minisat and Glucose schemes for watchers, but this particular type of implementation is not necessary.
Scanning O(n?) literals in the clause down a single branch occurs with any implementation that stores no information about the previous
scan [71]].
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Figure 3.2: The propagate routine searching for a new watcher when all assumptions are enqueued before
unit propagation on the clause from Example [2] Line shows span of literals traversed in searching for a
replacement watch.

undone, instead the new unit literal will be added to the bottom of level 1 and search will continue after unit

propagation is run on the new unit literal. This resolves the first inefficiency.

Example 3 (Example[I|continued) With the same set of assumptions A and input formula F' as Example
our technique would operate as follows. First all assumption literals aq, ... a, would be enqueued at level
1 (in this example F has no initial unit clauses so level 0 will be empty). As before, unit propagation will
not find any implied units. Then the SAT solver will increment the decision level to 2 and select y1 as the
next decision. Unit propagation operates in the same way as in Example([I] and the learnt 1-UIP clause will
again be (—ay, 21). This will cause the SAT solver to backtrack to level 1, where it will add z} and —y, at
the bottom of level 1 without disturbing any of the assumption literals on the trail. The SAT solver will then
make a new decision, ys, and in the same way a backtrack to level 1 will be generated where the new units
23 and =y will be added at the bottom of level 1 without disturbing the previously added units z} and —y;.
This will continue n times until all y; are set and all clauses are satisfied. So this process will require making

only n instead of O(n?) assumption decisions. B

Our technique also addresses the second inefficiency. In particular, since all assumption literals are valued
before unit propagation starts, no clause will ever be moved to the watch list of a negated assumption literal

as all of these literals are already false.

Example 4 (Example 2| continued) With the same set of assumptions A and clause C' = (x,—a1, ~ag, . .., "ap_1)
as Example[2] our technique would operate as shown in Figure[3.2} Since all of the assumption literals in the
clause have already been made false, unit propagation will visit the literals from C[2] to C[n—1] only once,
concluding that x is unit implied by the assumptions. That is, with our technique only O(n) literals of C will

be examined instead of O(n?) literals with the standard technique. B

3.3.3 Implementation

Our new approach of enqueueing all assumptions at once is very simple to implement, and we illustrate this
in the framework of the minisat code base. It should be equally easy to implement our approach in non-
minisat based SAT solvers. Two routines need to be altered: (1) the main search() routine that makes new
decisions, invokes unit propagation, and performs clause learning when a conflict is detected; and (2) the
analyzeFinal() routine that computes the final conflict clause. The needed changes to the search() routine
are shown in Algorithm[I] If a conflict occurs at decision level 1 (where the assumptions are enqueued) we
must convert it into a conflict for the assumptions (line [6); and if we are making a decision at level 0 we
enqueue all assumptions at level 1 (lines[T9H26).

The routine analyzeFinal() also changes. In the standard approach it is passed an assumption literal that
has been falsified by a prior set of assumption decisions (line [I3), whereas in the new approach it is passed
the conflict clause found at level 1 by unit propagation (line [6). In both cases the routine must return the

computed conflict in the passed conflict vector.
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Algorithm 1: Code changes for a minisat based SAT Solver to implement enqueueing all assump-
tions at once. Line[6]is added and lines[TTHI7|are replaced with lines [T9H26]

1 search ()

2 while true do

3 confl = unitPropagate()

4 if confl then

5 if decisionLevel() = 0 then return false;

6 if decisionLevel() = 1 then /* ADD THIS LINE*/
7 \ analyzeFinal(confl, conflict); return false;

8 analyze conflict and backtrack

9 else /* No conflict */
10 begin /* REMOVE THIS BLOCK /*

11 while assumptions remain do

12 a; = nextAssumption();

13 if value(a;) = false then analyzeFinal(—a;, conflict);

14 else if value(a;) = true then newDecisionLevel();

15 else nextDecision = a;; break;

16 if nextDecision = NIL then nextDecision = heuristic();

17 newDecisionLevel(); enqueue(nextDecision);
18 begin /* ADD THIS BLOCK */

19 if decisionLevel() == 0 then

20 newDecisonLevel()

21 forall Assumptions a; do

2 if value(a;) = false then conflict = {a;}; return false;
23 if value(a;) # true then enqueue(a;);
24 else

25 nextDecision = heuristic()

26 ‘ newDecisionLevel(); enqueue(nextDecision)

The standard minisat implementation starts with C' equal to —a;’s reason clause (i.e., the clause that
became unit implying —a;). Then, while there exists a literal £ in C' not equal to —a; and such that —¢ has
been unit implied by reason clause reason(—{), we replace C by the resolution of C' and reason(—¢). The
end result is a conflict clause that contains —a; and the negation of decision literals. Since, —a; was implied
at a level where all decisions are assumptions, the computed clause contains only negated assumption literals
as required.

The new implementation is very similar. It starts with C' equal to the passed conflict. Then, while there
exists a literal £ in C such that —¢ has been unit implied by reason clause reason(—¢), we replace C' by the
resolution of C' and reason(—f). Since the conflict occurs at level 1, only the assumption literals have no
reason clause, so this process removes all non-assumption literals from C and the final result contains only
negated assumption literals as required.

It should be noted however that these two different approaches can produce different conflict clauses even
if the initial conflict and trail are similar. In some cases the standard approach might produce a shorter clause
and in other cases our new approach might produce a shorter clause. The following example illustrates each

of these cases.

Example 5 The following table illustrates a case where the standard technique will learn a shorter conflict

clause.
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Standard Enqueue All

Level | Lit Reason Level | Lit | Reason

1 ai nil 1 ar | nil

1 as (az,—a1) 1 az | nil

1 as (as, —ar) 1 as | nil

1 —as4 | (—aa,-as, naz, -a1) 1 as | nil

2 empty level Conflict at level 1:

3 empty level (—aa,—asz, maz, —ar)

4 Conflict at level 4: —a4

The table shows the trail when a conflict is found. The left three columns show the trail for the standard
approach, and the right three show the trail for our proposed approach of enqueueing all assumptions at level
1. The table indicates the decision level, the literal on the trail and the reason clause. Literals with non-nil
reasons are implied literals.

The standard approach detects a conflict at level 4 when it tries to make a4 true as the next decision and
finds that a4 is already false. The conflict it learns starts with the reason clause for —ay, (a4, —as, —as, —ay),
and proceeds to resolve away all implied literals from this clause except for —ay4. This involves resolving away
as and as to obtain the conflict (—ay4, —ay).

Our new technique, on the other hand, will enqueue all assumptions at level 1, and then discover that
the clause (—ay, —ag, —ag, —aq) is falsified. In the new technique none of these literals are implied, so no
resolution steps are performed. Hence it will return this longer clause as the conflict.

On the other hand, the following table illustrates a case where the standard technique learns a longer

conflict clause.

Standard Enqueue All
Level | Lit | Reason Level | Lit | Reason
1 ai nil 1 ay | nil
2 as nil 1 as | nil
3 as nil 1 as | nil
3 a4 (aq, —asz, nag, —aq) 1 a4 | nil
3 —as | (—as, nay) 1 as | nil
4 empty level Conflict at level 1:
5 Conflict at level 5: —as (—as, —ayq)

The standard technique discovers a conflict at level 5 when it finds that as is already falsified. Starting
with the reason clause (—as, —ay), it will resolve away the implied literal —ay to obtain the conflict clause
(—as, ~as, ~asg, —a).

Our new technique, on the other hand, will return the shorter clause (—as, —ay) as the conflict, as again

none of these literals are implied so no resolution steps will be performed. R

As we will demonstrate later in our experiments, although our technique could return longer conflicts in the
same context, it generally returns shorter ones than the standard technique.

3.3.4 Previous Work
Approaches that do not address the first inefficiency

Gent [71] proposed an alternate method for eliminating the second inefficiency where a clause moves from

the watch list of one assumption to another many times and each time has many of its literals scanned. In



CHAPTER 3. SPEEDING UP ASSUMPTION-BASED SAT 24

particular, he proposed keeping track of, for each clause, the location where the previous search for a non-
falsified literal stopped. Then when a new search is made, the search starts at this previous location and, if
necessary, wraps around. Gent showed that this reduces the worst case number of literals that could be visited
in a single clause along a single branch to 2n down from O(n?) (n is the clause length). Unlike our approach,
Gent’s method is more intrusive, requiring a change to the clause data structure (to track the location where
the previous search stopped). However, it accounts for non-assumption literals as well as assumption literals.
Nevertheless, Gent also showed that his technique did not yield any significant gains in SAT solver perfor-
mance on the instances he experimented with, whereas our technique does yield performance gains, perhaps
because it fixes both inefficiencies.

Audemard et al. [|61] proposed four lightweight techniques for improving assumption-based SAT solving
in Glucose. First, they ignored the assumption literals when computing the LBD score (refer to Section[2.1.1]
for the definition of LBD) of a learnt clause. Our method comes close to achieving the same improvement:
with it all assumption literals are at the same level, so they contribute only 1 (instead of 0) to the LBD score.
Second, they store all of the assumption literals at the end of each learnt clause so as to avoid having to scan
these literals on LBD score updates. Third, they avoid making assumption literals become watcher literals
for clauses, where possible, so that when an assumption is inevitably made it will have fewer clauses on its
watch list to scan throughE] Our technique does not achieve the second nor the third improvement.

Fourth, during unit propagation when scanning a clause for a new non-false watcher, they continue search-
ing until they find a non-false non-assumption literal. If none exist they use the last non-false literal found
(even if it is an assumption literal). This technique addresses some of the second inefficiency, but not all of it.
In particular, if in Example E] the assumptions A are set in the order a1, a,—1, apn_2, ..., as then the clause
(x, a1, —as, . .., ~a,_1) will still have its literals scanned O(n?) times when each assumption is a separate
decision. For example, when a; is made true, all of the literals —as, ..., —a,_1 will be scanned, skipping
over non-false assumption literals, until finally returning the last non-false assumption literal —a,,_; as the
new watcher.

It can also be noted that none of the techniques by Audemard et al. [61] or Gent [[71] address the first

inefficiency.

Approaches that address the first inefficiency but incur additional overhead

Lagniez et al. [64] propose a technique to replace all assumption literals in a learnt clause with a fresh
literal, referred to as an abbreviation. This abbreviation is defined to be equivalent to the disjunction of the
negation of assumptions it is replacing, and this is stored in a new data structure maintained by the solver
called a definition map. Their approach ends up enqueueing all assumptions at once similar to our approach,
but also involves scanning through the definition map which is very costly. Our attempts at implementing
abbreviations in MaxSAT solvers did not yield positive results. Aside from the abbreviations, another key
difference between our technique and theirs is that we are allowing the assumptions to become unassigned
during solving whenever the solver backtracks to level 0, and we found this to be beneficial.

Other approaches proposed by Nadel et al. [65}66] add all of the assumptions as unit clauses, so that full
preprocessing can take place, and then examine the resolution refutation at the end of the solving invocation to
determine all assumptions that each learnt clause used in its derivation. Then to reuse learnt clauses from one
invocation in subsequent invocations, one must do post-processing on the learnt clauses with the resolution

refutation proof in order to make them persistent (alternatively referred to as "pervasive"). Although this

51t is not clear if this third technique is an improvement outside of the context of MUS extraction.
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can address the inefficiencies we have discussed (by getting rid of assumptions altogether for the remainder
of each solving invocation), the overhead of maintaining a resolution refutation proof and traversing it for
potentially every learnt clause means this technique is unlikely to be effective in the context of MaxSAT,

which relies on fast solver throughput.

3.4 Assumptions-Level Trail Savings

In this section, we will introduce a second technique we are contributing in this chapter, which was still

beneficial to the solver, but less so than the technique presented in Section [3.3] was.

3.4.1 Motivating Example

When a restart returns the SAT solver to level zero, the solver can often proceed to reproduce the same initial
sequence of decisions that were on the trail before the restart. Redoing these decisions is redundant work
and methods for saving this work, by making the SAT solver backtrack only to the point where the restart
causes a divergence in the decisions made, have been developed [72]. Similarly, the paper by Audemard et
al. [61]] proposes only backtracking to the bottom of the assumption levels on restart, as all of the assumption
decisions will be redone by the solver. However, these techniques do not help when the SAT solver learns
a new unit clause. Unit clauses are added to level 0, so the solver must backtrack across the assumptions to

insert the new unit literal into the trail. After this, it must redo the assumptions, as in the example below.

Example 6 Let F be the formula, let the assumptions A = {a1,...,a,...,a,} be processed by the SAT
solver in this order, and let P = {p1,...,pn} be all of the other literals on the trail at level 1 (i.e., the
unit propagants of '\ A). Let C; = [ be a unit clause the solver has just learned and assume that unit
propagating F' N\ A A\ Cy does not cause a contradiction.

The solver will backtrack back to the end of level 0, unit propagate l, then enqueue and unit propagate all
literals in A again. The new set of unit propagants that will appear on the trail is guaranteed to be a superset

of P, thus repeating the work of the previous solve’s propagation of A. B

3.4.2 New Approach

Our assumptions-level trail savings method is based on the observation that after a new unit is added to level
0, the set of literals forced to be true at level O and level 1 can only either (a) be contradictory or (b) be a
superset of the previous set of literals forced at level 0 and level 1. In particular, let Ly and L; be the literals at
level 0 and level 1 before a new unit clause (¢) is found. The new unit clause will cause a backtrack to the end
of level 0 where £ will be added and unit propagated. Let L, be the new literals at level 0 after this process.
If no conflict is found we have that Ly C L{. Let L} be the new level 1 generated by enqueueing all the
assumptions not already in L{, and then performing unit propagation. If L) does not generate a contradiction,
we must have that Ly C L{ U L. If z € Ly is an assumption, then © € Lj U L] as L starts with all
assumptions not already at level 0. Considering the unit implicants x € L, in the order they appeared in the
trail, we can conclude inductively that for every other literal [ in 2’s reason clause we have that -l € Ly U L.
Hence,  must also be a unit implicant at level 1 or 0. Therefore, L1 C L6 U Lj.

Our new technique based on this observation is as follows. When a new unit is learnt, we save a copy

of the level 1 trail (all literals and clause reasons). Then we backtrack the trail to the end of level 0, add the
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new unit, and perform unit propagation. If no contradiction is found, we then enqueue each literal from our
copy of the level 1, preserving the order these literals previously appeared on the trail (so assumptions are
enqueued first). If any of these literals is already true, we skip enqueueing it. If any of these literals is already
false, we can compute a conflict for the assumptions. If the falsified literal is an assumption —a; then the
conflict is (—a;), otherwise the conflict is computed by passing the stored reason clause associated with the
falsified literal (this reason clause has become falsified at level 1) to analyzeFinal to compute the conflict.
After all saved literals have been added to level 1, we invoke unit propagation from the beginning of level 1.
Note that although we can restore the literals from level 1, we still have to unit propagate them once again.
However, this unit propagation process is sped up by the fact that many literals have already been made true
at level 1. Hence, the second inefficiency of moving a clause from one watcher to another will occur less

frequently. This is illustrated by contrasting Example[6| with Example

Example 7 [Example [6| continued] With the same formula, set of assumptions, unit propagants, and learnt
unit clause as Example [6] assume now that we are using assumptions-level trail saving. This means upon
learning Cj, we save a copy of every literal on the trail at level 1 (which is AU P), along with their corre-
sponding reasons, before backtracking to the end of level 0.

The solver will then backtrack back to the end of level 0, unit propagate l, then enqueue and unit propagate
all literals in A U P at once (since we assumed that F N A A Cy does not cause a contradiction by unit
propagation). Hence, the work from the previous solve’s propagation of A required to get all literals in P

does not need to be re-done. B

Remark. It is worth noting that one does not have to backtrack past the assumptions at all when learning
a unit clause, which could theoretically save even more work than the method described in this section. To
illustrate this point, consider a solver which learns a unit clause (7) and finds two other level 0 propagants, {1
and /5, after enqueueing and propagating [. It is perfectly sound to instead backtrack to level 1, enqueue [ and
mark it specially as part of level 0, and then propagate. Propagating will still find the propagants [; and [, but
will mark them as part of level 1. At the end of the solving invocation upon backtracking to level 0, all of the
literals marked as level O (including [ in this example) can be added to the solver. One last propagation after
adding these literals will recover all of the level O literals which are implied by unit propagation (including /;
and l5 in this example).

However, we have observed empirically that backtracking to level O on learnt units performed better than
backtracking to level 1 in this way. We hypothesize that this could be from the fact that the solver can choose
fresh reasons for some of the level 1 propagants and implicants when it is allowed to backtrack to level 0.

Using the same setup as in Section 7 and with a large set of 7439 benchmarks that includes all instances
from the MaxSAT Evaluation from 2006 onward, we modified the MaxHS version which propagates the set
of assumptions together to also only backtrack to level 1 on learnt units, store those learnt units in a vector,
and supply those learnt units to level O of the solver at the end of the solving invocation. This resulted in
the total number of instances solved decreasing from 6131 to 6123. If the learnt units are not stored and
"forgotten" at the end of the solving invocation, it further decreased the total number of instances solved to
6093.
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3.5 Propagating the final core

We were able to minimize the core by a slight amount (and also slightly improve the MaxSAT solver perfor-
mance) in some cases by taking the final core, which consists of negated assumptions, and unit propagating
each of them in order. Because we enqueued the assumptions together as a set, it is possible for assumptions
in the final core to be implied by other literals in the final core by unit propagation in the order they appear
on the trail. This wouldn’t happen with the standard technique because each assumption is unit propagated
one at a time, so any assumptions that are implied by previous assumptions become propagants and can not
be in the final conflict clause (and thus can not appear in the final core).

3.5.1 Interaction with Abstract Cores

Since the publication of our ideas, another idea called abstract cores [73]] was introduced which substantially
improved the performance of MaxHS. Abstract cores are a compact representation of potentially exponen-
tially many cores by accounting for cardinality constraints in the representation of the cores. The exact details
are beyond the scope of this thesis, but are very interesting and can be found in the paper by Berg et al [73].

Unfortunately, enqueueing all assumptions at once does not interact with abstract cores very well, and
can even cause the overall performance of MaxHS to decrease slightly (although not usually by a significant
amount). The exact reason for this would require more research and is an interesting future direction, but we
hypothesize that it may have to do with the order in which the assumptions are unit propagated.

One of the main reasons using abstract cores was so successful, was because they improved the perfor-
mance of MaxHS on DRMX-AtMostK [74] instances dramatically. Without abstract cores, almost none of
the DRMX-AtMostK instances can be solved by MaxHS, and with abstract cores all of them can be solved.

One solution we proposed is to allow the SAT solver to use our technique of enqueueing all assumptions
at once throughout its entire search, and instead of taking the final conflict clause that we naturally find
at the assumptions levels, we instead just go back and unit propagate all assumptions again in order (not
just assumptions occurring in the conflict clause). Because we know that the solver will definitely find a
conflict now (namely, the one we just naturally found), we are guaranteed to get a conflict again before
leaving the assumptions levels, but this time we might get a different conflict with literals that are closer
together in their natural encoding order. This allowed MaxHS (using abstract cores) to once again solve all
of the DRMX-AtMostK instances in the 2018 competition. We found, however, that this does not make a
significant difference in performance on MaxHS overall on a large set of benchmarks. We think there is still
potential to better incorporate our technique of enqueueing all assumptions at once with abstract cores, but
that is left to future work.

3.6 Assumptions-Level Trail Savings Between SAT invocations

In this section we will show an extension of the technique in Section [3.4]that allows one to save some literals

in between SAT invocations, instead of just saving literals within the same invocation.

3.6.1 Extending Assumptions-Level Trail Savings

We can further extend assumptions-level trail savings to provide a head start for the SAT solver when it is

called again with a different set of assumptions. Note that level 0 is always preserved between calls to the
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SAT solver as this level does not depend on the assumptions. Our extension is to also try to preserve as much
of level 1 as is possible between SAT calls. The method is to save all of the literals implied at level 1, and
their reason clauses, at the time the SAT solver exits. Then when the SAT solver is called again with a new
set of assumptions, we enqueue all of these assumptions at level 1 as normal. After the new assumptions are
enqueued, and before they are unit propagated, we check all of the saved literals previously implied at level
1, in the order they were previously on the trail. If their reasons are still unit clauses under the new trail, we
enqueue them on the trail with the same reason clauseE] Note that by examining these implied literals in trail
order we can detect preserved implied literals that rely on previously preserved implied literals. For example,
say x and y were at level 1 at the end of the previous SAT solve with y appearing after x, and with reason
clauses (z,—ay) and (y, ~z). Then if the new SAT call includes the previous assumption a; our technique
will detect that x is still unit implied with the same reason clause, and x will be added to the trail. Then y
will also be detected to still be unit because x has already been added to the trail. Example [§]illustrates how

this extension to assumption-levels trail saving can be effective.

Example 8 Suppose there are two SAT solving invocations which come one after another. Let the assump-
tions be A1 = {a1, as, a3, as}, processed by the SAT solver in this order, for the first solving invocation and
let the assumptions be As = {ay, as, a3, ag}, processed by the SAT solver in this order, for the second solving
invocation. Let the literals {p1,p2, p3} be the unit propagants of Ay at the end of the first solving invocation
and let the literals {p1, p3 } be the unit propagants after unit propagating As in the second solving invocation.
Let the clauses {r1 = {p1, —a1},72 = {p2, a1, ~az},r3 = {p1, a1, ~as}} be the corresponding reasons
such that for all i, the reason of p; is r;.

Using the extension to assumptions-level trail saving that saves the level 1 in between SAT invocations,
we make a copy of {p1,p2,p3} along with {ry,r4,r3} after the first SAT solving invocation. At the begin-
ning of the second SAT solving invocation, we enqueue the relevant assumptions Ay and also scan clauses
{r1,72, 73} to check which are still unit. In our example, r1 and r3 are still unit, meaning we can enqueue py
and ps along with the assumptions before doing unit propagation. By the same principle shown in previous
examples, enqueueing these unit propagants up front can help save time scanning watch lists during unit
propagation. The reason clauses {ri,r2,r3} would likely have had to be scanned at least once during the

unit propagation process anyway, so we are unlikely to lose time from scanning useless clauses. B

3.7 Experiments and Results

In this section, we will first describe the setup in Section [3.7.T]and benchmarks used in the experiments we ran
before getting to the results. The first experiments presented in Section [3.7.2] were designed to test whether
our techniques sped up and solved more instances for MaxSAT, and are the most important experiments of
the chapter. They indeed confirm that our techniques were successful.

The next experiment in Section [3.7.3 was a finer-grained experiment, designed to check whether the
actual SAT solver within the MaxSAT solvers was really speeding up most of the time. After confirming that
was the case, we designed an experiment in Section to compare the average core sizes produced by
our enqueueing technique with the average core sizes produced by the standard approach, which surprisingly
showed our technique to be producing the smaller cores. This is significant because it means that our positive

OWe save a reference to the reason clause, so before checking to see if the reason is still unit we must ensure that the references
haven’t been changed by garbage collection, and that the implied literal is still at position zero in the reason clause (this is a minisat
invariant for reason clauses).
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results are not only coming from a speedup in the SAT solver, but likely also coming from our technique
developing smaller cores and benefiting the MaxSAT algorithm.

Lastly, we show some experiments in Section confirming that our techniques do speed up another
assumption-based SAT application, MUS extraction, but do not solve more instances.

3.7.1 Setup and Benchmarks

We implemented our techniques in the minisat 2.2 and Glucose 3.0 SAT solvers. In Glucose 3.0 we also
preserved the already implemented incremental techniques of the Audemard et al. paper [61]]. We then used
these modified SAT solvers in the MaxHS [67] and RC2 [68]] MaxSAT solvers, both of which are state-of-
the-art MaxSAT solvers. MaxHS uses minisat while RC2 uses Glucose.

We then ran these solvers using both the modified and original SAT solvers on 7439 benchmark instances
(4627 unweighted and 2812 weighted) collected from the 2008 to 2018 MaxSAT Evaluations [[75]. This
benchmark set includes all non-random instances used and submitted to these evaluations, excluding 825
“abrame-habet” random instances that were categorized as “crafted” instances (none of these are solvable
by either MaxHS nor RC2). We also removed duplicate instances that had different names but were the
same except for comment lines. The experiments were run on 2.4GHz Intel cores with 30min CPU time and
5.24GB memory limits.

3.7.2 Main Experiments for MaxSAT

Total Unweighted | Weighted

MaxHS| +/- | RC2 | +/- |[MaxHS| RC2 [MaxHS| RC2
original 6052 | 0/0 {6030 0/0 | 3940 |3993| 2112 |2037
enqueue assumptions as set 6131 [114/35| 6081 | 99/48 | 3995 4032 | 2136 | 2049
enqueue assumptions as set + 6136 [120/36] 6079 | 95/46 | 3991 | 4030 | 2145 | 2049
assumptions-based trail saving
enqueue assumptions as set + 6138 |115/29] 6080 | 92/42 | 3989 | 4030 | 2149 | 2050
assumptions-based trail saving +
save literals from last invocation

Figure 3.3: Number of MaxSAT instances solved by MaxHS and RC2 using different extensions of the
underlying SAT solver. The enqueueing assumptions technique allows MaxHS to solve almost 80 more
instances and allows RC2 to solve more than 50 more instances. The trail saving techniques have a modest
but positive impact for MaxHS, but not much of an impact for RC2. For reference, in the "+/-" column,
the first number shows the number of instances that solver solved but the original solver did not (instances
gained), and the second number represents the total number of instances that solver did not solve but the
original solver did (instances lost).

Our first set of experiments were simply comparing how each of our techniques impacted two state-of-
the-art MaxSAT solvers. These are the main results of this chapter that tell us that these techniques were
successful.

Figure [3.3] shows that our first technique of enqueueing all assumptions at once is surprisingly effective
yielding 79 newly solved instances for MaxHS and 51 newly solved instances for RC2. It should be noted
that both of these solvers are state-of-the-art and techniques that allow them to solve this many new instances
are not easy to find. Assumptions-level trail savings within the same SAT solver call is a less successful

improvement. It gains 5 more problems for MaxHS but loses 2 problems for RC2. Assumptions-level trail
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Figure 3.4: Cactus plot comparing total instances solved within a given time bound for MaxHS and RC2
with and without our assumption enqueueing techniques. The first 5000 instances were solved in less than

50 seconds each, so that part of the plot is truncated. For both solvers, the enqueueing assumptions technique
solves more instances faster and more total instances overall.

savings across different SAT solver calls, is even less impactful. Hence, in terms of number of instances
solved, assumptions-level trail savings does not seem to be either positively or negatively significant, and the
remaining experiments use only the enqueueing technique.

Figure [3.4] shows a cactus plot of the two solvers with and without enqueueing. The plot shows that
enqueueing provides a general speedup for both solvers with more instances generally being solved at every
time bound in the plot. Note the first 5000 instances were solved by both solvers in < 50 seconds per

instance, so we truncated that part of the plot to show more detail on the harder instances.

3.7.3 Measuring Speedup/Slowdown of Each SAT Call

The run times shown in Figure are affected both by the speed of the SAT solver and by the sequence of
conflicts returned by the different SAT solvers. That is, the SAT calls the MaxSAT solver performs diverges
as the instance is solved. Hence, to get a more precise picture of the SAT solver speedup and the quality
of conflicts obtained by our technique, we changed RC2 so that it always invokes both the original Glucose
solver and then the modified Glucose solver with enqueueing. However, RC2 always uses the conflict returned
by the original Glucose solver in its further processing. In this way, each version of the SAT solver is solving
an identical sequence of SAT calls during the processing of each MaxSAT instance. We ran this modified
version of RC2 on the same suite of 7439 MaxSAT instances, giving it 3600 seconds per instance to account
for the doubled up SAT solving. From this setup we obtained a sequence of matched pairs of SAT solver calls
where the standard and enqueueing versions of the SAT solver are both invoked to solve the same formula
subject to the same set of assumptions and with the same history of previous calls.

We measured the CPU time each SAT solver call took in each matched pair, discarding those pairs where
both solvers took less than 0.1 seconds. In particular, we did not compare the CPU times of SAT solver calls
that were so fast that they were likely to be too noisy. This yielded 22,810 matched pairs of SAT solver calls.
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RC2 SAT Runtime Comparison
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Figure 3.5: Comparison of number of SAT calls that had corresponding log, speedup or slowdown factor
for RC2 when assumption enqueueing technique was added. We grouped the speedup/slowdown factors into
intervals, such that, e.g., the bar representing the number of instances that had a speedup factor of 0.2 is beside
the number of instances that had a slowdown factor of 0.2. More instances are speeding up than slowing down
in every interval.

There is quite a bit of variance in the runtimes, so a scatter plot of these points was not very informative.

Original Glucose CPU
Enqueueing Glucose CPU

is slower and symmetric but negative when original Glucose is faster. Hence, the absolute value of the

Instead for each pair we computed log, (

). This number is positive when original Glucose

negative numbers represent instances that had that log, speedup ratio, while the positive numbers represent
instances that had that log, slowdown ratio. Figure [3.5] shows a side-by-side histogram of the number of
instances that had similar amounts of log, speedup and slowdown ratio. The figure shows that although there
is considerable variance among the instances—some were sped up while others were slowed down—there is
a general trend that for all bands of speedup/slowdown factors more instances had a speedup of that factor

than had a slowdown of that factor.

3.7.4 Measuring Growth/Shrinkage of Each Core

Our setup from Section also yielded 949,003 matched pairs of conflicts for each solver. In each
matched pair one conflict was produced by original Glucose and the other one by enqueueing Glucose, both
from solving the identical SAT problem under an identical history of previous calls. As with the run times, we
show in Figurea side-by-side histogram of the log, (e of conflict from Original Glucose_y o1yt and shrinkage

Size of conflict from enqueueing Glucose

ratios: shrinkage indicates that enqueueing Glucose produces a shorter conflict, while growth indicates that

it produces a longer conflict. As with the run times there is a considerable variance in core sizes among
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RC2 Core Size Comparison
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Figure 3.6: Individual core size log, growth or shrinkage factor comparison for matching pairs of cores
when running RC2. By matching pairs of cores, we are referring to the core that the solver with standard
assumptions produces matched with the core that the solver with our assumptions technique produces. We
grouped the growth/shrinkage factors into intervals, such that, e.g., the bar representing the number of cores
that had a growth factor of 0.2 is beside the number of cores that had a shrinkage factor of 0.2. More cores
shrank than grew for every factor interval except the first (i.e., 0.2).
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these identical SAT calls—on some calls enqueueing Glucose produced larger conflicts, and on others it
produced smaller conflicts. Nevertheless, the general trend is that for any band of growth/shrinkage ratio,
more conflicts produced by enqueueing Glucose had that amount of shrinkage than that amount of growth.
The only divergence from this trend was that there were more cores grown by a log, factor between 0.1 to 0.3
(the band centered at 0.2) than shrunk by this factor. Most notably, however, almost 10 times as many cores
were more than a factor of 4 smaller than were more than a factor of 4 larger.

This experiment shows that the overall better performance of enqueueing Glucose in RC2 is likely a
product of both faster SAT calls and smaller conflicts. Together these two effects tend to make RC2 more
effective. Although we do not have similar data for minisat used in MaxHS, we expect that similar results

hold since MaxHS is also more effective with enqueueing.

3.7.5 MUSer Experiments

To illustrate that the enqueueing technique works not only for MaxSAT, but for another application of in-
cremental SAT as well, we implemented our technique into MUSer [16]], a well-known solver for extracting
minimum unsatisfiable sets (MUS), by replacing its original SAT oracle, minisat, with minisat-enqueue. We
will refer to the version of MUSer using minisat-enqueue for its SAT oracle as MUSer-enqueue. We ran all
MUS experiments on a machine with 2 CPUs and 256GB RAM shared among sixteen 2.7GHz Intel Haswell
cores. We ran MUSer and MUSer-enqueue, with a time limit of 30 minutes and a memory limit of 10GB, on
the 300 benchmarks from the MUSer track at the 2011 SAT competition (the last time the MUS track was
held at the SAT competition).

Both MUSer and MUSer-enqueue solved the same 271 instances. Figure [3.8]shows the average run times
and Figure compares the run times of each instance using a log ratio histograms generated in the same
way as previous [og ratio histograms in Section The figures show that, although each solver is solving
the same number of instances, MUSer-enqueue is usually solving the instances slightly faster.

In the benchmark suite we used for Muser, we were not able, however, to solve any additional instances.
The heavier-weight techniques in the paper by Lagniez et al. [64] (involving introducing new abbreviation
literals) were able solve additional instances mainly by reducing Muser’s memory footprint. Similarly, al-
though the data presented above about number of instances solved does not convincingly demonstrate the
effectiveness of our proposed assumptions-level trail saving techniques, the finer grained data in does

indicate that these ideas do tend to yield run time speedups.

3.8 Discussion

In this chapter, we identified some redundant work that was occurring within the unit propagation process
of assumptions in assumption-based SAT solving, and introduced some simple ideas for making the unit
propagation of assumptions more efficient. We gave an example of how the simplest of our techniques,
enqueueing all assumptions at once in Section [3.3] can result in a quadratic speedup of the unit propagation
of assumptions. Our experiments then showed that enqueueing all assumptions at once is quite effective
in improving MaxSAT solvers and shows some modest speedups for MUS solvers. Further experiments
doing a detailed comparison of run times between our technique and the standard approach confirm that the
improvements realized in the experiments was in fact a result of speeding up the unit propagation process, as

opposed to something unintended. Similar detailed analysis comparing core sizes produced by our techniques
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Figure 3.7: Log ratio comparison of speedup or slowdown factor for MUSer when using our assumptions
enqueueing technique. We grouped the speedup/slowdown factors into intervals, such that, e.g., the bar
representing the number of instances that had a speedup factor of 0.2 is beside the number of instances that
had a slowdown factor of 0.2. More instances are speeding up than slowing down for every interval.

instances solved | average time (s)
muser 271 141.0
muser-enqueue 271 124.3

Figure 3.8: Number of instances solved and average solve time for muser and muser-enqueue (i.e., muser
with our assumptions enqueueing technique added). Our enqueueing assumptions technique did not help
muser solve more instances, but led to a faster average solve time by more than 10%.
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and the standard approach show something very surprising, that our technique produces smaller cores on
average. This can have an exponential impact on the solver, and is likely also a contributor to the performance
improvements realized in the experiments.

We also introduced some new ideas to reuse the trail for the assumption levels, which we called assumptions-
based trail savings. These ideas only resulted in a modest improvement in the performance of the MaxSAT

solver.

3.8.1 Future Work

Although the amount of improvement gained from the assumptions-level trail saving in Section [3.4]ideas was
not as significant as our main technique, it is worth noting that we implemented the ideas in their most generic
form without adding any parameters or conditions. There are a number of parameters one can introduce such
as only applying some or all of the techniques when the total number of assumptions is greater than some
threshold, or to cease trying to restore literals once a certain amount of the previous trail has failed to be
restored. A future direction would be to introduce these parameters and experimentally determine the best
setting to maximize the benefit of these ideas.

Another future direction could be to apply the ideas from this chapter in other contexts which use
assumption-based SAT solving. Follow-up work that will be presented in the next chapter of this thesis
will show how extending the assumptions-level trail savings ideas from this chapter so that they can work
at all decision levels, instead of just at the assumption decision levels, can improve state-of-the-art SAT
solvers. A similar extension of the assumption enqueueing ideas or assumptions-level trail saving ideas to
propositional logic solvers beyond SAT, such as reachability checkers [76] or pseudo-boolean solvers [77]],
would be interesting to try. Assumption-based truth maintenance systems [[78] are another application where
assumption-based SAT can be used, albeit slightly differently, and it would be interesting to test whether our
techniques improve performance in that setting as well.

Finally, Example [3] indicates that we do not always find a shorter conflict when we use our technique
of enqueueing all the assumptions at once. Finding a way of incorporating clause minimization [79]] into
our technique might yield even shorter conflicts, and thus probably improve the solver’s performance even
further. We will leave this, and other investigations into why and when shorter conflicts arise from different

propagation schemes, to future work.



Chapter 4

Trail Saving on Backtrack

4.1 Introduction

4.1.1 Motivation

In a CDCL SAT solver, backtracking occurs after every conflict, where all literals from one or more decision
levels become unassigned before the solver resumes making decisions and performing unit propagations.
Traditionally, SAT solvers would backtrack to the conflict level, which is the second highest decision level
remaining in the conflict clause after conflict analysis has resolved away all but one literal from the current
decision level [80]. Recently, however, it has been shown that partial backtracking [81]] or chronological
backtracking (i.e., backtracking only to the previous level after conflict analysis) [82,|83]] can be effective on
many instances. Chronological backtracking has been used in the solvers that won the 2018 and 2019 SAT
Competitions [84]. Although chronological backtracking breaks some of the conventional invariants of SAT
solvers, it has been formalized and proven correct [83] (also see related formalizations [85) [86]]).

The motivation for using chronological backtracking is the observation that when a solver backtracks
across many levels, many of the literals that are unassigned during the backtrack might be re-assigned again
in roughly the same order when the solver redescends. This observation was first made in the context of
restarts by van der Tak et al. [[72]]. Their technique backtracks to the minimum change level, i.e., the first
level at which the solver’s trail can change on redescent. However, their technique cannot be used when
backtracking from a conflict: the solver’s trail is going to be changed at the backtrack level so the minimum
change level is the same as the backtrack level.

Chronological backtracking or partial backtracking instead allows a reduction in the length of the back-
track by placing literals on the trail out of decision level order. By reducing the length of the backtrack the
solver can keep more of its assignment trail intact. This can save it from the work involved in reconstructing
a lot of its trail, which is redundant work and often repeated many times due to the tendency of SAT solvers
to stay in a similar part of the search space for a while (especially with the use of phase saving heuristics).

Using chronological backtracking is not a panacea however. Its application must be limited for peak
effectiveness. This indicates that it is sometimes beneficial for the solver to backtrack fully and redo its trail,
even if this takes more work. We will expand on why this might be the case below in Section [.3] but
three of the main side effects chronological backtracking could have on the search are: 1) literals are made
unit at earlier decision levels that chronological backtracking can not detect, 2) different decisions get made

36
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with chronological backtracking due to the heuristics changing (e.g., VSIDS scores change), or 3) different
reasons do not get a chance to get assigned to literals that stay on the trail during chronological backtracking.
One of the main contributions of this chapter is to introduce a technique that saves the solver from having to

do the redundant work described, while also not causing these aforementioned side effects on the search.

4.1.2 Summary of Contributions

In this chapter, we present a new trail saving method whereby we save the backtracked part of the solver’s trail
and attempt to use that information to make the solver’s redescent more efficient. This method can be seen as
an extension of the "trail savings" idea from Section [3.4] except instead of only working during assumptions
decisions levels, our new method will work on all decision levels throughout any SAT solving run. Unlike
chronological backtracking, our trail saving method preserves the traditional invariants of the SAT solver and
its basic version is very simple to implement. It allows the search to retain complete control over the order
of decisions, but helps make propagation faster. We demonstrate experimentally that trail saving performs as
well as and often better than chronological backtracking.

We then develop some enhancements to make trail saving more effective, including saving and appending
trails over multiple backtracks, optionally rejecting usage of the trail when "reason quality" is poor, and using
the trail to do a quick "lookahead" for conflicts. We show experimentally that with our enhancements we are

able to further improve the performance of state-of-the-art SAT solvers.

4.1.3 Chapter Outline

In the remainder of this chapter, we will first give some background and develop some notation that will make
it easier to discuss properties of the solver’s assignment trail. We will then discuss chronological backtracking
and highlight some of its strengths and deficiencies, before going on to introduce our new technique in Section
[d.4] After proving the soundness of trail saving, we will go on to introduce three enhancements in Section
.44 to trail saving and, finally, provide some experimental results that demonstrate the effectiveness of
our new techniques. We will also provide a brief application study, showing how trail saving seems to be

particularly useful on planning instances.

4.2 Background

We assume the reader is familiar with conflict-driven clause learning (CDCL) SAT solvers [[69]] and the
concepts of unit propagation and conflict analysis. Please refer to Chapter 2 of this thesis and Chapter 4
of the Handbook of Satisfiability [70] for more detailed explanations. Below we will introduce some more

specific notation and definitions that will be useful for the remainder of this chapter.

4.2.1 Trails

CDCL SAT solvers maintain a trail which is the sequence of literals that have currently been assigned true
by the solver. During its operation a SAT solver will add newly assigned literals to the end of the trail, and on
backtrack remove literals from the end of the trail. For convenience, we will regard literals as having been
assigned true if and only if they are on the trail. So removing/adding a literal to the trail is equivalent to

unassigning/assigning the literal true.
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A SAT solver’s trail satisfies a number of conditions. However, in this chapter we will need some ad-
ditional flexibility in our definitions, as we will sometimes be working with trails that would never be con-
structed by a SAT solver. Hence, we define a frail to be a sequence of literals each of which is either a decision
literal or an implied literal, and each of which has a reason. These two types of literals are distinguished by
their reasons. Decision literals d have a null reason, reason(d) = &. Implied literals [ have as a reason a
clause of the formula F, reason(l) = C € F. (The clause reason(l) can be a learnt clause that has been
added to F).

If literal £ is on the trail T let ¢7(¢) denote its index on the trail, i.e, T [¢7(£)] = ¢. If 2 and y are both
on the trail and ¢7(z) < ¢ty (y) we say that x appears before y on the trail. For convenience, when the trail
being discussed is clear from context we simply write ¢ instead of ¢

Each literal £ € T has a decision level decLvl(¢) which is equal to the number of decision literals
appearing on the trail up to and including ¢ ; hence, decLuvl(d) = 1 for the first decision literal d € T . The set
of literals on T that have the same decision level forms a contiguous subsequenc that starts with a decision
literal d; and ends just before the next decision literal d;;;. We will often need to refer to different decision
level subsequences of 7. Hence, we let 7 [[i]] denote the subsequence of literals at decision level 4; and let
T1[é...7]] denote the subsequence of literals at decision levels k for i < k < j.

Definition 1 A clause C has been made unit by T implying | when |l € C A (V:z: eCur#l— € 'T).
That is, all literals in C' except | must have been falsified by T .

Note that we allow for the possibility of | appearing on the trail multiple times and allow for the possibility
of both | and —l appearing on the trail in this definition. Even though this will not happen to the main trail
during the execution of the solver, this can happen when concatenating the trail with another sequence of

literals, so we leave room to accommodate that in our definition.

Now we define the following properties that a trail 7 can have.
non-contradictory: A variable cannot appear in both polarities in the trail: [ € T — =l € T.
non-redundant: A literal can only appear once on 7 .

reason-sound: For each implied literal I € T we have that its reason clause reason(l) = C has been
made unit by 7 implying /, and for each x € C' with x # [ we have that —z appears before [ on 7
VI €T, reason(l) # @ — 1 € reason(l) A (Va € reason(l).z # 1 — -z € T Av(—z) < ¢(1)). Note
that we allow for the possibility of [ appearing on the trail multiple times and allow for the possibility of
both [ and -/ appearing on the trail in this definition. Even though this will not happen to the main trail
during the execution of the solver, this can happen when concatenating the trail with another sequence

of literals, so we leave room to accommodate that in our definition.

propagation-complete: Unit propagation has been run to completion at all decisions levels of 7. This means
that literals appear on 7 at the first decision level they were unit implied. Formally, this can be captured
by the condition: Vi € {decLuvl(l) |l € T}.(3C € F.C is made unit by T[0...4]] implying I) — | €
TT[0...4]]. Note that propagation completeness implies that reason(l) # & must contain at least one
other literal y # [ with decLvl(y) = decLuvl(l).

conflict-free: No clause of F' is falsified by 7. Clauses C' € F falsified by T are typically called conflicts.

'Our approach uses standard trails in which the decision levels are contiguous. Chronological backtracking [81} 82, 83] generates
trails with non-contiguous decision levels
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In CDCL solvers using standard conflict directed backtracking, all properties hold of the prefix of the
solver’s trail consisting of all decisions levels but the deepest. The full trail might, however, contain a conflict
at its deepest level, so is not necessarily conflict-free. The full trail might also not be propagation-complete,
as unit propagation at the deepest level is typically terminated early if a conflict is found. It can further be
noted that the first four properties imply that if a clause C is falsified at decision level &, then C' must contain
at least two literals at level k£ (otherwise C' would have become unit at a prior level and then satisfied by

making its last unfalsified literal ¢rue).

4.2.2 Standard Backtracking

In CDCL SAT solving the solver extends its trail by adding new decision literals followed by finding and
adding all unit implied literals arising from that new decision. This continues until it reaches a decision level
Leep where a conflict C' is found.

In standard backtracking, the solver then constructs a new 1-UIP clause by resolving away all but one
literal at level Ly, from the conflict C' using the reason clauses of these literals. (As noted above C' must
contain at least two literals at level Lg.,). Hence, the new clause C_yp will contain one literal £, at level
Lgeep and have all of its other literals a levels less than Lg,.,. The solver then backtracks to Ly, the second
deepest level in C)_yp. This involves changing 7T to its prefix T[[0. .. Lpae]] (by our convention all literals
removed from 7 are now unassigned). The new clause C.y;p is made unit by 7([0. .. Lyse]] implying Lgeep,
so the solver then adds {4, to the trail and executes another round of unit propagation at level L, after
which it continues by once again growing the trail with new decisions and unit implied literals until a new
conflict or a satisfying assignment is found.

In standard backtracking, the difference between the backtrack level, Ly, and the current deepest level
Lgeep can be very large. During its new descent from Ly, the solver can reproduce a large number of the
same decisions and unit propagations, essentially wasting work. This potential inefficiency has been noted in
prior work [72} 81} 82, 83]].

In a paper by van der Tak et al. [[72] a technique for reducing the length of the backtrack during restarts
was presented. In restarts, the solver backtracks to level 0, and this technique involves computing a new
deeper backtrack level M > 0 for which it is known that on redescent the first M + 1 levels of the trail will
be unchanged (except perhaps for the ordering of the literals). This technique removes the redundant work
of reproducing the first M trail levels. When backtracking from a conflict, however, the trail will be changed
at level Lyger (Lgeep Will be newly inserted at this level). Hence this technique cannot reduce the length of
the backtrack. In this chapter we will show that although we have to backtrack to L, we can make the

subsequent redescent much more efficient.

4.2.3 Chronological Backtracking

Chronological backtracking and partial backtracking in the context of clause learning solvers are alternatives
to standard backtracking which allow the solver to execute a shorter backtrack. That is, with these techniques
the solver can avoid having to go all the way back to the second deepest level in the learnt clause, as in
standard backtracking.

Formalisms for partial backtracking in clause learning solvers have been presented in previous papers [85,
86]. In a different paper by Jiang et al. [81]], practical issues of implementation were addressed, and experi-

ments with a CDCL solver using partial backtracking were shown. In a paper by Nadel et al. [82f], improved
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and more efficient implementation techniques were developed which allowed chronological backtracking to
make improvements to state-of-the-art SAT solvers. Finally, a paper by Mohle et al. [83]] presented additional
implementation ideas and details along with correctness results for these methods.

There has been previous work on finding a smart point to backtrack to during a backtracking search in
other contexts 87, [88]. Chronological backtracking and partial backtracking in the context of SAT solving
are highly related to dynamic backtracking [[89] and partial order backtracking [90] in the context of constraint
satisfaction solving.

The aim of partial backtracking is to reduce the redundant work that might be done by the SAT solver on
its redescent from the backtrack level Ly, The technique allows the solver to backtrack to any level j in
the range Ljaek < J < Lgeep—1 (Where Ly, is the level the conflict was discovered). Nadel and Ryvchin
[82] proposed to always backtrack chronologically to Lg,.,—1 while Mohle and Biere [83]] returned to the
proposal by Jiang et al. [81] of flexibly backtracking to any level in the allowed range. Note that the new
learnt 1-UIP clause C_gyyp is still unit at every level in this range. So after backtracking to level j the newly
implied literal ¢4, is added to the trail with reason(€geep) = Ciuip, and decLvl({gep) is set to Ly (the
second deepest level in C_y;p).

This means that the decision levels on the trail are no longer contiguous, as £4., has a different level than
the other literals at level j (if j # Lpu). This change has a number of consequences for the SAT solver’s
operation, all of which were described in the paper by Jiang et al [81]]. Mdhle and Biere [[83|] showed that

despite these consequences partial backtracking can be made to preserve the soundness of a CDCL solver.

4.3 Chronological Backtracking Effects on Search

We are presenting a new technique that allows the SAT solver to use standard backtracking, but also allows
saving some redundant work on its redescent. Our method has more overhead than chronological backtrack-
ing, so the first question that must be addressed is, why not just use chronological backtracking? We will

address that question in this section.

4.3.1 Chronological Backtracking Most Effective With Limited Application

Although chronological backtracking is able to avoid a lot of redundant work it also has other effects on
the SAT solver search. These effects are sometimes detrimental to the solver’s performance and so it is not
always beneficial to use chronological backtracking. In fact, in both recent papers on the subject |82} [83]], it
was found that fairly limited application of chronological backtracking performed best. In the paper by Nadel
and Ryvchin [82], chronological backtracking was applied only when the length of the standard backtrack,
Lpack — Laeep Was greater than a given threshold 7'. In their experiments they found that T = 100 was the
best value, i.e., chronological backtracking is done only on longer backtracks. In practice, this meant that
chronological backtracking was relatively infrequent; in our measurements with their solver only about 3% of
the solver backtracks were chronological backtracking backtracks. In the paper by Mohle and Biere [83], the
value T' = 100 was also applied. However, they introduced an additional technique to add some applications
of chronological backtracking when the length of the backtrack is less than 7'. This allowed them to utilize

chronological backtracking in about 15% of the backtracks.
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4.3.2 Potential Side Effects of Chronological Backtracking

Although it is difficult to know precisely why chronological backtracking is not always beneficial, we can
identify some different ways in which chronological backtracking can affect the SAT solver’s search. With
standard backtracking the literal {4, is placed on the trail at the end of L. and then unit propagated. This

could impact the trail in at least the following ways:

1. First, some literals might become unit at earlier levels. This could include decision literals becoming

forced which might merge some decision levels.

2. Second, different decisions might be made due to changes in the variable scores arising from the newly

learnt clause.
3. And third, literals might be unit implied with different reasons.

Chronological backtracking can change all of these things, each of which could have an impact on the future
learnt clauses, and thus on the solver’s overall efficiency.

The second impact, changing variable scores, is partially addressed in the paper by Mohle and Biere [83]]
who utilize the ideas of van der Tak et al. [[72]] to backtrack to a level where the decisions would be unchanged.
However, if the length of the backtrack is greater than 7" there could still be a divergence between the variable
decisions generated in standard backtracking and chronological backtracking.

An argument is also given in a paper by van der Tak et al. [72] that the third impact, changing literal
reasons, is not significant. However, the experiments in that paper were run before good notions of clause
quality were known [91]]. Our empirical results indicate that once clause quality is accounted for, changing
the literal reasons can have a significant impact.

The first impact is worth discussing since it was mentioned in the paper by Jiang et al. [81]] but not in
the subsequent works. This is the issue of changing the decision levels of literals on the trail. Chronological
backtracking computes the decision level of each implied literal based on the decision levels of the literals in
its reason, but it does not go backwards to change the decisions levels of literals earlier on the trail. Example[9]

below illustrates this issue.

Example 9 Suppose that (x,—y) € F, the literal x is a decision literal on the trail with decLvl(xz) = 2, and
that the solver is currently at level 150 where it encounters a conflict. If this conflict yields the unit clause
(y), standard backtracking would backtrack to level 0, where x would be implied. On redescent, x would
no longer form a new decision level and it would not appear in any new clauses (as it is entailed by F).
Chronological backtracking, on the other hand, would backtrack to level 149. On its trail x would still be at
level 2. Until a backtrack past level 2 occurs, learnt clauses might contain —x, and thus have level 2 added to
their set of levels (potentially changing their LBD score). Only when a backtrack past level 2 occurs would x
be restored to its correct level 0, and it would require inprocessing simplifications [92|] to remove x from the

learnt clauses. B

In sum, although these impacts of chronological backtracking on the SAT solver’s search might or might
not be harmful to the SAT solver, they do exist. In fact, there are two pieces of evidence that these impacts
can sometimes be harmful. First, as mentioned above, previous work found that it is best to only apply
chronological backtracking on large backtracks where it has the potential to save the most work. If there
were no harmful effects it would always be effective to apply chronological backtracking. And second,

in our empirical results below we show that our new trail saving technique, which always uses standard
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backtracking, can often outperform chronological backtracking. Although our technique reduces the solver’s
work on redescent it does not completely eliminate it like chronological backtracking does. Hence its superior

performance can only occur if chronological backtracking is sometimes harmful.

4.3.3 Combination of Chronological Backtracking and Trail Saving

It is possible to combine chronological backtracking with our trail saving technique to reduce the amount
of work required whenever the solver performs non-chronological backtracking. However, chronological
backtracking greatly reduces the potential savings that could be achieved by our method since most of its non-
chronological backtracks are relatively short (less than threshold 7" levels). In our preliminary experiments
this combination did not seem promising.

Nevertheless, there is good evidence that chronological backtracking can improve SAT solver perfor-
manceE] and it seems to be the case that it is better to perform chronological backtracking in some branches
of the search tree. Hence, an interesting direction for future work would be to develop better heuristics about
when to use chronological backtracking in a branch and when to use standard backtracking augmented by

our trail saving method.

4.4 Trail Saving

In this section, we will outline our new approach, trail saving, precisely, prove its correctness, and show how
to implement it in a modern SAT solver. Some examples are provided to illustrate how trail saving works and
why it can save time during unit propagation. We will then describe some enhancements in Section {.4.4Jto

trail saving that we developed to try to further improve its performance.

4.4.1 Approach

Our approach is to save the trail 7 on backtrack, and to use the saved trail 74, When the solver redescends
to improve the efficiency of propagations without affecting the decisions the solver wants to make. The saved
trail 744 also provides a secondary “lookahead mechanism” that the SAT solver can exploit as it redescends.

Suppose that the solver is at Lg., Where it has encountered a conflict. From the 1-UIP clause it learns,
C}.uip, it now has to backtrack to Lp,y. This is accomplished by calling BACKTRACK(Lpyer), shown in
Figure 4.1 which saves the backtracked portion of the trail.

Note that BACKTRACK does not save the deepest level of 7. The full 7 contains a conflict (at its deepest
level). Hence the solver will never reproduce all the same levels, and it would be useless to save all of
them. Note also that in addition to saving the literals in 7,4,., We also save the clause reason of the unit
implied literals in a separate reasonsqy. vector. Finally, we see that after backtrack the first literal on T4,
is a decision literal: it is the first literal of 7 at decision level Ly, + 1. Literals will be removed from
Tsave during its use, but always in units of complete decision levels. So T4 [0] Will always be a (previous)
decision literal.

After backtrack the solver will add (g, to the end of the updated 7 with reason({ge,) = Cjyp and
then invoke unit propagation. T, is exploited during propagation by the version of PROPAGATE shown

2Chronological backtracking can also be extremely useful in contexts where each descent can be very expensive, e.g., when doing
theory propagation in SMT solving [93]], or component analysis in #SAT solving [|6]. In these cases, chronological backtracking, by
avoiding backtracking and subsequent redescent, has considerable potential for improving solver performance.
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in Figure which will initially be invoked with the argument ¢({g,) (i.e., the trail index of the newly
added implicant). The saved trail will be continually consulted during the solver’s descent whenever unit
propagation is performed. When backtrack occurs, 74 Will be overwritten to store the new backtracked
portion of 7.

Tsave 1s consulted in the procedure USESAVEDTRAIL (Figure @ This procedure tries to add saved
implied literals and their reasons to the solver’s trail, when these implications are valid. We will show below
that those implications that are added are in fact valid. We do not interfere with the solver’s variable decisions.
Instead we opportunistically test to see if literals implied on 7, are valid implications for the solver given
the solver’s current decisions.

Tsave[0] is always a (previous) decision literal d with reasongq,.(d) = @. Note that, since new literals
(e.g., Laeep) have been added to 7, d might now be an implied literal on 7 (i.e., reason(d) # @) even though
before the backtrack it was previously a decision (i.e., Teasonsae(d) = @). If d has been assigned false by
the solver (i.e., =d € T ), we cannot add any implied literals below it on T4, to T as these implied literals
depend on d being assigned true. In this case we stop looking for more literals to add to 7~ (line 23)).

On the other hand if d has been made true by the solver we can continue to add all of the implied literals
below it (up to but not including the next decision literal on T4y.) to 7 (line @]), reusing their saved reasons.
Any literals that have already been made true by the solver can be skipped (line [28). Finally, if we encounter
a literal that has already been falsified by the solver, then its saved reason clause must be falsified by the
solver and we can return it as a conflict (line . If a conflict is encountered, we leave 74, unchanged by
resetting idx to zero. Otherwise, idx will be the number of literals at the front of 74, that have been moved
to 7 (or skipped over since they are already on 7). We then remove the first idz literals from T4, (line[36),
and return the conflict (equal to @ if no conflict was found).

An illustration of this entire trail saving process is given below in Example [I0]

Example 10 Figure provides an example of how Tsqu. is used. Initially the literals 1 to 114 are on the
solver’s T, and Tyaye is empty. This is shown in the first two lines of the figure. In the figure the superscript
on the literals indicates their decision level, and a superscripted * indicates that the literal is a decision.
Hence 13* indicates that decLvl(ly) = 1 and that |y is a decision.

Then a conflict is found at level 6 and the 1-UIP clause (—ly,—l3, —l12) is learnt. Thus the solver will
backtrack to level 2, where it will add —l15 as a unit implicant. The next two lines show T and Ty right
after the backtrack to level 2: the backtracked levels have been copied into Tgqye omitting the conflict level 6.

The new unit —ly5 is now added to T and unit propagation performed adding l; and lg to level 2. Since
the first literal on Tyape, U5, has reasonsqye (I5) = @ (Is was a decision on T at the time backtrack occurred)
and is not yet true, Tsape is not helpful at this stage. The status of T and Tgqye at this point is shown in the
figure.

After unit propagation is finished the solver makes a new decision, which happens to be (but is not forced
to be) ls. Now Tgaue can be used: ls is true so it is removed, lg is unassigned so it is added to T, l7 is true
and so removed, lg is unassigned so it is added to T, lg is true and removed, and finally 1o and 11, are
unassigned and so are added to T . In this example, Tyqye Is emptied, and cannot contribute more to T .

All of these units are added to T before the solver starts to unit propagate l5. Since, new literals have
been added to T before l5 the solver must propagate s and all of the literals that follow it before making its

next decision.
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1: BACKTRACK(Lpgex)

2 Ve € T{[Lpack+1 ... Loeep—1]] T€aSON500c (£) = reason (L)

3: Tsave = T[[Lback-l-l .. 'Ldeep_]-“

4 T: T[[O'“Lback”

1 propagate ()

2 while idx < T .size() do

3 ¢ < USESAVEDTRAIL ()

4 if (¢ # @) then

5 \ return c /* Found conflict from Tsqpe */
6 £+ Tlidzx)

7 for each clause ¢ € watchlist(—¢) do

8 if (c is unit implying x) then

9 T.addToEnd(z);

10 reason(x) < ¢

11 else if (c is falsified) then

12 \ return c /* Found conflict from unit prop. */
13 else

14 | Update c¢’s watches.

15 idx++
16

17 useSavedTrail ()
18 idr < 0;c+ @
19 for (; idz < Tsave.size(); idx++) do

20 ls(we — 7;Lwe [/de]

21 if (reasonsave (lsave) = @) then

22 if (lsave € T) then

23 ‘ continue /* true in solver, we can use its implied lits */
24 else

25 ‘ break /* Only solver can set decisions, so we stop here */
26 else

27 if (lsave € T) then

28 | continue

29 else if (—lsqve € T) then

30 /* contradiction, return conflict and reset ¢dx */

31 ‘ ¢ < 1eas0MNsqve (lsave ); 1dz < 0; break

32 else

33 T .addToEnd (lsave)

34 ‘ reason (lsave)  1€aS0Nsqve (lsave)

35 for (i < 0; i < idx; i++) do

36 | Tsave.removeFront()

37 return c

Figure 4.1: Using T4y in unit propagation and conflict detection
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A T R
,7-50/06
1-UIP (—lq, —l3, —l12) and backtrack 2 (Lpacx)
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Tsave Iz lg iz lg 15 lio li1
Unit Prop =012 (Cgeep), Tsave NOt yet helpful

I iy 3 i Al 17 3
Tsave I3 lg Iz lg 13 lio l11
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Figure 4.2: Use of T4, from Example[I0] The literal’s decision level is indicated in its superscript, and a
* superscript indicates that the literal is a decision. The highlighted text in between the trails indicates what
the SAT solver is doing next.

4.4.2 Potential Benefits of Trail Saving

As noted in the previous example, unit propagation has to be rerun on all saved literals added to 7 from
Tsave- Thus our technique, unlike chronological backtracking, does not completely remove the overhead of
reproducing the trail on the solver’s redescent. Nevertheless, trail saving improves the efficiency of this re-
descent in three different ways. First, by adding more forced literals to the trail before continuing propagating
the next literal, propagation can potentially gain a quadratic speedup [94,|71]. Second, propagation does not
need to examine the reason clause of the added literals. If these literals were not added by USESAVEDTRAIL,
propagation would have to traverse each of these reason clauses to determine that they have in fact become
unit. Third, when a conflict is returned by USESAVEDTRAIL all further propagations can be halted. The
added literals and their reasons will be sufficient to perform clause learning from the conflict returned by
USESAVEDTRAIL. Since trail saving can sometimes save hundreds or thousands of literals at a time, these
savings can in sum be significant.

For completeness, we provide Example [TT]|below that illustrates how trail saving can lead to a speedup
in unit propagation.

Example 11 Suppose the literals x1, ...z, are on Tqye, with none of xs, ...x,, having a null reason, and x
becomes true (e.g., the solver makes a decision for x; to be true). Then, xo, ...z, are implied by the current
trail. Now we will examine the propagation of a clause ¢ which consists of the literals |, —~x1, —Ta, ..., Ty
with and without trail saving. Assume | and —x1 are the current watcher literals.

Without trail saving, —x1 becomes false and a new watcher is searched for and found 1 literal later, —xo,
and then —x1 and —xo are swapped. Next —xo becomes false, a new watcher is searched for and found 2
literals later, —x3, and then —xo and —x3 are swapped. This process will continue until all x., literals are
false, ¢ becomes unit, and | becomes forced to be true. This propagation took 1+ 2+ ... +n searches through
clause c, for a total of O(n?) searches.

With trail saving, xo,...x, are all assigned to be true as soon as x1 is made true, so immediately the
values of literals —x1, ..., ~xy in ¢ are false. During propagation, a new watcher is searched for to replace
—xo, n literals are searched over without finding any, thus c is detected as unit and | becomes forced to be

true. This propagation took O(n) searches through clause c. B

6
l13

6
ll4
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4.4.3 Correctness

Now we will prove that our use of 74, preserves the SAT solver’s soundness. In particular, 7,4 is only
used in the procedure USESAVEDTRAIL, in which it either adds new literals to the solver’s trail, or returns
conflict clauses to the solver. Hence, we only need to show that these new literals are in fact unit implied and
the conflicts are in fact falsified by the solver’s trail. Since both 7~ and 7T, are sequences of literals (with

associated reasons) we can consider their concatenation denoted as 7 + Tqve-

Theorem 1 For any T and Tsave, if T + Tsave is reason sound(Sectiond.2)) then the following holds. If the
Sirst i literals on Tgae are all in T (V5,0 < j < i = TsavelJ] € T) and Tsave|i] = 1 is an implied literal with
1eaS0Nsave (1) = C, then C has been made unit by T implying l.

Proof: Since T + Tsqve 18 reason sound, every literal in C other than [ appears negated before [ in the sequence
T + Tsave- Thus for x € C we have = € T or =2 € Tape[0] - - . Tsave[t — 1]. But in the later case we also
have —x € 7.

This theorem shows that USESAVEDTRAIL’s processing is sound whenever 7 + Tq,¢ is reason sound.
In this procedure, an implied literal from 7y, is added to 7 (line @I) only when all prior literals on T;qye
are already on 7T (i.e., previously on 7 or already added to 7). Thus each new addition is sound given
the soundness of the previous additions. If [ is to be added, Theorem [I| shows that every other literal in
reasonsaye (1) has been falsified by 7. Hence, if [ is to be added but [ is also falsified by T, then reasonsqye (1)
is a clause falsified by 7T, thus it is a sound conflict for the solver, and that is exactly how USESAVEDTRAIL
handles that case.

Now we only have to show that 7 + T4 is always reason sound during the operation of the solver.

Let T.removeFront() be a routine which removes and returns the top literal from a trail 7.

Proposition 1 If T + Tsaue is reason sound then T' + T/, is reason sound in all of the following cases.
1. Tsauel0) €T, T =T, and T},,. = Tsave-removeFront().
2. T' =T + Tsavel0] and T/,,,. = Tsave-removeFront().

3.7 =T+ Toew and T e = Tsave and T is reason sound, where T, is the sequence of literals
added to T by the solver since the last backtrack.

4. We also have that T is reason sound if T was generated by the solver.

Proof: (1) Tsave|0] already appears earlier in the 7 so it can be removed without affecting the soundness of
any reason following it. (2) is obvious as the sequence is unchanged. (3) the reasons in 7 + 7,¢,, are sound
by assumption. Those in 7,4, remain sound as they depend only on the literals in 7 and prior literals on

Tsave» both of which are unchanged. (4) is obvious from the operation of unit propagation in the solver. []
Theorem 2 T + Tqpe is always reason sound during the operation of the solver.

Proof: Tsave starts off being empty, so 7 + Tsqape = T is reason sound as it was generated by the solver (4).
In procedure BACKTRACK T + Tave is set to a trail that was previously generated by the solver (4). The
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solver can add to 7 by decisions and propagations without using T;4ve. In this case 7' = T + Tpew, and T is
reason sound by (4), thus the new 7" + T4 is reason sound by (3). Finally, in procedure USESAVEDTRAIL
either (a) literals at the front of 7, are discarded since they already appear on T, or (b) literals are moved

from 7544 to 7. Under both of these changes T + 744 remains reason sound by (1) and (2). []

4.4.4 Enhancements

We developed three enhancements of the base trail saving method described above. In this section we present

these enhancements.

Saving the trail over multiple backtracks

It can often be the case that when the solver finds a conflict and backtracks to Ly, it might immediately find
another conflict at Ly, causing a further backtrack. In the procedure BACKTRACK every backtrack causes
Tsave to be overwritten. Hence, in these cases most of the trail will not be saved—only the portion from the
last backtrack. Our first extension addresses this potential issue and also provides more general trail saving
in other contexts as well.

This extension is simply to add the latest backtrack to the front of 7y, leaving all of the previous con-
tents of T4, intact. Specifically, we replace line 3] of BACKTRACK by the new line:

3. Tsave = T{[Lback+1 - - Laeep—1]] + Tsave
It is not difficult to show that this change preserves soundness. Only Theorem 2]is potentially affected. How-
ever, we know that T4, is unchanged at the level at which a conflict occurs: either the conflict is detected
without consulting T4 or if the conflict comes from T4, then USESAVEDTRAIL leaves 74, unchanged
(line . Hence, at the level before the conflict occurred we have inductively that 7([0. . . Lgeep—1]] + Tsave
was reason sound, and hence sois 7'47 ., With 7" = T[[0. .. Lpae]] and 7. = T [Lpack+1 - . . Laeep—1]]+
Tsave-

When adding to the front of 7, in this manner 7,4, can grow indefinitely. So we prune 74, When
it gets too large by (a) removing Tsave[t] if Tsavelt] = Tsavelj] for some j < i (Tsape|i] is redundant), and
(b) removing the suffix of Tgaye starting at Tape [i] When Tgape[J] = —Tsave[t] for some § < @ (Tsaue[i] will
never be useful as its negation, Tqye[j], would have to be added to T first). In this way Tu. need never

become larger than the number of variables in F.

Lookahead for Conflicts

In USESAVEDTRAIL we stop adding literals from 74, to 7 once we reach a decision literal d on T4y
that is not yet on 7 (line 25] of USESAVEDTRAIL). This is done so that the solver has full control over
variable decisions without interference from the trail saving mechanism (unlike the case with chronological
backtracking). However, another option would be to force the solver to use d as its next decision literal, which
would then allow us to further add all of d’s implied literals on T4, onto 7. This can be done for the first k
decisions on T4y for any k. But in general, we do not want to remove the solver’s autonomy by forcing it
to make potentially different decisions than it might have wanted to.

However, if there is a literal [ € T4, for which =/ € T, we can observe that forcing the solver to make
all of the decisions of T4 that lie above ! will immediately generate a conflict in the solver: reasonggye (1)

will be falsified. In fact, in this situation we would not even need to perform unit propagation over the literals
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added from 7Tgg,e; the literals and their reasons obtained from 74, would be sufficient to perform 1-UIP
learning from reasonsgye (1).

We experimented with this “lookahead for conflicts” idea using various values of k. We found that k = 2,
i.e., forcing up to two decisions from 7, to be made by the solver, often enhanced the solver’s performance.
Limiting the lookahead to only one decision level of T4, Was not as good, and looking ahead more than
2 decisions of T4ye also degraded performance. This provides some evidence that taking too much control
away from the solver and forcing it to make too many decisions from 7y, can lead to conflicts that are not
as useful to the solver.

Reason quality

The saved trail can be thought of as remembering the solver’s recent trajectory. Sometimes we want to follow
the past trajectory, but perhaps sometimes we do not. In particular, when adding literals from 74, to T we
can examine the quality of the saved reasons to see if they are worth using. Once we encounter a literal with a
low quality saved reason we stop adding literals from 74, to the solver’s trail. In particular, we can change
lines [33H34] of USESAVEDTRAIL to the following:

31.5 if (lowQuality(reasonsaye (Isave ))) break
32. T .addToEnd (Isaye)

33. reason (lsape ) <— 1€aS0Nsqve (lsave)

Note that the solver will still set the un-added literals as they are unit implied by 7, but it might be able
to find better reasons for these implicants. There is of course no guarantee that better reasons will be found,
but our empirical results show that sometimes this does happen. We experimented with two quality metrics,
clause size and clause LBD, obtaining positive results with both. These results also provides evidence against
the argument given in the paper by van der Tak et al. [72] that changing literal reasons is not impactful. With
an appropriate clause quality metric, the changing of literal reasons can have an impact.

4.5 Enhancements Which Were Not Successful

Learning Multiple Clauses from a Trail

It is possible to learn a second clause from a saved trail if the conflicting literal on the saved trail is different
than the conflicting literal on the current trail. If the last decision d the SAT solver made did not come from
the saved trail (and assuming that none of the unit propagants of d came from the saved trail), that means
when decision d was made, it was possible to make decision T4 [0], which will still be the top of the saved
trail, instead. Now, one can scan the propagants on the saved trail that come after T4 [0]-

However, we failed to implement this in an efficient way because there are several things to watch out for.
One has to ensure that none of the literals that are unit propagants on the current trail after d could originally
have come from 7;4,. Because this is too restrictive and also involves bookkeeping that tracks whether each
decision has had unit propagants coming from 7., or not, what we tried instead was to allow those unit
propagants to come from 7T, after restoring 74, back to the state it was in when d was made. However,
this was not efficient, and we believe introducing the extra data structure to help restore the trail back to its

previous state slowed down unit propagation too much.
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Nonetheless, we believe this is a good idea for future exploration if the implementation can be made

efficient enough.

Continuing to Use A Trail After Conflict

It is possible to keep using the saved trail even after a conflict is found, but then the reason of every literal
you use has to be checked that it is unit under the current trail. In theory, this could still be beneficial since
often times a lot of the trail is the same, and many of the literals will still be forced from 7. if their reasons
were not made unit as a result of the conflicting literal on T4, (or any of the implications of the conflicting
literal).

However, when we tried to implement this, the results of the SAT solver got a lot worse. It is known that
the unit propagation process is a hotspot of the SAT solver; it must be kept very fast and modern solvers like
cadical rely on the trail and the watchlists of recently accessed literals to be in cache in order to speed things
up. Pulling in reasons from literals which are no longer unit is potentially disrupting the cache, and thus the

efficiency of the unit propagation process.

4.6 Experiments and Results

In this section we will first describe the setup and benchmarks used for our experiments. We will then discuss
a simple analysis of these experiments and the main results of this chapter, which show that trail saving can
improve the performance of SAT solvers. We will also discuss how adding enhancements to trail saving made
a further improvement over using chronological backtracking alone and trail saving alone.

Next, we will do a finer-grained analysis to give evidence that the reason for the performance improvement

is because of a speedup in unit propagation, as hypothesized in Section @.4]

4.6.1 Setup and Benchmarks

We implemented our techniques in two different SAT solvers, MapleSAT and cadicalﬂ both of which have
finished at or near the top of SAT competitions for the past several years [95}84]. We then ran each solver on
the 800 total benchmark instances used in the main tracks of the 2018 SAT Competition and 2019 SAT Race.
The experiments were executed on a cluster of 2.7 GHz Intel cores with 5000 seconds CPU time and 7 GB
memory limits for each instance. We chose not to output or verify the proofs generated by any of the solvers

(in order to reduce the resources necessary to conduct the experiments).

4.6.2 Main Experiments

The first set of experiments shows how trail saving and each of the enhancements impacts the performance
of SAT solvers and compares it with the impact of chronological backtracking. These are the main results of
this chapter that indicate that our techniques were successful. The Par-2 scoref] obtained and total instances
solved by each solver are reported in Figures and [4.6] We also show the cactus plot of the new
version of cadical in Figure #.4)and MapleLCMDist in Figure

30ur implementation is available at https:/github.com/rgh000/cadical-trail.
4The Par-2 score [96] is the sum of all run times of all solved instances plus two times the timeout limit times the number of unsolved
instances, all divided by the total number of instances.
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Total | SAT | UNSAT | Avg. Par-2
cadical 532 | 314 | 218 4025
cadical-chrono 525 308 | 217 4086
cadical-trail 529 310 | 219 4060
cadical-trail-multipleBT 530 313 | 217 3930
cadical-trail-multipleBT-lookahead 531 313 | 218 4020
cadical-trail-multipleBT-lookahead-reason | 538 319 | 219 3854

Figure 4.3: Table of results for cadical (version pulled from github as of January 1, 2020) with non-
chronological backtracking, cadical with chronological backtracking, cadical with trail saving, and cadical
with trail saving and various enhancements on top. Trail saving without enhancements results in an im-
provement over chronological backtracking, but not an improvement over the original. Trail saving with all
enhancements added results in a significant improvement in number of instances solved and average Par-2
score.

In Figure we used the newest version of cadical (downloaded as of January 1, 2020) as the base-
line solver, in Figure @] we used the version of cadical published in 2019 [83] as the baseline, and in
Figure [.6) we used MapleLCMDist [97, 98]] as the baseline. Each of the baselines were run with standard
non-chronological backtracking. We then refer to versions of each solver with additional features imple-
mented on top by adding suffixes. "-chrono" refers to the solver with chronological backtracking enabled
(using the solver’s default settings), "-trail" refers to the baseline with plain trail saving added (as described
in Figure [.T)), "-trail-multipleBT" refers to the baseline with trail saving plus the first enhancement of saving
over multiple backtracks, "-trail-multipleBT-lookahead" also adds the enhancement of lookahead for conflicts
by 2 decision levels, and "-trail-multipleBT-lookahead-reason" also adds the final enhancement to cease trail
saving once a reason of "low quality" is reached. For more details on the enhancements, please see Section
42

Interestingly, chronological backtracking made the newest version of cadical perform worse than the
baseline (Figure .3). This demonstrates that chronological backtracking is not always beneficial. Trail
saving alone did not impact the performance of this solver significantly, but adding all of the enhancements
on top of trail saving resulted in solving six more instances and yielding a better Par-2 score than the baseline.
The key enhancement for this solver seemed to be the last one where we stop using the saved trail once we
detect a reason of "low quality”. We tried both clause size and LBD as the clause quality metric, and both
yielded a positive gain, with clause size being slightly more effective.

The version of cadical used in Figure[4.5]did show benefits from chronological backtracking in agreement
with previously published results [83]]. Trail saving alone did not significantly impact this solver, but adding
all of the enhancements on top of trail saving resulted in solving the same number of instances as the solver
with chronological backtracking did, albeit with a slight increase in the Par-2 score.

MapleLCMDist (in Figure [4.6)) is another solver that benefited from chronological backtracking. In this
solver trail saving alone solved two more instances than the solver with chronological backtracking did.
Adding the first two enhancements on top of trail saving resulted in solving only one more instance but
yielded a better Par-2 score than the solver with chronological backtracking. Adding the last enhancement of
ceasing trail saving on a "low quality" reason made the performance worse, whether clause size or 1bd was
used as the clause quality metric. This suggests that the enhancements to trail saving have different impacts
on different solvers.
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Figure 4.4: Cactus plot for the newest version of cadical comparing standard non-chronological backtracking
to chronological backtracking and various configurations of trail saving. The first 400 problems were solved
in less than 1200 seconds, so that part of the plot is truncated. cadical with trail saving and all enhancements
solves instances faster and solves more instances overall.

|
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Total | SAT | UNSAT | Avg. Par-2
cadical-19 492 | 289 | 203 4378
cadical-19-chrono 498 292 | 206 4300
cadical-19-trail 493 | 290 | 203 4403
cadical-19-trail-multipleBT-lookahead 496 | 292 | 204 4356
cadical-19-trail-multipleBT-lookahead-reason | 498 292 | 206 4351

Figure 4.5: Table of results for an earlier version of cadical as it existed at the time of the paper by Mohle
et al. [83]], cadical with its first implementation of chronological backtracking (named "chrono" when it was
originally published [83]]), and various configurations of trail saving. We call this cadical-19 to distinguish
it from the newer version of cadical used in other experiments. Although chronological backtracking shows

significant improvement, that improvement is matched by trail saving with all enhancements.

Total | SAT | UNSAT | Avg. Par-2
maple 458 259 | 199 4746
maple-chrono 470 271 | 199 4613
maple-trail 472 271 | 201 4618
maple-trail-multipleBT-lookahead 471 272 | 199 4597
maple-trail-multipleBT-lookahead-reason | 469 271 | 198 4633

Figure 4.6: Table of results for MapleLCMDist with standard backtracking, with chronological backtracking,
and with various configurations of trail saving. Trail saving provides an improvement in instances solved and
speed (as measured by Par-2), but the enhancements make the performance worse for MapleLCMDist.

51



CHAPTER 4. TRAIL SAVING ON BACKTRACK 52

5,000 ‘ ‘ ]
—— maple o
R maple-chrono @
4,500 - | maple-trail ‘ 1

—8—  maple-trail-multipleBT-lookahead
40000 | maple-trail-multipleBT-lookahead-reason

3,500 |

w
[=3
S
=

T

N
ot
(==
[«=)

T

Run Time (sec)

=

o

(=

(=)
T

L L L L L L L L L L L L L L L L
300 310 320 330 340 350 360 370 380 390 400 410 420 430 440 450 460 470 480

Instances Solved

Figure 4.7: Cactus plot for MapleLCMDist comparing standard non-chronological backtracking to chrono-
logical backtracking and various configurations of trail saving. The first 300 problems were solved in less
than 600 seconds, so that part of the plot is truncated. Trail saving solves slightly more instances, while
trail saving with the lookahead enhancement is solving instances faster, although not solving more instances
overall.
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Propagations Per Second in Cadical

71 ,
/-’
213 instances : :.’
had increase 7
67 in props/sec - .
by > 0.1M
51 v

o ase o
eoccvece
e

N

.

149 instances

had decrease
in props/sec
by > 0.1M

Trail Saving props/sec (in M)

4 5 6 7
Baseline props/sec (in M)

Figure 4.8: Comparing unit propagations per second performed by the SAT solver with and without trail
saving in cadical. Dots on the left hand side of the diagonal line represent instances where trail saving had
more propagations per second, and dots on the right hand side of the diagonal line represent instances where
trail saving had fewer propagations per second. We can see that the instances skew towards the left at least
slightly (thus indicating trail saving tends to increase propagations per second).

4.6.3 Measuring Propagations Per Second

As a follow-up to the experiments above, we did a more fine-grained analysis to give further evidence that the
improvement trail saving provides really comes from speeding up the propagation, as opposed to something
more subtle but unintended such as changing the order of the watchlists. Although the latter may seem
unlikely, when dealing with SAT solvers, it is very difficult to determine the exact reason that a technique is
improving things, because sometimes a seemingly minor change can unexpectedly cause a significant change
in performance.

In Figure we plotted the propagations per second for each instance with and without trail saving
enabled in cadical (rounded to the nearest 0.1 million). This data was computed from the same experiments
run before. Only the 506 instances solved by both solvers are plotted. With trail saving enabled, 213 instances
had more propagations per second, 149 instances had fewer propagations per second, and 144 instances
had about the same number of propagations per second. On the graph, points above the diagonal represent
instances where trail saving had faster propagation. The graph illustrates that the majority of the time cadical
with trail saving enabled propagated literals faster than cadical without trail saving enabled, as we predicted

would be the case earlier in this chapter.
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4.7 Discussion

In this chapter, we identified some redundant work that SAT solvers perform, namely that they reconstruct the
same portions of the trail over and over again, and have introduced a new technique, trail saving, to efficiently
reuse the assignment trail in a SAT solver. There is another new SAT solving technique, chronological
backtracking, that also takes care of similar redundant work that trail saving takes care of (and does so with
less overhead); however, we argued that chronological backtracking can have other undesirable effects on the
execution of the main SAT solving search that trail saving can avoid.

We have demonstrated experimentally that our trail saving technique can speed up two state-of-the-art
SAT solvers, cadical and MapleSAT, as effectively or more effectively than chronological backtracking can
on a wide range of benchmarks from the SAT Competitions. We then showed empirically that trail saving
leads to faster unit propagation (by measuring the number of unit propagations per second), confirming our
hypothesis and helping to explain why it is effective.

We also introduced three enhancements one can implement when using a saved trail, including saving the
trail over multiple backtracks and appending them together, using the saved trail to lookahead for conflicts,
and rejecting the usage of the trail’s reason when the reason is of "poor quality". We demonstrated exper-
imentally that these enhancements can sometimes improve a SAT solver’s performance. We have proven
that trail saving and all enhancements we proposed are sound. Some other possible enhancements were also

proposed and tried, but were not successful for us.

4.7.1 Future Work

There are many avenues that can be pursued in future work. One interesting direction would be to use the
saved trail to help make inprocessing techniques [92] faster. Especially for those inprocessing techniques that
rely on doing unit propagation to gather information (sometimes referred to as probing), a saved trail can be
thought of as a cheap rough approximation to unit propagation.

Using the saved trail to learn multiple clauses from a single conflict is also possible when the saved trail
and current trail each have a different contradictory literal. Our attempts at implementing this did not lead
to success, but there are alternative implementations to try. Learning multiple clauses could also be possible
when saving multiple different trails at a time instead of just one (e.g., when the solver has backtracked to the
same spot in the search tree more than once).

It is also possible to combine trail saving with chronological backtracking, but it would require further
work to determine whether or not this would be useful and how to best approach it. Our attempts to do so did
not yield positive results. Recently in MergeSAT [99]], a combination of the two has been implemented, but
an extensive analysis of whether the combination helps on a wide range of benchmarks is still to be done.

Finally, it may be possible to extend trail saving to other domains. In a paper by Bankovic and Scepanovic
[23]], trail saving was extended to SMT solving with mixed success, but left room for the implementation to be
developed further. Other domains which perform propagations to construct partial assignments, and that tend
to have repeating sequences of assignments during search, would be good candidates. We think constraint

satisfaction (CSP) solving and model counting (#SAT) would be especially interesting to try.
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4.8 Application: Trail saving on Planning Instances

Trail saving seems to work especially well on planning instances, even though we didn’t restrict any of
our experiments in the last section to focus specifically on planning. A version of the cadical SAT solver
implementing trail saving [100] won the Planning Track of the 2020 SAT Competition [96].

Planning instances were one of the first instances that SAT solvers were used for and have always been of
interest to the SAT community. There is an extensive literature on techniques for efficiently solving planning
instances with SAT solvers [[101]].

4.8.1 Objective

To further demonstrate that trail saving is effective on planning instances, we implemented trail saving into a
SAT solver and tested how well it did in the FOND-SAT [|102] planner.

FOND-SAT is an efficient SAT-based planner for fully observable non-deterministic (FOND) problems.
Heuristic search planners such as PRP [[103]] tend to dominate SAT-based planners on FOND planning do-
mains, including most of those seen in the International Planning Competition [104]]. However, a paper by
Geffner et al. [[102] introduced some interesting new domains where FOND-SAT dominates.

Our objective is to show that trail saving can be effective in this domain, but first we will have to upgrade
the SAT solver that FOND-SAT is using to a more modern SAT solver. FOND-SAT used minisat, a good but

old solver, so our first task was to make FOND-SAT use cadical.

4.8.2 Experimental Setup

For all experiments listed in this section, each planner was run on a 4.2 GHz CPU. Each instance was given a
time limit of 3600 seconds and a memory limit of 4 GB. The same 484 total instances over 14 different FOND
planning domains from the paper by Geffner et al. [[102] were used for each experiment. The results focus on
finding strong cyclic plans in all experiments in this section. The source code for the best version of FOND-
SAT incorporating all of the experiments in this section can be found at https://github.com/rghO00/FOND-
S AT-speedup.

4.8.3 Trying Different SAT Solvers

The original version of FOND-SAT used minisat [105]], which does not include many of the SAT solving
techniques developed in the last 15 years. Some of these heuristics include new clause deletion heuristics,
learnt clause minimization, new branching heuristics, phase targeting based on local search, and others [|106].

The first attempt to improve the performance of FOND-SAT was to experiment with more modern SAT
solvers in place of minisat. Some of the solvers tested were cadical [[107]], Glucose [108]], and MapleSAT
[109]. The results of the original, minisat, and the best SAT solver, cadical, are listed in Figure @] alongside
the results of PRP for reference.

It can be seen that cadical solves more problems than minisat in most of the domains and is quite a bit
faster, however cadical fails to close the gap between FOND-SAT and PRP with any significance in those
same domains that PRP dominates in. In general, using a better SAT solver will make FOND-SAT solve
slightly more problems and speed up quite a bit, but it does not seem to be the answer to significantly
improving FOND-SAT’s performance in domains it previously had trouble with.


https://github.com/rgh000/FOND-SAT-speedup
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minisat | minisat | cadical | cadical | PRP PRP
Instance Domain solved | time(s) | solved | time(s) | solved | time(s)
tireworld-truck 73 331.1 74 207.0 21 177.3
triangle-tireworld 3 214.1 4 219.0 38 59.1
islands 57 317.4 57 125.8 28 454
zenotravel 5 348.4 5 443.5 14 4.6
acrobatics 3 24.0 4 161.5 8 79
earth_observation 6 105.9 7 859.8 40 0.4
doors 14 637.3 15 223.7 12 1.3
first-responders-08 49 248.3 51 232.3 74 0.5
miner 48 616.0 50 639.5 10 239.6
elevators 7 101.9 7 418.9 14 0.2
beam-walk 3 421.8 3 106.7 11 10.8
spiky-tireworld 10 1039.7 10 517.2 1 32.4
tireworld 12 17.3 12 15.9 11 0.2
blocksworld-08 10 86.1 10 433.7 29 1.1
total 300 309 311

Figure 4.9: Number of instances solved followed by total average time taken per instance (in seconds) for
minisat, cadical, and PRP.

4.8.4 Trying Different Heuristics

Tuning heuristics has been successful in improving the performance of SAT-based classical planners [[110].
The next attempt to improve the performance of FOND-SAT was to try several different heuristics and deter-
mine which ones work best for FOND planning.

Several different variable selection heuristics were experimented with, including prioritizing action vari-
ables and prioritizing action variables which have a fluent in common with the goal state, but none of these
yielded positive results. Similarly, many clause deletion heuristics were tried such as prioritizing shorter
clauses more than usual, but none of these ended up being advantageous either.

The first heuristic that made a positive difference was to add in trail saving, as covered earlier in this
chapter. The other heuristics that did make a positive difference in performance were heuristics that turn
off features in modern SAT solvers which target satisfiable instances. This makes sense because the FOND-
SAT algorithm often has to send many unsatisfiable instances to the SAT solver before it sends a satisfiable
instance. The heuristics that were turned off in the best version were chronological backtracking [[111]],
stabilized restarts [112], and random walk exploration [[111]]. This version beat the others in total problems
solved (or total run time in the case of a tie) on every domain except islands. The results comparing various

different heuristic settings are listed in Figure [4.10}

4.8.5 Observations

Altering the SAT solver inside of FOND-SAT made improvements in speed and modest improvements in total
number of problems solved. Furthermore, we saw that similar to regular planning instances, trail saving also
makes a modest but definite improvement in performance for FOND instances that have been translated into
SAT (at least for the FOND-SAT tool). However, FOND-SAT still can not compete with PRP on most of the
FOND planning domains that come from the planning competitions, despite having been given a significant

performance improvement. Given the fact that the biggest hindrance for the SAT-based approach to FOND
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default | default | trail-sav | trail-sav | unsat unsat
Instance Domain solved | time(s) | solved time(s) | solved | time(s)
tireworld-truck 74 274.0 74 238.3 74 207.0
triangle-tireworld 4 570.2 4 549.2 4 219.0
islands 57 209.4 55 165.0 55 125.8
zenotravel 5 714.1 5 638.8 5 443.5
acrobatics 4 272.7 4 272.4 4 161.5
earth_observation 7 614.5 8 786.8 10 859.8
doors 15 540.9 15 406.8 15 223.7
first-responders-08 51 280.2 52 306.8 52 232.3
miner 50 755.2 50 713.9 50 639.5
elevators 7 73.9 7 71.9 8 418.9
beam-walk 3 216.3 3 214.9 3 106.7
spiky-tireworld 10 794.5 10 699.9 10 517.2
tireworld 12 38.0 12 43.0 12 15.9
blocksworld-08 10 92.4 11 397.2 12 433.7
total 309 310 314

Figure 4.10: Number of instances solved and average run times for the default cadical solver, the solver with
trail saving (trail-sav), and the solver with trail saving, without stabilized restarts, and without random walk
exploration (unsat).

planning is the encoding size of certain problems, it is likely that a radical modification to the encoding is
required to compete with PRP in the problem domains that PRP currently dominates in.



Chapter 5

Large Neighbourhood Search for
Anytime MaxSAT Solving

5.1 Introduction

5.1.1 Motivation

Due to significant advances in maximum satisfiability (MaxSAT) solvers over the past decade, MaxSAT [113|
114]] has proved itself to be very effective at modelling and solving a range of discrete optimization problems
(see the chapter on maximum satisfiability [|114] in the Handbook of Satisfiability).

Although the field had previously concentrated on building better complete MaxSAT solvers, i.e., solvers
designed to find optimal solutions, in recent years incomplete MaxSAT solvers have become increasingly
important. Incomplete solvers do not aim to find optimal solutions, but rather at finding good solutions in
less time. In particular, they offer no guarantees on the quality of the solutions they produce, but can be
more readily applied in anytime contexts. As the range of applications of MaxSAT solving has grown, some
real-world applications, e.g., physical design stage for Computer-Aided Design [40], high school timetabling
[L15], etc., have been found to generate problems that are either too large or too difficult for complete solvers
to solve to optimality in a timely manner. Hence, as with many real world applications of optimization
technology, good but not necessarily optimal solutions produced in a reasonable time frame are sought.

Driven by this need, several new ideas, e.g., [40,|116}/117] have been developed and proved successful in
improving incomplete MaxSAT solvers (as demonstrated in the annual MaxSAT evaluationﬂ), and anytime
MaxSAT solving has become an increasingly active area of research in the past few years.

Many of the best anytime MaxSAT solvers rely on taking a solution and continually improving it slightly,
by either guiding it towards satisfying more weight (i.e., equivalently falsifying less cost) with polarity se-
lection heuristics [40]], adding constraints that prevent the next solution from being worse than the last one
[77], or flipping the truth value of some variables to search for a better solution [118]]. The aforementioned
anytime algorithms all have a similar property in that they search for new solutions that are "near" the last
solution found. What we mean by "near" the last solution is that they either will share a lot of the same truth
assignment values or they will satisfy almost all of the same clauses. Indeed, when we observe the behaviour
of these algorithms, we see that they all tend to find high quality MaxSAT solutions very quickly (to a point

Ihttps://maxsat-evaluations.github.io/2021
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that is usually a high percentage of the optimal), but then "stall" at a local optima and have a hard time im-
proving the solution past a certain threshold. This is because most of them have a local search (or locally
optimizing) component and lead to a lot of redundant work being performed as the anytime solver continues
to find the exact same solutions over and over again. Although incremental SAT solvers can alleviate some
of this redundant work, they do not alleviate all of it and it would be better if we could search through these
similar solutions in fewer iterations to find the best one. Our idea is to do a more thorough and complete
search of a local neighbourhood of the solution space in order to find the optimal solution in that local neigh-
bourhood all at once. The Large Neighbourhood Search algorithmic framework is a perfect candidate to help
us accomplish this.

Large Neighbourhood Search (LNS) [19] is a well-known technique for incomplete solving which has
been successfully applied to many optimization problems. The LNS framework involves repeatedly taking
an initial solution S, defining a “large” neighbourhood N of S, and then searching IV for a better solution than
S. Often N is small enough (when compared to the original problem) that it can be exhaustively searched
with a complete solver. LNS’s effectiveness at finding good solutions is thus determined by the initial solution
S and by the selection of the neighbourhood N. In particular, in LNS one aims to select an N that is likely
to contain better solutions and that can be effectively searched. Typically, multiple different initial solutions
S, and for each S multiple different neighbourhoods NV, are tried. LNS has been successfully applied in a
number of different domains [[119, |120]], showing that it is often possible to develop effective methods for
selecting S and N. One of the main contributions of this chapter is to use LNS to develop an algorithm for

anytime MaxSAT which improves the state-of-the-art solvers.

5.1.2 Summary of Our Contributions

Interestingly, although there has been some related work (as discussed later in this chapter), to the best
of our knowledge, LNS has not yet been directly applied in incomplete MaxSAT solving. As pointed out
above, LNS offers the possibility of exploiting complete solvers in the context of incomplete solving. Since
complete MaxSAT solvers have seen tremendous advances over the past decade, investigating the use of
LNS in incomplete MaxSAT solving seems overdue. In this chapter we address that gap and develop a few
potential neighbourhood selection policies, before settling on one neighbourhood selection policy that gives
the best empirical performance.

Although our Large Neighbourhood Search algorithm does not completely eliminate the redundancy of
finding the exact same solutions over and over again, since it is technically possible to select the exact same
neighbourhood twice (and also possible to select a subset of a previous neighbourhood), we would argue that
it is highly unlikely that the same neighbourhood would be selected twice because we are doing a proba-
bilistic selection among literals and have fixed set sizes that are almost always thousands of literals in sizeE]
Our Large Neighbourhood Search for MaxSAT algorithm is also designed to reduce some redundancy that
locally optimizing solvers suffer from where they stay in the same local region for too long. By exhaustively
searching a neighbourhood with a complete solver and moving on, we believe we are avoiding staying in
the same local region for too long. Of course, many of these locally optimizing algorithms have their own
remedies for escaping local minima, so we are not making the claim that our algorithm definitely does less
redundant work than a local search algorithm, but we think it is very likely that it does.

We then do a more in-depth study showing that our approach can often improve very high quality solutions

21t is worth noting that we also did experiments where we more explicitly tried to rule out selecting the exact same neighbourhood
multiple times with the use of a Bloom filter [|121]], and the performance was almost identical).
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found by other incomplete solvers faster than those incomplete solvers can improve them themselves, but
also find that our approach is less effective at turning poor quality solutions found by those solvers into
good solutions. Using this insight we are able to improve the state-of-the-art in incomplete MaxSAT solving
by budgeting some time to run our LNS approach on the solutions produced by another incomplete solver.
Additionally, LNS finds brand new better solutions for some of the instances that none of the other anytime
solvers were able to find. Our method works for both weighted and unweighted instances, and opens the door

for investigating other potential ways LNS can be used to improve incomplete MaxSAT solving.

5.1.3 Chapter Outline

In the remainder of this chapter, we will first introduce some necessary background and notation before going
on to describe a generic way to apply LNS to MaxSAT solving. We will then describe exactly how we applied
LNS to MaxSAT and give our neighbourhood selection policy, which is the key to getting good performance.
We will also discuss some other possible neighbourhood selection policices, including several that we tried
and did not have as much success with.

Finally, we will present experiments designed to compare how well LNS improves individual solutions,
as well as experiments showing how our LNS approach improved three state-of-the-art anytime MaxSAT

solvers for instances which run in about 300 seconds or less.

5.2 Background

We assume the reader is familiar with MaxSAT solvers and conflict-driven clause learning (CDCL) SAT
solvers [69]. Please refer to Chapter 2 of this thesis and Chapter 4 of the Handbook of Satisfiability [[70] for
more detailed explanations. Below we will introduce some more specific notation and definitions that will be
useful for the remainder of this chapter.

5.2.1 Assignments and Solutions for MaxSAT

A MaxSAT instance F' is specified by a weighted CNF. A CNF is a Boolean formula expressed as a con-
junction of clauses, where each clause is a disjunction of literals, and each literal is a Boolean variable v or
its negation —wv. The CNF is weighted if every clause has an associated weight that is a positive number or
infinity. The soft clauses of the instance F', soft(F'), are those with finite weight while those with infinite
weight are the hard clauses, hard(F'). We use ¢, to denote the weight of clause ¢, and we often regard F’
to be a set of clauses (understood to be a conjunction), and a clause to be a set of literals (understood to be a
disjunction).

A total truth assignment 7 for instance F is a set of literals containing exactly one literal of every
variable of F'. These literals specify the truth assignments given to the variables: 7(v) = true whenv € 7
and 7(v) = false when —wv € 7. 7 satisfies a clause ¢, written as 7 = ¢, if it contains at least one literal of c.
Thus, an empty clause can never be satisfied. The cost of 7, cost(r), is the sum of the costs of the clauses it
falsifies (i.e., clauses ¢ such that = ¢): cost(m) = }_ ¢ 712y Cw- T is a feasible solution of F'if it satisfies
every hard clause of F' (equivalently if it has finite cost). 7 is an optimal solution if it is feasible and has
lowest cost amongst all feasible solutions. That is, an optimal solution satisfies all hard clauses and falsifies

a minimum weight of soft clauses (equivalently, it satisfies a maximum weight of soft clauses).
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Complete and incomplete MaxSAT solvers are used to find feasible solutions. Complete solvers aim
to find optimal solutions while incomplete solvers aim to more rapidly find low cost solutions without any
general guarantees on quality. Anytime MaxSAT solving aims to find the lowest cost solution possible within
a given time limit.

A partial truth assignment « is a set of literals with at most one literal of any variable (but not always
containing a literal for every variable). The reduction of F' by a partial truth assignment «, written as F'|,, is
the process of removing from [’ all clauses containing a literal of o and then removing from the remaining
clauses the negation of all literals in . The weights of the unremoved clauses are unchanged. This process
yields a new instance that is logically equivalent to the formula F' A A, , £. Note, that F|,, is smaller than I’
and is typically easier to solve—especially if « contains a large number of literals. F'|, might contain empty
clauses due to the second step of the reduction process. If it contains an empty hard clause, it has no feasible
solutions. If it contains empty soft clauses, the weight of those soft clauses become part of the cost of every

total truth assignment of F|,.

5.2.2 Large Neighbourhood Search

The LNS algorithm takes an initial suboptimal solution .S, keeps some part of the formula fixed and relaxes
(or reduces) the rest of S to form S;.¢jqzed, then re-optimizes Syeigzeq- The solution from Si.cjqzeq 1S then
combined back with the fixed part of the solution to form a new solution, hopefully better than S. The set
of solutions which can be obtained during this re-optimization is called the neighbourhood. When we refer
to a neighbourhood selection policy, we are referring to the procedure used to relax the problem, and thus
determine the neighbourhood to explore.

Although for our purposes the fixing and relaxing of solutions involves deciding whether to keep certain
variables’ truth values fixed or not, LNS generally is a higher level paradigm and can fix or relax other parts
of a solution as well. One example we explore later is the fixing of clauses from soft to hard, which was not
as successful for us, but there might be other ways of fixing parts of MaxSAT solutions that we did not think
of.

5.3 Using LNS to Solve MaxSAT Problems

In this section, we will lay out our LNS approach for MaxSAT, which we consider to be a generic way to
apply LNS to MaxSAT. We will then provide pseudocode for our method and get into some of the finer
details of our implementation. Next, we will outline our precise neighbourhood selection policy, the key to
getting good performance for LNS. Lastly, we will talk about some other neighbourhood selection policies

and heuristics we tried that did not work.

5.3.1 Our Approach

The first step in applying the LNS technique to a MaxSAT problem is to obtain an initial suboptimal solution
to the problem. For this, we ran an anytime MaxSAT solver for a fixed amount of time and used the best
solution it found as our initial solution. The next step is to select a neighbourhood and reduce the problem.
We did this by selecting a subset of the initial solution assignment and reducing the MaxSAT problem by the

partial assignment that corresponds to that subset.
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The next step is to solve the reduced subproblem. For this, we sent the reduced subproblem to a complete
MaxSAT solver and solved it optimally. We will refer to the process of selecting a neighbourhood and solving
the corresponding reduced subproblem as one round of LNS.

The last step is to take the best solution from our most recent round of LNS and use it as the initial
solution to perform another round of LNS. We continue to perform rounds of LNS to keep trying to obtain

better solutions until we are out of time.

Implementation

An outline of our approach to using LNS in MaxSAT is given in Algorithm[2] Our approach is parameterized
by two auxiliary solvers: (1) an anytime solver AT_MaxSlv that provides an initial feasible solution for the
instance F' and (2) a complete solver C'_MaxSlv which is able to efficiently and exhaustively search a selected
neighbourhood of the current feasible solution. AT_MaxSlv is called first to obtain a feasible solution 7 (a
total assignment). In our implementations, we ran AT_MaxSlv for a fixed amount of time and used the best
solution it found as our initial solution; we experimented with different anytime solvers but always used the
same complete solver MaxHS [122]E]

We keep track of the best solution found in the variable best, initializing this to 7, the solution returned
by AT MaxSlv. The next step is to select a neighbourhood of 7 than can be searched for a better solution.
A common way to do this is to fix some subset of the variables to the value provided in 7 and leave the
remaining variables unfixed. The different assignments to the unfixed variables define the neighbourhood.

In our approach the initial solution 7 is a total assignment and we can select literals of 7 to form a
partial assignment v whose size is approximately a factor é7 (§ < 1). (Propagation, described below, makes
it impossible to select an o with an exact size). The neighbourhood NN is thus defined by the different

assignments to the variables not appearing in «, while the variables in « remain fixed.
Proposition 2 The best solution of F when « is fixed is o U N_best, where N_best is a solution to F|,.

Proof Tt is not difficult to see that N is exactly the set of feasible solutions of F|,. In particular, F'|, =
F A N\yeo ¢ Hence, 3 is a feasible solution of F|,, iff a U 3 is a feasible solution of F'. Thus, by finding an
optimal solution N_best of F'|, we find the best solution of F' that extends « which is o« U N_best. B

The benefit of Proposition is that F'|, is simply a new MaxSAT instance. If « is large enough (and thus
F|, is small enough), F'|,, can be efficiently solved to optimality by C_MazSlv.

We refer to the set of literals in the selected partial assignment « as the fixed set, and the process of
selecting a fixed set «v and then solving F'|,, as one round of LNS.

Note that for = computed on line 8 of Algorithm [2f we must have that cost(w) < cost(best), unless
C_MazSlv on line 7 was interrupted. This is because the truth assignments given in best to the variables of
F|, form a feasible solution of F|,. So N_best (an optimal solution of F'|,) cannot have cost greater than
the cost of this feasible solution. That is, at worst C_MazSlv will return an N_best such that cost(m) =
cost(aU N_best) = cost(best). In these cases best will be unchanged and Algorithm will select a different
neighbourhood to try to optimize next. When, however, a better solution than best is found, best will be
updated and Algorithm [2] will start selecting neighbourhoods of this new solution.

An example of the LNS process outlined above is illustrated in Example [12]

3In recent MaxSAT evaluations MaxHS has consistently been one of the best complete solvers available [123]. In future work the
effect of switching complete solvers will be investigated.
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Algorithm 2: Generic LNS algorithm for MaxSAT

1

2 Input: weighted CNF F, initial solution solver provider AT_MaxSlv, complete MaxSAT solver C_MaxSlv
3 m= AT MazSl(F) /* for fixed time bound */

4 best =m

5 while time left do

6 randomly select « C 7 of size =~ §|r| /* fixed set */

7 N_best = C_MazSl(F|a) /* interrupt if out of time */

8 ™ =oaUN_best

9 best = (cost(m) < cost(best)) 7 : best

o return best

—

Example 12 Suppose for a MaxSAT problem F with hard clauses H(F') = {{z1VxaVas}, {x1V-z2V-x3}
and soft clauses S(F') = {c1 = {—x1},c2 = {—x2},e3 = {—x3}} with cost(cl) = 4, cost(c2) = 3, and
cost(c3) = 2 that the last solution found was m where w(x1) = false,m(x2) = true,n(x3) = false
and, thus, cost(w) = 3. Now suppose that the fixed set selected from this solution is o« = {1}, meaning
o Which leaves H(F|,) = {{z2 V z3}, {22 V ~23}}

and S(F|o) = {ca,c3}. After sending F|, to a maxsat solver, it will return the optimal solution to the

m(x1) = false stays fixed. Next, we compute F

reduced problem, which is N_best = xo = false, x3 = true, and the new assignment will be Te,, such
that Tpew(x1) = false, Tpew(x2) = false, Tpew(x3) = true, where cost(Tpew) = 2. From then on, the
current solution the algorithm will work to improve will be Ty, ¢qp-

Note that because we were restricted to the neighbourhood of solutions where w(x1) = false, other
feasible solutions to F' where w(x1) = true were not considered by the maxsat solver, e.g., the solution Tyaq

where myaq(x1) = true, mpea(z2) = true, mpqea(xs) = true and cost(mpeq) = 9 was not considered.

Figure [5.1] gives a pictorial representation of what happens when we are executing a round of LNS. We
are restricting ourselves to searching in a neighbourhood, N, which is often much smaller than the entire
solution space, S. Assignments which are explored by C'_MaxzSlv in our algorithm will only be "close" to
the initial solution, 7;, i.e. they will both share all of the same assignments as in a. Note that since we
are using a MaxSAT solver, we will get a feasible solution returned (i.e., either 7y, o, or 7;) instead of an
assignment which is not a solution (e.g., 7). Also, since our implementation uses a complete MaxSAT solver

for C_MaxSlv, we are guaranteed to get the lowest cost solution in N.

5.3.2 Neighbourhood Selection

The selection of the neighbourhood NV is key to the performance of LNS and several strategies have been
explored in other contexts, such as in a paper by Lombardi and Schaus [[124]. We tried various methods for
selecting IV and found that the following popular probabilistic method worked best in our experiments.

The method is simply to randomly select a subset of the literals of the current feasible solution 7 as
the fixed set a, and define N to be the varying assignments to the unfixed variables not in «. The random
selection is done using a biased distribution over the literals in which literals we would prefer to keep fixed
are given higher probability. Using biased probability distributions to select neighbourhoods has been done in
other contexts, such as in a paper by Parragh and Schmid [125]. We similarly found that a biased distribution
was much more effective than selecting uniformly at random.

The probability distribution that we found to work best was to first assign a weight to each literal £ € 7
equal to the total weight of the soft clauses containing it (these clauses are satisfied by 7 since 7 contains
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Pictorial Representation of LNS for MaxSAT

/ ° o © \ S-Solution Space
[ e | N—Neighbourhood
] f/”"é;(;"\\ . ©  |m,—assignmentn

.-"I e —feasible solution
' o - non-solution assignment

Figure 5.1: This diagram conceptually represents what is happening during a round of LNS. The space of
all solutions, S, is much larger than the neighbourhood of solutions, N, we are restricting to. We are only
searching for solutions which are conceptually "near" the initial solution, 7;, and we will only ever return a
feasible solution (we will not return, e.g., ).

£) minus the total cost of falsified soft clauses containing —¢, where 7 is used to determine whether or not a
clause is falsified. Normalizing these weights yields the required probability distribution over the literals.
Hard clauses were ignored for our weighting, and a slight improvement was obtained by making the

weighting exponential. To be precise, in our final implementation the weight ¢ assigned to a literal £ € 7 is

Cuw) if¢ €c

—c if "4 €cand 7}~ ¢
c€Esoft(F) ws %

0, otherwise

=2 )

and these weights are then normalized to form a distribution over the literals in 7, and finally «, a subset
of m, is randomly selected from this distribution (selecting without replacement) to form the set of fixed
literals. For efficient weighted random sampling, we used the algorithm described in a paper by Efraimidis
and Spirakis [126]].

These weights capture the intuition that we would like to keep literals of 7 fixed when they help to satisfy
a large weight of soft clauses, and when flipping its value satisfies only a small weight of soft clauses. Us-
ing exponential weights amplifies the difference between the literals satisfying (falsifying) slightly different
weights of soft clauses, but using probabilities and random selection means that literals with high score might
not be selected and thus are allowed to vary in the selected neighbourhood. Example [[3]illustrates how to

calculate weights for each variable for a particular example.

Example 13 Suppose for a MaxSAT problem F with hard clauses H(F) = {{x1VaaVas}, {x1V-zaV-x3}
and soft clauses S(F) = {c1 = {—x1},c2 = {22}, c3 = {3}, ca = {21 V 22}, 05 = {22 V 23} } with

cost(c1) =4, cost(ca) = 3, cost(cs) = 2, cost(ca) = 1, and cost(cs) = 1 that the last solution found was



CHAPTER 5. LARGE NEIGHBOURHOOD SEARCH FOR ANYTIME MAXSAT SOLVING 65

where 7w(x1) = false, m(x2) = true, w(x3) = false and, thus, cost(n) = 3. Then, —z¥ = 2* = 16, since
21 € crand w k= cp. 2 = 217173 = L since x5 € ¢4, w0 € ¢5 and T |= ¢y, pi | 5 while —xs €
and —xo W co. —x¥ = 22 = 4 since ~x3 € c3 and 7 = c3. —xV, 7Y, ~xy would then be used as weights
during the weighted random selection of the fixed set (Where a higher weight means a higher chance of the

corresponding variable being selected to be fixed).

5.3.3 Other Minor Improvements

Propagation has been used in other contexts when selecting neighbourhoods for LNS [127]], and we found it to
be beneficial in our approach. In particular, as we randomly select each literal ¢ to be fixed, we incrementally
add ¢ to hard(F') and perform unit propagation on hard(F'). All unit implied literals are forced by the hard
clauses to be fixed in all feasible solutions containing the previously randomly selected set of fixed literals.
Hence, we add these unit implied literals to the fixed set a and continue to randomly select literals for
amongst the remaining literals of 7 not yet in «, stopping when « reaches or exceeds the desired size, §|r|
(6 < 1). (Since we cannot predict how many unit implicants will be added to o we cannot select an exactly

sized )

Proposition 3 Unit propagating all literals selected so far in the fixed set o, and adding all of those new unit

propagants to «, still leaves o C .

Proof Note that since 7 is a feasible solution satisfying hard(F') and all selected literals are in 7, all unit

implied literals « found in this way must also be in 7. Hence, we still have thata C 7. B

One benefit of propagation is that it allows better control over the size of the unfixed neighbourbood N.
An unpropagated o might have many implied literals not in «, and each such literal reduces the possible

number of feasible solutions in /V since these literals are implicitly fixed in N.

We start with a fixed set « of size about 80% of the total number of variables in the problem, i.e., with
0 = 0.8. After ten consecutive rounds of LNS where no new best solution is found, we reduce «’s size by
reducing 0 by 0.1. Systematically changing neighbourhoods is a well-known metaheuristic in local search
algorithms called variable neighbourhood search [128]. We decided to start with a small neighbourhood (a
large fixed set) because small neighbourhoods will usually be easier to solve with C'_MaxzSlv. Notice that
once 4 gets to 0.1 and we encounter ten consecutive rounds with no new best solution, § will be set to 0 and
the entire problem will be solved by C'MaxSlv optimally. In our experiments this very rarely happened (less
than 0.5% of all instances). We also found that dynamically decreasing § worked considerably better than
using a fixed value. For clarity, our final neighbourhood selection policy is given in Algorithm 3]

One other minor improvement not shown in Algorithm [3]is that the selected fixed set a generally falsifies
some soft clauses (any soft clause ¢ where VI, € ¢ — =l € a). Let cost(«) denote the sum of the costs
of the clauses falsified by . (Note that since « is a partial assignment some clauses are neither satisfied
nor falsified by «). This means in any round of LNS in Algorithm [2] the cost of the best solution found in
each neighbourhood is at least cost(a), i.e., cost(a U N_best) > cost(a). Hence, if cost(a) > cost(best)
there is no point in searching the neighbourhood defined by a—that neighbourhood cannot yield a better
solution. Hence, we check cost(«) and immediately fail that round without calling C'_MazSlv(F|,) if
cost(a) > cost(best). Tt is also possible to reject o when its cost is too close to cost(best), but exploring

this option is left for future work.



CHAPTER 5. LARGE NEIGHBOURHOOD SEARCH FOR ANYTIME MAXSAT SOLVING 66

Algorithm 3: Neighbourhood selection policy

1
2 Input: weighted CNF F, current feasible solution 7, ¢ desired size of fixed set
3a=10 /* initialize fixset to empty */

4 foreachl e m: [ =0

s for each c € soft(F') do
6
7
8
9

if 7 = c then
| foreachlec:l¥ =1"+c,
else
foreach! € c: (-I)” = (=)" — cw
10 /* Note that if w = cthenl € ¢ — -l € w */
P
1 for each ! € 7: prob(l) = Zzzﬁ

12 hards = hard(F)
13 while size(o) < d|7| do
14 select | € m randomly with prob(l).

15 hards = UP(hards U (1)) /* add [ to hards and unit prop*/

16 « = all units in hards

17 /* Note the units of hards includes all selected literals*/

18 /* and all of their unit implications*/

19 return « /* Final selected fixed set */

5.3.4 Other Possible Neighbourhood Selection Policies

It would perhaps be more accurate to keep a list of soft clauses and remove those that are satisfied by each
literal as that literal is added into the fixed set, i.e., after adding a literal  to the fixed set, we would re-compute
the preference weighting for all remaining literals using the updated soft clauses list. However, this is more
costly requiring multiple passes of the soft clauses during the neighbourhood selection process, whereas our
neighbourhood selection process requires just one pass. In our experiments, doing only one pass of the soft
clauses seemed to work better so we decided to proceed with that.

An alternative approach of neighbourhood selection would be to select some subset of the soft clauses
satisfied in the initial solution to be a fixed set. These soft clauses would then be treated as hard clauses
(i.e., we would force these soft clauses to be satisfied), and C'_MazSlv would find an optimal way to satisfy
the remaining unfixed soft clauses. We experimented with this and found it was not quite as good as fixing

literals, so we decided to focus on literal fixing for the rest of our implementations.

5.3.5 Incremental MaxSAT

There is increasing interest and an increasing body of literature around the idea of incremental MaxSAT [129}
17]]. The LNS for MaxSAT algorithm we have proposed is an application of incremental MaxSAT because we
are calling C'_MaxSlv iteratively on instances which are reduced versions of the formula F'. These formulas
will often be the very similar because our neighbourhood selection policy involves an exponentially weighted
random distribution, where the weighting corresponds to how much a literal contributes to satisfying clauses
minus how much it contributes to falsifying clauses. Because the solutions will often be similar in the same
neighbourhood, the weighting on the literals will be very similar and thus the randomly selected fixed set will
be similar.

Making the fixed set of literals "assumptions" at the MaxSAT level could result in the sharing of learnt
clauses between MaxSAT invocations when using an incremental MaxSAT solver, which currently we are
not taking advantage of. Additionally, one can reuse lower bound and upper bound information in between

invocations and can also share the cores from previous MaxSAT iterations that have all of their clauses
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(represented by relaxation literals) assumed in the current MaxSAT invocation. This leaves a lot of potential

for improvement of the LNS for MaxSAT algorithm.

5.4 Relationship to Branch-and-Bound MaxSAT

There have been some interesting developments recently in branch-and-bound MaxSAT algorithms that have
allowed it to combine with core-guided or implicit hitting set solvers to improve the state-of-the-art [[130].
Our LNS for MaxSAT algorithm shares some similarities with the branch and bound algorithm.

In the branch and bound algorithm, one branches on variables in a search and uses an approximation (such
as unit propagation) to check if the lower bound under that variable branching is worse than the best upper
bound found so far. If so, you can stop and prune everything in the search tree under that variable branching,
since the optimal solution can not be there.

In our LNS for MaxSAT algorithm, one can look at the fixed set as a variable branching, and we are
conducting a MaxSAT search under that variable branching. Instead of doing a complete MaxSAT search,
one could borrow elements from the branch and bound search and try to quickly determine a lower bound
under the fixed set "variable branching". If that lower bound is worse than the best upper bound found so far,
then one can prune all solutions with that fixed set from the search space. Borrowing this and other elements
from the branch and bound algorithm has potential to improve LNS for MaxSAT further, but we have left that
to future projects.

5.5 Experiments and Results

In this section, we will first talk about our setup and benchmarks that we used for each of the experiments.
The first set of experiments in Section [5.5.2]tests whether or not LNS is able to improve individual MaxSAT
solutions faster than other state-of-the-art anytime solvers can, and furthermore how it improves the solution
based on how high quality the solution is. Using the positive results of the first experiment, the next set of
experiments in Section [5.5.3]aims to find the optimal time budget for LNS assuming no overhead in a 60
second or 300 second context. The last experiment in Section [5.5.4]actually builds a solver and budgets the
amount of time determined from the previous experiment in the 300 second context. In spite of having some
overhead, this last experiment showed we are still able to improve all three state-of-the-art anytime solvers,
and it is the main result of this chapter.

5.5.1 Setup and Benchmarks

All of our experiments were run on 2.7GHz Intel cores with 300 second CPU time and 16GB memory limits.
The MaxSAT evaluations also test a time out of 60 seconds, and we experimented with that time out as well
and showed some of our data in Figure However our approach involves many calls to C_MaxzSlv in
the main loop of LNS and in our current implementation these calls are not optimized for incrementality. In
particular, each call to C_MazSlv requires processing the input instance from scratch and re-initializing the
solver with a new reduced instance. For the many large instances appearing in the evaluation this imposed
an overhead that significantly impacted the shorter 60 second runs. So much so that we did not find LNS
to be effective in the 60 second context. There are a number of ways a more sophisticated implementation

could reduce this overhead, so we left making LNS effective in this shorter time frame as future work. In
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general, properly addressing this issue requires improved techniques for incremental MaxSAT solving which
is an important area for future research.

The benchmarks we used for the first two experiments were the 253 weighted and 262 unweighted in-
stances from the Incomplete Tracks of the 2020 MaxSAT Evaluation [[123]] (we used the 2020 benchmarks
instead of 2021 because there are more total instances in the 2020 benchmarks). In order to avoid overfitting,
we did all tuning of our neighbourhood selection policy on the instances from the 2018 and 2019 MaxSAT
Evaluations before settling on the policy described in Section[5.3.2] We implemented our LNS algorithm as
described in Section[5.3|using MaxHS [[122] as the complete solver C_MaxzSlv.

Computing Scores

To measure how effective our approach was at finding good solutions, we used the same scoring system as

used in the MaxSAT evaluations. In particular, the score a solver S achieves on an instance i is score(S, i) =

sc;+1°

solution for instance ¢. The values bk; were supplied by the MaxSAT evaluation. On an instance ¢ a score

where sc; is the cost of the best solution found by S for instance 7 and bk; is the cost of the best known

of 1 indicates that .S found a solution of cost equal to the best known, and a score of 0 indicates that S was
unable to find any feasible solution (in this case sc¢; = oo). The score of S on a set of instances [ is simply

. . . score(S,i
its average score over these instances: score(S,I) = %

5.5.2 Analyzing LNS’ Improvement on Solutions

Our first experiment is designed to evaluate how effective LNS is at improving feasible solutions, and to
compare this to how effective a representative state-of-the-art anytime solver is at the same task. In particular,
when an anytime solver AT"_MaxSlv is run on an instance it will emit a sequence of monotonically improving
solutions (decreasing solution costs) over its 300s run. If we take a solution 7 emitted at time ¢ (measured in
seconds) we can use this sequence to determine the best solution 7’ emitted at time ¢ + A for any interval
A. (7' might be the same as 7 if no better solution has been found A seconds after m was found). We can
then measure the improvement in solution cost achieved from solution 7, cost(w) — cost(n’), as a function
of time A. We can do the same for the LNS solver by giving it 7 as its initial solution.

We chose TT-Open-WBO [131]], one of the best incomplete solvers in recent MaxSAT evaluations, as the
representative state-of-the-art anytime solver to compare LNS “rate of improvement” withE]

We ran TT-Open-WBO on each instance from the 2020 MaxSAT incomplete solver evaluation for 600s,
combining the weighted and unweighted instances to obtain 515 instancesE] For each instance we stored the
timestamped sequence of solutions TT-Open-WBO emitted. This allowed us to use any solution emitted by
TT-Open-WBO within the first 300s and still have a full 300s “future” for that solution. We took all solutions-
instances pairs where the solution was emitted by TT-Open-WBO in the first 300 seconds and further filtered
them to control their total number. In particular, if multiple solutions for that instance were found in the same
5-second interval, only the best one was kept. We then ran our LNS algorithm for 300s on each of these
solution-instance pairs. We similarly recorded the sequence of solutions emitted by LNS for each solution-
instance pair over its 300s run. This gave us a set of solution-instance pairs along with a 300s future evolution
of those solutions in TT-Open-WBO and in LNS.

To compare the rate of improvement of TT-Open-WBO with that of LNS, we split the solutions into four
buckets based on solution quality. The reason for separating the solutions is that poor solutions typically can

4Other incomplete solvers gave similar results.
5For this experiment we were not interested in distinguishing these two cases.
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be improved at a much faster rate by either solver than good solutions. The first bucket had solutions with
a score between 0.0 and 0.25, the second with scores between 0.25 and 0.5, the third with scores between
0.5 and 0.75, and the fourth with scores between 0.75 and 1.0. Then, for each bucket of solutions, we kept
only one randomly picked solution per instance, since some instances contributed multiple solutions to the
same bucket which would bias the results towards those instances. This left the first bucket with 75 solutions,
the second bucket with 109 solutions, the third bucket with 136 solutions, and the fourth bucket with 453
solutions. We plot in Figure the average score obtained over all solution-instance pairs in the bucket
and how it increased with time as LNS worked on them, compared to the average score that TT-Open-WBO
achieved over time for the same solution-instance pairs.

We can observe that LNS is able to achieve a good improvement of the solutions in all buckets. In fact, for
the first 5-10 seconds it is able to improve the solution quality faster (as fast for the 0.5-0.75 solutions) than
TT-Open-WBO. However, for the lower quality solutions (those with scores < 0.75), its rate of improvement
quickly diminishes and its final level of improvement was considerably worse than TT-Open-WBO. This
makes intuitive sense. LNS intensely searches neighbourhoods close to the solution it starts with, and it can
take it a long time to move far away from that solution. TT-Open-WBO on the other hand has much more
mobility in the search space and is able to move away from bad initial solutions more quickly.

When we examine the highest quality solutions, those in the 0.75-1 bucket, we see that TT-Open-WBO
can achieve some improvement to these solution. But its rate of improvement is no better than LNS. More
importantly, its final level of improvement is worse than LNS. We conjecture, that for these higher quality
solutions there are not as many better solutions, and it is not as easy for TT-Open-WBO to find them. Whereas
LNS, by searching more systematically, is more effective at finding these more sparse better solutions.

This data suggests that a promising way to use LNS is to ensure that the anytime solver has enough time to
produce a higher quality solution and then use LNS to improve that solution. In our next experiment we tried
giving the anytime solver various fixed amounts of time (i.e., running it for the same amount of time on each
instance) before finishing up with using our LNS solver. An alternative that would be worth investigating
in future work would be to try to detect when the anytime solver is plateauing in its ability to improve the

solution and invoke the LNS solver at that point.

5.5.3 Finding the Optimal Amount of Time to Budget for LNS

Our second experiment used the same data as experiment one. As mentioned above it involved running TT-
Open-WBO for some amount of time, before switching to our LNS solver for the remaining amount of time
and finally outputing the best solution found. In Figure[5.3] we show the total score achieved when taking the
best solution for each instance emitted by TT-Open-WBO within 300 — ¢ seconds and then allowing our LN'S
solver ¢ seconds to improve those solutions (for different values of ¢). Note, that when £ = 0 we obtain the
baseline performance of TT-Open-WBO, and this baseline is indicated in Figure[5.3]by the horizontal dashed
line. Figure[5.3]clearly shows that stopping TT-Open-WBO early and running LNS for some amount of time
resulted in a performance gain up until a threshold of about 50 seconds after which the performance starts to
decline.

Since the LNS solver is based on MaxHS, which uses a different MaxSAT algorithm [34], some of the
performance gain obtained by switching from TT-Open-WBO to LNS could be simply because we are using
two different solvers and taking the best solution computed by either of them. This is known as the portfolio
effect. To demonstrate that the performance gain is not solely from the portfolio effect, we also show in
Figure [5.3]the score achieved by running TT-Open-WBO for 300 — ¢ seconds and then running plain MaxHS
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Figure 5.2: Comparison of TT-Open-WBO continuing to try to improve its solution vs our LNS solver trying
to improve the same solutions, separated into four buckets of solution quality. The top left grid is the bucket
of lowest quality initial solutions, the top right is the bucket of second lowest quality initial solutions, the
bottom left is the bucket of second highest quality initial solutions, and the bottom right is the bucket of
highest quality initial solutions. As the solution quality increases, the rate at which LNS improves solutions
becomes more and more favourable compared to the rate at which TT-Open-WBO improves solutions. Only
in the highest quality bucket is it able to improve solutions at a faster rate than the base solver, TT-Open-

WBO.
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TT-Open-WBO with LNS as LNS Time Increases
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Figure 5.3: Total score achieved running TT-Open-WBO for 300 — ¢ seconds and then running LNS for ¢
seconds on its best solution. We also show the results of running TT-Open-WBO for 300 — ¢ seconds and
then running plain MaxHS for ¢ seconds.

for t seconds. Note that MaxHS also outputs intermediate solutions, so in cases where MaxHS can not solve
optimally, we take the best solution it output and use that as its solution. We can see that using LN'S dominates
using MaxHS for all values of ¢, indicating the performance gain is not solely due to a portfolio effect.

We also show similar data for the 60 second timeout instead of the 300 second timeout in Figure [5.4]
The graph shows a very similar shape to the 300 second timeout data and shows us that the optimal time to
let LNS run in the 60 second timeout would be somewhere between 15 seconds. Here, the evidence that our
technique is not gaining due to a portfolio effect is even more evident, as the graph shows that no amount of
running MaxHS is beneficial in the 60 second timeout setting to improve the anytime score.

However, as stated earlier, because of the overhead involved in stopping one solver and calling the other,
our LNS in its current implementation does not work as well in the 60 second timeout setting and thus, we
leave it to future work to fix this and do further experiments to build an optimal solver for the 60 second

timeout setting.

5.5.4 Building Solver With LNS and Comparing With the State-of-the-Art

For the last set of experiments, we try to improve the performance of three of the best performing anytime
MaxSAT solvers from the 2020 and 2021 MaxSAT evaluations: TT-Open-WBO, Loandra [[132], and satlike
[133]]. Loandra is a SAT-solver based MaxSAT solver, while TT-Open-WBO and satlike use a combination

of SAT-solving and local-search. We will describe each of these solvers in a little more detail below.
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TT-Open-WBO with LNS as LNS Time Increases
440 \ \ \ N

420

400

Score

380

360 -

— LNS
340 - — MaxHS
| |

0 10 20 30 40 50 60
t (time in seconds given to LNS/MaxHS)

Figure 5.4: Total score achieved running TT-Open-WBO for 60 — ¢ seconds and then running LNS for ¢
seconds on its best solution. We also show the results of running TT-Open-WBO for 60 — ¢ seconds and then
running plain MaxHS for ¢ seconds.
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Loandra. Loandra combines the core-guided complete MaxSAT algorithm with the linear-sat-unsat
search algorithm incomplete MaxSAT algorithm. In the version we used, Loandra also first sends the formula
to a MaxSAT preprocessor, maxpre [[134]] which simplifies the MaxSAT instance. Next, is the main algorithm
of Loandra. In the first phase of the main algorithm, Loandra will call a core-guided solver to transform
for the formula into something that is hopefully easier to solve. The transformed formula after collecting a
bunch of cores has implicitly closed the gap between the lower bound and the upper bound. This transformed
formula is then given to linear-sat-unsat search, which will continually add cardinality constraints to find a
better and better upper bound solution until it reaches an unsatisfiable state (meaning it can not improve the
upper bound any further).

Satlike. Satlike combines a stochastic local search incomplete MaxSAT algorithm with linear-sat-unsat
search incomplete MaxSAT algorithm. First, satlike will call a regular SAT solver to get a feasible solution. It
will then take this solution and feed it into a stochastic local search algorithm developed for MaxSAT in order
to try to improve that solution. After running the first phase for some amount of time, it will then take the
best feasible solution found and feed it into the second phase, which runs a linear-sat-unsat search algorithm.
The best solution found during this phase is then outputted.

TT-Open-WBO-inc. TT-Open-WBO-inc is based on linear-sat-unsat search algorithm, with many heuris-
tics added over a number of years to improve performance. In the version we used, it also uses the stochastic
local search algorithm from satlike in order to improve its initial feasible solution for 15 seconds, before
switching to the linear-sat-unsat search algorithm. The main algorithm also uses concepts from polosat [[135]]

to get further improvements.

We implemented three solvers, LNS-TT—Open-WBqﬂ LNS-satlike, and LNS-Loandra, which ran the
corresponding anytime MaxSAT solver for 250 seconds and then used our LNS solver to improve the best
solution they found for the final 50 seconds. The 50 second limit for LNS was based on the data shown in
Figure@ We also ran the base solvers TT-Open-WBO, satlike, and Loandra for 300 seconds each in order to
compare them to the LNS hybrid versions. For this last set of experiments, we used the union of all weighted
and unweighted instances from the 2020 and 2021 MaxSAT evaluations. After removing duplicates, this left
352 weighted instances and 374 unweighted instances for a total of 726 instances. The results are given in
Table [5.1] For completeness, we also show the results separated into 2020 and 2021 in Tables [5.2)and [5.3]

For both the weighted and unweighted instances, the total scores obtained by the LNS versions were an
improvement over the baseline for all three solvers. Although the improvements may appear small, even
modest improvements are difficult to achieve on MaxSAT competition benchmarks. To give some context, in
the four tracks of the 2020 MaxSAT Evaluation, the average difference between the winning solver and the
runner-up was 0.0075 in average score, and in 2021 it was 0.0178. The LNS solvers are also finding better
solutions than any other solver had previously found. In total, the three LNS solvers were able to improve the
best known solution for 55 of the 515 total instances from 2020 and 40 of the 306 total instances from 2021.
On average in these cases the best known solution was improved by 3.7% for 2020 instances and 4.8% for
2021 instances; the maximum improvement we saw to a previously best known solution was 85.7%. These
results make it clear that budgeting some time for LNS to run on the best solution obtained from any of
these anytime solvers is a good strategy to improve their performance (on these benchmark instances). Since
these three anytime solvers were the best performing solvers in the evaluation, we can see that our approach
improves the state-of-the-art.

Source code can be found at https://github.com/rgh000/MaxSAT_LNS,


https://github.com/rgh000/MaxSAT_LNS
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Solver Weighted Unweighted Total
TT-Open-WBO .855 .853 .854
LNS-TT-Open-WBO .866 864 .865
satlike .836 .850 .843
LNS-satlike 855 867 861
Loandra .835 .825 .830
LNS-Loandra .848 845 846

Table 5.1: Results for the union of the 2020 and 2021 MaxSAT Evaluation instances for TT-Open-WBO,
satlike, and Loandra along with the LNS versions of each. The LNS versions’ scores (in bold) are an im-
provement for both weighted and unweighted instances for each solver.

Solver Weighted Unweighted Total
TT-Open-WBO .886 877 .881

LNS-TT-Open-WBO 897 892 394
satlike .873 .869 871

LNS-satlike 8394 388 891
Loandra .841 .836 .838
LNS-Loandra 852 862 857

Table 5.2: Results for 2020 MaxSAT Evaluation instances for TT-Open-WBO, satlike, and Loandra along
with the LNS versions of each. The LNS versions’ scores (in bold) are an improvement for both weighted
and unweighted instances for each solver.

Solver Weighted Unweighted Total
TT-Open-WBO .810 .836 .823
LNS-TT-Open-WBO 819 338 829
satlike 778 .839 .809
LNS-satlike 794 850 822
Loandra .814 .813 814
LNS-Loandra 827 827 827

Table 5.3: Results for 2021 MaxSAT Evaluation instances for TT-Open-WBO, satlike, and Loandra along
with the LNS versions of each. The LNS versions’ scores (in bold) are an improvement for both weighted
and unweighted instances for each solver.
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5.6 Related Work

In a paper by Demirovi¢ et al. [115], an LNS method that uses a MaxSAT solver as part of its workflow
was used to improve initial solutions for high school timetabling problems, but not used to solve MaxSAT
problems directly. In finding initial solutions to these high school timetabling problems, domain-specific
information was taken advantage of rather than converting the whole problem directly into MaxSAT from the
start.

In a paper by Ramaswamy et al. [136]], a MaxSAT solver is used to make local improvements to treewidth
decompositions. Their work is similar to using LNS except that the neighbourhood is defined by the structure
of the graph they are working with.

In a paper by Bjordal et al. [[137]], it was shown how LNS can be used to help solve very difficult
satisfiability problems, but LNS was not used to solve MaxSAT problems. It would be interesting to see if
some of the ideas that were successful in solving very difficult satisfiability problems with LNS could be
adapted to solve MaxSAT problems.

In none of these works, however, do we find a direct application of LNS to MaxSAT solving.

5.7 Discussion

In this chapter, we have hypothesized that anytime MaxSAT solvers often stay in the same local region of
the search space as they find new solutions. This leads to a lot of repetition in the computations of the solver
as it tends to find very similar solutions. Because of this, we have shown we can reduce the formula down
and more exhaustively search a local region of the MaxSAT solution space with an algorithm based on large
neighbourhood search. This leads to the most important contribution of the chapter, which is introducing
the first LN'S-based algorithm for anytime MaxSAT and exploring its effectiveness, which fills a gap in the
literature.

We have demonstrated experimentally that running LNS for a small amount of time can sometimes im-
prove suboptimal MaxSAT solutions faster than those solvers can improve their own respective solutions.
More specifically, we showed that high quality solutions can be improved by LNS better than any of the other
anytime algorithms can improve them, but that lower quality solutions are not improved as well by LNS. This
is important, as it means LNS is a good addition to other anytime algorithms, and that budgeting some time
for LNS is a good idea. By implementing our LNS algorithm to operate on the best solution from the anytime
solver, we were able to improve the anytime performance of three of the best performing anytime solvers,
Loandra, satlike, and TT-Open-WBO, on a wide range of both weighted and unweighted benchmarks from
the MaxSAT Competitions.

Furthermore, we found new solutions that no other anytime solver was able to find, further demonstrating
that the benefits of LNS are not captured by any of the other techniques. Because high quality solutions are
often achieved very quickly by good incomplete solvers, but then those solvers get stuck in local maxima,
it makes sense that switching to another technique like LNS once a high quality solution is achieved would

help find new solutions that are unreachable by the other incomplete algorithms.

5.7.1 Future Work

The approach we have described uses LNS once to improve a feasible solution produced by another anytime

solver. However, with more implementation work a tighter integration between the solvers could be achieved.
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In particular, our results indicate that LNS can often more rapidly improve even a poor solution in the first
5 to 10 seconds. Potentially this could be exploited in an anytime solver, by having it invoke LNS for a
brief time to improve each solution it finds. This idea has even more potential if ways could be found for
the anytime solver to take advantage of the LNS improved solution, e.g., by adjusting its search for the next
better solution. It is an interesting research project to find effective ways of accomplishing this.

Aside from using multiple initial solutions, one could also try multiple different solvers for C'_MazSlv.
We used MaxHS because it is one of the best performing complete MaxSAT solvers and also outputs some
anytime solutions periodically as it runs, but other complete solvers still might work better and potentially
even an anytime solver could be used instead (although you would lose the guarantee that you have found the
best solution in the neighbourhood of solutions, you could still try the anytime solver to see if it can find a
"good" solution in a short amount of time in the neighbourhood being examined). Allowing the assignments
to drift away from the solution space similar to how stochastic local search does is also possible, but would
require further experiments to determine if it is beneficial or not.

Another area for future work is further development of incremental MaxSAT solving. The LNS solver
is called many times and building an incremental framework to allow reusing the work of previous calls to
C_MazSlv (e.g., previously discovered cores or learnt clauses) could result in a further performance improve-
ment. For example, one could try to learn clauses after each returning MaxSAT call from C_MaxzSlv, since
we know that a clause containing the negation of all literals in the fixed set is automatically not going to lead
to a better solution. Some of the new developments in learning clauses during branch-and-bound MaxSAT
would be interesting to explore for our LNS algorithm as well.

Finally, it is known that LNS can get stuck exploring a local part of the solution space when the neigh-
bourhood selection policy does not allow for enough diversity. We observe from our experiments that this is
probably what is happening to our neighbourhood selection policy and one way to combat this might be to use
some strategies from the literature that have worked in other contexts, such as adaptive large neighbourhood

search [[138] or using predictive machine learning models to select better neighbourhoods.



Chapter 6

Conclusion

6.1 Summary

In this dissertation, we explored different types of redundant work in SAT solvers and other related proposi-
tional logic solvers. We not only identified redundant work that was being done in multiple different types
of solvers, but we then introduced new techniques that helped reduce the redundant work we had identified,
and ended up improving the performance of the propositional logic solvers empirically on diverse benchmark
sets. These solvers included SAT solvers, MUS extractors, complete MaxSAT solvers, and anytime MaxSAT
solvers.

In some cases, the techniques we introduced to reduce the redundant work did so by preventing repeated
computations from occurring. An example of this was in assumption-based SAT in Chapter 3, where we
noticed that while unit propagating the assumptions, each clause on each assumption’s watchlist gets accessed
numerous times before the solver realizes the clause is unit, so we enqueued all assumptions at once to avoid
having to re-visit clauses on watchlists repeatedly. Another example of this was in anytime MaxSAT in
Chapter 5, where we noticed that because anytime MaxSAT solvers are usually staying in local regions of
the solution space, they are finding very similar solutions over and over again. To address this, we introduced
a technique to reduce the formula down and more exhaustively search those local regions of the MaxSAT
solution space with an algorithm based on large neighbourhood search.

In other cases, we reduced redundant work by reusing previous computations, such as in trail saving in
Chapter 4 (and assumptions-level trail saving in Chapter 3), where we noticed that the same unit propagation
steps were being reproduced by SAT solvers over and over again, so we stored and reused part of the assign-
ment trail to eliminate a lot of redundant work. We also found other ways to re-use this saved trail, such as to
"lookahead" and predict which branches in the search tree have conflicts.

In each case, all of our techniques were able to improve multiple state-of-the-art solvers in their respec-
tive domains. For the assumption-based SAT techniques in Chapter 3, we were able to make a significant
improvement in two state-of-the-art complete MaxSAT solvers, MaxHS and RC2, on a wide set of weighted
and unweighted benchmarks from the MaxSAT competitions. For the trail saving techniques introduced in
Chapter 4, we were able to make a fair improvement in two state-of-the-art SAT solvers, cadical and Maple-
SAT, on a wide set of benchmarks from the SAT competitions. For the LNS algorithm we introduced for
anytime MaxSAT in Chapter 5, we were able to improve three state-of-the-art anytime MaxSAT solvers,
Loandra, TT-Open-WBO-inc, and satlike, on a wide range of weighted and unweighted benchmarks from the
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MaxSAT competitions.

Aside from introducing and implementing the aforementioned techniques, we also had to prove the sound-
ness of the techniques and, in some cases, prove that they held certain desirable properties. The key to proving
soundness of enqueueing all assumptions at once was the fact that it lead to the exact same set of unit propa-
gants as enqueuing assumptions one by one (i.e., the standard approach). The soundness of our trail saving
technique relied on the fact that any portion of a previous saved trail can still be re-used as long as its literals
have not been falsified. Aside from soundness, we also showed that trail saving holds certain invariants that
were traditionally held in CDCL SAT solvers, unlike a new technique, chronological backtracking, which
does not. The soundness of our large neighbourhood search algorithm for MaxSAT was based on the fact
that fixing a certain number of variables in a MaxSAT formula leaves a subproblem (which is also a MaxSAT

formula) that, when combined with the variables that were fixed, will be a solution to the original problem.

6.2 Impact

The techniques introduced in this thesis have been used or built upon by independent groups since their
publication. UWrMaxSat [22], the winner of the 2020 weighted track of the MaxSAT evaluation, used
the assumptions techniques from Chapter 3. The trail saving ideas from Chapter 4 have been extended to
SMT solving [23]]. The ideas from Chapter 3 and Chapter 4 also seems to have help inspire ideas used in
Incremental Lazy Backtracking [[24].

Although many of our results might seem like small improvements, it is small incremental improvements
accumulating over time that have yielded enormous improvements over the last 10 to 15 years. For example,
in results shown at the 2018 MaxSAT Evaluation [|139]], the best MaxSAT solvers from 2017 were able to
solve about three times more instances than the best MaxSAT solvers from 2008 on the same set of bench-

marks, and this trend has continued since then.

6.2.1 Contributions
The most significant contributions have been highlighted in each chapter, but we will summarize what we
believe are especially important contributions for each chapter below.

For Chapter 3: Speeding Up Assumption-Based SAT

» we identified an inefficiency in the way assumptions are unit propagated, i.e. they repeat the same unit

propagation steps when the solver backtracks into the assumptions levels

» we addressed this inefficiency by introducing a new technique to enqueue all the assumption literals at
once

» we also introduced a way to save part of the trail that has the assumptions levels and reuse it in future

iterations to save redundant unit propagation steps

 experimentally, we were able to improve the performance of two state-of-the-art MaxSAT solvers,
RC2 and MaxHS, by a significant amount on a wide range of benchmark instances coming from the
MaxSAT Competitions
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we determined that our technique to enqueue all assumptions at once produces smaller cores on av-
erage than the standard approach, which is a surprising result and probably also helps improve the

performance

For Chapter 4: Trail Saving on Backtrack

we identified repeated work that occurs during the construction of the assignment trail in CDCL SAT

solvers

we showed how chronological backtracking addresses this redundant work but also has some undesir-

able effects on search

we introduced a new technique, trail saving, that reuses parts of an assignment trail and addresses
the same redundant work that chronological backtracking does, but without some of the potentially

negative side effects

we introduced enhancements to trail saving which improved its performance even more, including
saving the trail over multiple backtracks, accounting for poor reason quality saved on the trail, and

using the trail to perform lookaheads

experimentally, we managed to improve two state-of-the-art SAT solvers, cadical and MapleSAT, on a

wide range of benchmarks from the SAT competitions

we did further analysis to show that the performance improvement realized by trail saving was really a

speedup in unit propagation, as hypothesized

For Chapter 5: LNS for MaxSAT

we identified redundant work being performed in anytime MaxSAT solvers by showing they tend to
stay in the same local region of the solution space and produce multiple solutions which are extremely
similar. We combat this by exhaustively searching a local region of the search space with an application
of LNS to MaxSAT, the first LNS-based algorithm for MaxSAT

we developed a neighbourhood selection policy that works much better than a random policy (and also

other alternative policies that we tried)

we showed that our LNS for MaxSAT improves higher quality solutions faster than other anytime
algorithms can improve those same solutions, but also that LNS for MaxSAT improves lower quality

solutions slower than other anytime algorithms can

we were able to improve three state-of-the-art anytime MaxSAT solvers, TT-Open-WBO, SatLike, and
Loandra, on a wide range of benchmarks from the MaxSAT Competitions by budgeting some time for

our LNS algorithm to run

Within each of the technical chapters, we have discussed some of the potential future work. We will

summarize what we think are the most promising of these below.

For Chapter 3: Speeding Up Assumption-Based SAT
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* exploring how to further minimize final conflict clauses (and thus minimize cores), perhaps by using
clause minimization or other resolution-based techniques, is an interesting avenue and could lead to

significant performance improvements

* trying our technique to enqueue all assumptions at once in other incremental SAT domains, such as
bounded model checking

* further exploring why our technique (enqueueing all assumptions at once) is not as effective at improv-
ing the solver when abstract cores are used, and finding a remedy for it, is an important question left

unanswered
For Chapter 4: Trail Saving on Backtrack

* using the saved trail to make inprocessing techniques faster could make saving the trail even more
useful for SAT solvers

* extending trail saving to other domains such as SMT solving, CSP solving, or model counting is worth

exploring

* learning multiple different clauses from the trail, especially if one keeps multiple trails, is possible

when there are multiple different contradicting literals on the old trail(s)
For Chapter 5: LNS for MaxSAT

* using multiple different solutions as initial solutions for the LNS rounds to operate on could be benefi-
cial. One would then have to do further analysis to find the optimal amount of time to run each round

before going back to the other solver to get another initial solution

* further development of incremental MaxSAT to save work in between MaxSAT invocations (also po-
tentially extending ideas of trail saving from Chapter 4 to incremental MaxSAT)

* using predictive machine learning models to select better neighbourhoods than the simple policy we

currently have could get to better parts of the solution space faster

6.3 Future Research Directions

Taking Redundant Work Further

There are other areas of redundancy that can be found in propositional logic solvers that are highly related
to some of the work done in this thesis and should be explored. One idea that shows promise is trying to to
extract multiple cores at once, which will allow one to save time between calls in the LNS for MaxSAT algo-
rithm. Often times a lot of the exact same unit propagation steps are performed while extracting consecutive
cores, which is redundant work. Aside from unit propagation steps, often times the conflict graphs between
consecutive SAT calls share a lot of similarities, and so finding a way to use an extracted proof [140] from
one SAT call to more quickly find the next core (or a collection of cores) is a very interesting project worth
exploring.

In a way that is analogous to some of the work we have presented in this thesis, one could try to reuse
work done in between the MaxSAT calls in LNS for MaxSAT algorithm. We have already shown that the
LNS for MaxSAT algorithm is an instance of incremental MaxSAT, and taking that one step further one could
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try to prevent fixed sets from being reused (or encourage a better diversity of fixed sets), reuse cores, reuse
lower and upper bounds, save the trail from propagating other fixed sets and use it to guide the selecting of
new fixed sets, etc. There are numerous opportunities for reducing the redundant work that happens between
MaxSAT calls in the published version of the algorithm, and this is another area that could be fruitful to

pursue.

Redundant Work in Other Domains

Redundant work will inevitably appear in other related areas of artificial intelligence beyond propositional
reasoning, and perhaps even in other areas of computer science. We close with some thoughts about how
others can use some of these ideas in those other domains.

In order to recognize where some of the redundancies are happening, a good place to start is to examine
the execution of the state-of-the-art solvers and identify computations which are being repeated over and
over. For example, when we examine the execution of a SAT solver performing its main search, we saw that
the same sequence of decisions (and unit propagants) were appearing on the trail over and over again, which
would mean exactly the same underlying work to produce those was being repeated. Before attempting to
extend something like trail saving to CSP solving or model counting, one might want to examine the execution
of the solver and check if there is a lot of repetition in the assignments being built up (and also repetition in
the way they are propagated).

The next question one must address before undertaking a project to reduce this redundancy is to mea-
sure how much potential impact removing this redundancy can have on the performance of the solver, and
determine whether or not this improvement is significant. For example, in many machine learning contexts,
removing some redundancy that results in a polynomial speedup and will take the training time from 2 weeks
to 1 week is unlikely to be significant (after all, we can just wait longer or increase the computational power).
However, in the context of anytime MaxSAT solving, speeding up can mean the difference between solving
certain instances in time or not, and many applications of anytime MaxSAT rely on the solver producing
solutions very quickly, even where there are limited resources.

Lastly, finding a way to address the redundancy often requires creativity and understanding of how the
solver works in the specific domain. For example, in our setting, we understood that repetitive propagation
steps as a result of assumptions could be removed by giving the unit propagation process access to the infor-
mation of all assumptions that are about to be made ahead of time. Similarly, one would have to examine if
such information could help speed up other types of propagation that occurs in other solvers, such as CSP

solvers.

Concluding Statement

Avoiding redundant work in solvers and attempting to reuse the work that has already been computed by
solvers remains a fruitful area for future research. Whether it is brand new ideas or the extension of the ideas
we present in this thesis, we believe that exploiting that redundancy will play a significant role in continuing
the rapid improvement of propositional logic solvers. We hope that the findings in this thesis are encouraging
to the propositional reasoning community and beyond to continue to look for patterns, redundancy, and

repetitive work, so that we can continue to move forward the frontier of what is possible in computer science.
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